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Chapter  VI. 


THE  FILTRATION  OF  I NHO MCOEN EOUS  LIQUIDS. 


1.  the  filtration  of  polyphase  liquids. 


r i 
• t I 

A 


1 


■4 


cue 


7*.  W 1 H60 


’’  A(i  t 


^73 


1.  in  connection  wiM.  des  iqn  ani  analy.is  ct  •■ho  i -.-v*-*  lop»<  t ♦ of 
pot  r o 1 * * u and  jas  { L-»l  1.;,  i s n eress  a r y to  ■xaintne  oonristo  nt  »c*ior 
in  si  ip  | le  medium  of  i.-vonl  liquid.;,  west  frequently  the  water , oil 
and  t h-  •),>.  , which  arc  t ho  isolated  phases,  which  i ro  not  n i x • i 
between  t nernse  1 ve . 

In  or  ier  to  |.jrcr  im.j  the  filtration  of  polyphase  liquid  in 
connect  ioi  with  the  mo  lei  ct  continuous  porous  medium,  it  is 
neces?iji  y to  introduce  the  characteristics  ot  the  averaqed  motion. 

! 

The  scale  >f  avera  j in  q in  t }.  i case  must  be  qreat  not  only  in 
comparison  with  the  si  jr.i  f icant  dimension  ot  pores,  but  also  with  the 
size  of  particles  of  each  of  t.  h<-  {bases.  It  is  substantial,  that  the 
itinimuu  size  of  pat  tides  car.  considerably  exceed  * he  size/dimension 
of  poce  channel;  therefore  the  scale  of  the  averaqinq  of  is 
determined  by  the  character  ct  phase  distribution  in  pores  can  be 
various  depending  on  the  formulation  of  the  problem.  In  more  detail 
about  this  it  will  he  said  below,  thus  tar  let.  us  assume  that  there 
is  this  linear  dimension  r,  with  which  the  characteristics  of  each  ot 
t be  phases,  averaqed  on  sphere  with  a radius  cf  ft,  have  with  ft — ^r 
asymptotic  extreme  values,  but  si ze/d i me  ns  i on  r are  considerably  less 
than  the  characteristic  scales  cf  the  problems  in  question.  The  main 
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chara  ct  <?t  i st  icr.  of  the  filtration  of  polyphase  liquid  .ire  the 
saturation  and  the  rate  of  filtration  of  each  p ha  so . 

The  volume  ratio  it  pores  in  elementary  macr ovolume  in  the 
vicinity  of  this  point,  occupied  1 y the  i-rh  phase  is  called  * he 
local  saturation  of  pore  space  iy  +his  phase  and  if;  designated  aaaa. 
It  is  obvious. 


V 

*'=*•  (VI. 1.1) 


where  r.  is  a number  ot  independent  phases, 
phases  is  i y n - 1 independent  saturation, 
study  of  t filtration  of  two -phase  liquid 
cnly  enc  saturation. 


Thus,  in  system  n of 
Specifically,  luring  the 
it  suffices  to  examine 


Faye  1h7. 


The  motion  ot  yeachyu  of  “he  phases  can  bo  described  by  the  velocity 


vector  of  the  filtration  cf  the  given  phase  of  (£ . , Analogous  with 
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the  rate  <!  t ilttrt  t ion  cf  sing  le-  ; Im^p  liiuii,  l4^.  is  lef  i:e-j 
vector  w o : ■ e projection  on  certain  direction  is  < qua  1 «-o  the 
volumet  i i<:  flow  of  t i . f has*---  through  the  .-ingle  ir*-a/site, 

perpendicular  to  t in  indicated  direction. 


Tin:  characteristic  features  of  “lie  mot  ion  cf  polvpha.se  li  m id 
ate  connected  with  the  effect  or  surface  tension.  As  is  known,  on  t h* 
tent  boundary  of  two  phases,  appears  the  pressure  shock,  equal  to 


Pc  — “ (^rr'4-^vv)  * 


(VI.  1.2) 


(Laplace’s  formula)  , where  a are  mterphase  tension,  R,  and  2?  are 
the  main  radii  of  curvature  on  the  surface  of  the  section  of  phases 
at  the  particular  poin*.  In  the  porous  medium  the  boundary  of  two 
phases  is  divide/marked  off  into  many  individual  sections.  The  radius 
of  curvature  of  each  of  them  is  close  ty  order  cf  value  to  the 
rize/dimension  of  pore  channel  1 . 


FCCTNOTR  l.  We  cleat  the  case  when  one  cf  the  phases  is  found  into 
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Capillary  pressure  '.nock,  especially  in  low-penetrable  media,  can 
p 1 ;*y  ' t-Ke  . i j ni  f ica  n t role  in  the  process  of  filtration.  For  example 
with  the  perinea  ril  l ty  of  the  porous  medium  of  approximately  1 0 no  a 
tadius  o:  tro-1  pores  of  sandstone  comprises  approximately  10“"*  cm.  and 

capillary  pressure  on  noundary  gas  - water  it  is  of  the  order  0.S 

k qf  /C  m ? . 

11. e effect  of  capillary  forces  on  £il*raticn  processes 
pronounces  in  a two-fold  manneL.  The  metien  each  of  the  phases 
polyphase  system  iepends  on  the  forces  cl  pressure,  which  cause 
motion,  and  on  the  relative  location  of  phases  in  pore  space.  The 
phase  distribution  in  pores  lays  out  of  the  region  of  the  flow  of 
each  of  the  phases  and  thereby  the  value  of  the  resistance, 
experience/tested  by  this  phase  during  motion,  since  the  structures 
cf  pore  space  determines  hydraulic  resistance  during  single-phase 
current.  Capillary  forces  affect  both  the  1 ist r ibut ion  of  pressure  in 
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phases  a i 1 on  the  relative  location  )f  [hi  es  ir  pore  space. 
Respectively  the  processes  cf  the  ri It  ration  c£  pol y phase  liquid  qo 
differently  lependinj  on  characteristic  tine  ot  filtration  process 
and  on  the  s i ze/d  i mens  ic  ns  ct  zcnc  of  flew.  Capillary  forces  create 
ir.  the  porous  mediun  a jump/liop  ir  the  pressure  whoso  value  is 
limited  ami  does  not  1 c end  oi.  the  size/ ii nensicn  ol  reqion.  The 
external  : rossure  differential,  which  creates  the  filtration  flow 
betweei  - points,  is  propert i cnal  to  Late  ot  filtration  and  tc 
dist  ‘ween  these,  is  [ioj  crtional  to  rate  of  filtration  anl  to 

di  weer:  these  points.  If  * h~?  rize/dime nsions  of  region  are 

small,  tle-n  lurinq  sufficiently  slew  movement  canillary  forces  can 
exceed  an  external  pressure  differencial.  Therefore  in  this  region 
the  set-ijp  time  ot  the  equilibrium  distributicn  of  phases  is 
considerably  less  than  time  ir.  which  occurs  a noticeable  change  in 
the  avcr<a  je/me.in  saturation  unuer  the  action  of  filtration  flow. 


Faqe  148. 


Thus,  durinq  the  study  ot  local  processes,  i.c.,  the  processes, 
proceed  in  elementary  macro vol u me,  phase  distribution  in  pores 


w h i r.  h 
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usually  can  be  considered  equilibrium.  This  approach  let  us  assume  if 
saturation  rs  not  changed  by  noticeable  fern  at  the  distances  of  the 
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cr  i«r  or  t b-»  ■ ize/i  im  lcn  of  pore  channel'.  Ii  oth°r  word.;,  tn- 

diffonsicnl*  ss  juantity  of  1/A'|grad  s|  must  oe  small.  ) n t 1"' 
contrary,  it  is  * x » .n  i o •*  i motion  ir  very  la  r-.  region  (for  <»  xa  u t-  J in 
the  whole  petroleum  1 “posit),  then  to  *•  he  effect  of  capillary  forces 
on  the  1 i ; - r inu tr on  of  pressure  insignificantly  and  th«ir  action 
prcnour.c-  ; indirectly,  through  * I;.-  local  [tocesses  of  the 
red  istnout  ton  of  phases,  which  produce  change  in  t.  ho  local  hydraulic 
resistance,  finally,  ir.  r-er  ies  cr  [ioh]:ms  it  is  necessary  to  >xa  mint 
flow  in  «-h<;  regions  of  such  intermediate  s ire/d  intensions,  that  the 
duration  of  the  processes  ct  redistribution  caused  by  capillary 
forces,  is  com) arable  with  charact  erist ic  at  times  filtration.  The 
problems  of  -his  type  ire  encountered,  for  example,  during  the  study 
cf  the  processes  of  t a . displacement  ct  oil  or  gas  by  wu  tot  from 
heterogeneous  or  fissured  rocks. 


Since  us  interest  pne  local  characteristics  of  large-scale 
motion,  w • • will  examine  th°  equilibrium  distribution  of  phases, 
without  investigating  the  process  of  its  establishment.  However, 
even,  equilibrium  phase  distribution  with  the  same  degree  of 
saturation  can  be  different.  Although  the  phase  distribution  does  not 
depend  on  the  average  rate  of  filtration,  it  depends  substantially  on 
how  this  saturation  originated. 
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In  i n umbei  > : oses,  cn<  ot  e ver al  p oases  >i  : • found  in 
pores  in  the  form  or  fh-  : sclat< ■•d/insulat-  . but  Me  or  Irops,  no* 
connected  and  the  t staining  part  of  * h i phase.  Such 
isold  .i  t ed  iiubb  1 <•>:-,  or  <5 1 oj  . ip-p  ear  either  lurir  i * he 

isolation  cl  tne  |- Uhi  , li  suolv*  I in  i r.  ether  phase  or  at  v he  -»r.1  ot 

th<  to  >1  th(  : : lace  men  t >i  .n*-  p ha  s<  b j mother,  1 t . 

pa  rticl  of  *he  displace)  phao*  ar  *-  1 token  to  sepia  rate  drops.  The 

mobility  or  th«  ..  uata-t  Irop,  .-;ui  i curded  hy  ether  phases,  in  * he 
porous  in'  iium  in  v‘ry  snail  and  can  fce  i j u a 1 t c zero  with  those 
qradient..  of  the  • xr-rnal  pressure  which  exist  in  *■  he  basic 
filtration  flow.  For  an  exampl*-  tl-  typical  position  of  the  separate 
drop  of  tie  wetting  phase  in  p<oies  is  shewn  in  Ftp.  VI.  1.  In  order  *o 
push  this  drop  through  the  contraction  of  pore  with  a radius  of  r,  it 
is  required  to  apply  * he  pressure  differential  cf  the  same  order  as 
the  excess  capillary  presume  which  it  is  approximately  or/r. 

Therefore  at  the  length  ot  Jto[s  in  several  pore  channels  rorici,  will 
fce  initiated  only  if  pressure  gradient  will  exceel  ~a/r that  a.  it 
is  not  difficult  to  calculate,  considerably  exceeds  usual  pressure 
gradients  ly  filtration  flows  I v petroleum  ini  gas  layers.  Therefore 
the  incoherent  [art  of  each  phase  usually  is  motionless.  Lef  us  note 
also  that  the  incohcr-nt  saturation  can  bi  cn 1 y the  small 
pert i cn/f racti on  of  pore  space. 
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for  tl  description  oi  the-  ^<?ii  i 1 i l rium  distribution  of  pn  a.  ;cs  in 
pores  is  utilized  th.-  concrp*  or  capillary  pressure.  In  eq ui li 1 i i um, 
state  t hr  phase  hound  try  it  pores  lias  the  complex  branched  torn.  I or 
us  exjaih'  t wo-p:;  i s~  e juil  i i.i  i urn  in  ‘■he  por  cus  medium.  If  each  pnint 
in  th-1  vicinity  of  certain  |*oin  of  the  porous  medium  is  continuous, 
then  pjs.n!  L*  two  i-unlrea  concept  oi  the  ire  an  pressure  ip  this  pi  ten, 
which  in  ♦he  liir-ir,  with  tnt  cor.  tract  icn  of  the  surface  of  a vet  a r ini 
can  I t c >:  . i lores  as  pressure  a*  t o-  particular  point.  Thus,  jt 
equililriun  of  t.  wo-p.  a se  mixture  1 1.  the  porous  podium  at  each  coint 
are  determined  two  pressures;  ana  p2.  The  difference  between  t he-:;., 

pressures  i..  called  capillary  [ ressure  m at  th*  particular  poi  i * of 
the  porous  medium.  In  accordance  with  1 a place*  s formula  (VI.  1 . i ) ♦ he 
capillary  pressure  geometric  mean  curvdturo  of  t(,  e interphase 
interfact  in  t.he  vicinity  of  this  point.  Pressure  is  more  from  the 
side  ci  li  quid,  than  the  worst  wetting  the  solid  phase  of  skeletal 


porous  media  mi. 

A ppd  r t-Ul  t 1 y , 

bar. i c pa  1 1 

of  the  liquid  cannot 

ho 

in  the  roim  or 

film  or  the 

sui face  of 

solid  p hare,  but  it 

h a s 

boundaries  of  the  type  of  meniscuses  (see  work  cf  M.  1.  Kusakova  and 
L.  I.  Pieke  ni  tskaya  The  mean  curvature  of  these  meniscuses, 

obviously,  depends  firs*  or  all  or.  bend  pore  space,  i.e.,  or.  the  mean 
radius  of  the  pores  of  the  medium.  Further,  the  curvature  of 
meniscuses  and,  consequently,  also  capillary  pressure  depend  on  the 
saturation  of  pore  space  by  thf  note  wetting  phase  which  has  a 
tendency  to  occupy  more  pin-head  b listers. 
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To  eg  nil  ihritim  state  corresponds  t no  minimum  of  thermodynamic 
potential,  which  is  reduced  with  invariable  pressure  to  the  minimum 
of  the  surface  energy,  i.e.,  the  minimum  value  ct  the  surface  ana  of 

the  section  of  phases  in  the  given  velum".  The  comulex  structure  of 
pore  space  leans  to  the  tact  that  with  this  saturation  there  is  a 
series  of  the  local  mi nimums  of  surface  energy,  and  the  equilibrium 
distribution  is  ambiguous.  As  a result  capillary  pressure  depends  at 
this  saturation  on  th  ■ way  of  saturaticr.  Nevertheless,  if  we  examin-* 
the  oily  processes  >t  .1  isplace  m.ent  (without  nhase  transitions)  , then 
it  is  possible  to  court  that  the  capillary  pressure,  besides 
saturation  by  the  wetting  phase,  depends  only  cn  that.,  increases  or 
decreases  saturation  for  ach  it  ve  mer.  * of  its  assigned  value. 


Fage  lr>0. 

It  e are  distracted  from  this  ambiguity,  then  of  the 
dimensional  consi iera t ions  it  follows  that  the  capillary  pressure  of 
pt  in  state  of  equilibrium  car.  be  presented  in  the  form: 
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who*- t h<  p are  a hara<  ter ist ic  linear  size  ol  pores; 
static  contact  wettiii  j anil^;  dept  n -lenre  (VI.  1.1)  is  call" 
curve . 


If  »«>  examine  the  porcus 
then  i.  characteristic  linear 
accordant.*  . 1 1 !,  what  bar  teen 


media  wtose  structures  are  s 
size  i*  is  convenient  to  acc 
said  in  chapter  I)  the  value 


7f  effect  of  the  a nj  1 e of  the  wettin.j  of  fct  on  the 
capillary  curves  ex  per i ment ally  is  studied  insufficiently. 

with  the  equilibrium  of  liquid  in  capillary  tuie,  is  accep 
include  in  formula  for  a capillary  pressure  instead  of  a " 
wettinq",  » -qual  to  a to  cos  y,  and  to  consider  that  the  de 


0 - 

d ca  p i 1 1 a r y 


i m i 1 a r , 
«pt  (in 
of 


form  of 
P y a n a 1 o q y 
tod  to 
tension  of 
i t ndonce  of 


a aaa  cn 


a a a a by  t h i 


is  contained.  Then  equality  (VI.  1-1)  is 
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ccnvt*t  toil  us  follow.;: 


/V  = 


Ifa  ros  H 

yr 


/(s). 


(VI.  1.4) 


. Hepresent.it  ion  (VI.  1.4)  was  suyqpst.nl  frr  the  firs’-  tin.-  !y 

levetett  [141],  and  thn  dimensionless  function  .1  (s)  is  called  of  t-he 
function  of  Leverett.  I"  qoes  without  saying  that  un  l-*r  actual 
conditions  it  cannot  <*xist  two  media  whose  iri  c icstr  uct  ur«s  arj 
completely  similar.  Nevertheless  it  is  experiment  ally 
esta L 1 is  hod/ instal 1 ed  that  function  J (s)  retains  its  foim  with 
sufficient  iccuiacy  for  the  whole  classes  of  th<  similar  in  structure 
porous  mould  (for  example  tor  the  separate  groups  of  '[lain:;  of  san  i, 
rar. ds,  etc.)  . 


The  equilibrium  distribution  of  phases  in  pore  space  depends  not 
only  or  the  final  saturation,  but  also  cn  hew  reached  this 
saturation.  To  consider  entire  prehistory  of  saturation,  of  course. 
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is  inpcssir  i . . Hoic'V'Ti  in  er.  dices  di<»  most  interest,  inq  ♦he 
p cocosse.;  of  the  iraiuil  sufstituticn  cf  one  liquii  of  another,  wlif-n 
change  ir  situra^ion  occurs  mo  r ot on i ca 1 1 y . For  the  analysis  of  such 
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which  grow/rises  t h ^ saturat.ior  by  the  ircr-  wetting  phase,  ar^ 
utili?ed  the  "curved  impregnations",  obtained  during  the  spontaneous 
capillary  displacement  of  tie  less  wetting  liquid  (or  gas)  by 
wetting  liquid  in  the  vertical  column  of  thi  porous  medium. 
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On  completior  of  * h*  jt-ru  ft  inn  <t  1 i <5  j 1 tJ , they  u <»  found  in 
hydrosta  t ic  e-ruilibri  u:o , and  t r<  c: a pi  11  irv  pressur-  in  tach  cro  ;s 

section  1.;  lot  «>rmi  ri  ed  tion  the  formula  cf  tin*  Pc  = Apgz,  wh  aie  the 

aaaaaa  - t difference  in  thf  dc-r.sit  ies  cf  liquids,  7 - the 

height/a  1 - i t u i*1  of  this  sec* ior  above  the-  level  of  the  wett-ir.g 

liquid,  ‘v  neasuring  the  satuiat  ion  in  each  section  s,  it  is  : issifcle 
tc  construct  curve  ! Pc  (*)  and  J (s). 


Curved  lisplacements  a rid  i it.  pi  e gnat  ions  net  iceabl  y differ  from 
each  other  (Fig.  VI. 2)  , but  in  practice  they  1c  not  depend  on  the 
properties  of  t h-  liquids,  used  for  ir  v«=st  i ga  t icn , and  each  of  them 
can  h°  inscribed  hy  si  nq  1 «»-  va  1 ut.-d  function  saturation. 


Let  us  note  still  that  tl at  {art  cf  the  liquid,  which  is  found 
in  the  form  of  separate  drops  (incoherent  saturation),  is  not 
utilized  in  the  le t or m i nat icn  of  capillary  pressure.  If  mi*  ire  liquid 
is  found  in  incoherent  state,  then  the  ccrccpt  cf  capillary  pressure 
becomes  meaningless.  Therefore,  for  example,  curved  displacements  J 
(s)  in  Fig.  VI.  2 actually  freak  themselves  kith  certain  s = s,  and  do 
not  have  a sense  with  of 


2.  During  the  filtration  of  two  liquids  in  the  porous  medium  at 
least  , one  of  t hc-ai  forms  the  connected  system,  which  borders  to 
porous  skeleton  and  partially  tc  another  liquid  (Fig.  VI.  1).  Due  to 
the  effect  of  the  selective  wetting  cf  solid  phase  of  on°  of  the 
liquids,  ♦ he  contact  area  each  of  the  liquic  phases  with  skeleton 
porous  medium  considerably  exceeds  the  contact  area  of  ♦he  phases 
among  themselves  (above  it  was  already  mentioned,  ‘-hat  existence  of 
one  of  the  phases  in  the  form  cf  film  cn  the  surrace  of  soli! 
skeleton  is  highly  improbable). 
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This  a • 1 1 , ♦(•it  in  the  : 1 ; . 4 a p pi  ox  i*  at  io  n , 1 * i . poss  ib  ] < * ; 
con  si  1-*t  i h it.  each  j. hast  move.  in  t h e cr.cur  i<>  i with  iT  r.;oa c»»  •* n-i « r 
♦■he  ac*  ion  "of  its"  i>r  -nit  * : t <!o;,en  1* o t of  other  phase  , i . e.  , it. 

the  manner  th.it  it  it  was  limited  only  t y sclid  w<i  1 Is.  The  law  oj  th 
filtration  of  each  it  the  li  ju  i is  c t t wc-phase  system  car,  he  wr  irt<  n 
in  tiio  following  for»: 


n 


'-fi  grad  p,. 


(VI.  1.5) 


t ho  i intension  less  q ua  r.  1 1 1 ies  of  aaai  is  conventionally 
designated  as  relative  permeability.  The  relative  permeability  a r« 
the  mcst  important  characteristics  of  two-phase  current  1 . 

FCCTNOTK  *.  Subsequently  of  the  r e la  t.  i c nsb  i \/ r a t i o of  form  (VI.  1.5) 
will  be  applied  to  problems  the  displacements  cf  one  liquid  of 
another.  It  would  seem,  here  there  is  a direc  t/straiqht  contradiction 
with  assumption  about  the  independent  variatle  cf  the  motions  of  each 
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Tit  large  experimental  matcri 
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determined  mail  ly  by  the  p r e £ . rred 
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Sped  £ i illy,  from  the  na  j city  >t  * • ■ x . ■ : c nt  a 1 la  ta  i * follows 

that  the  relative  permeability  cn  leperd  0:1  t:.c  relation  ot  the 
d net  i 1 i * y/t  o a jh  rie  ;■;/ v i i t i ( : ->j  p h isi-c. . Thi:  :i»r»i.'.>  as  t h-* 

ccnf  i rmat  ion  of  the  above-m  ade  asatiuipt  icn  a rout  the  fit:*  that  the 
flew  cl  each  liquid  i r:  the  occupied  with  i t space  occur.,  i rd  •-?»«■  r.'l*M  ’ 
of  the  mot  ion  of  idjtcent  phase  1 . 


FCCTNQTK  » . The  ex  p er  i mo  n t a 1 results.  of  opposite  character  i r«> 
contaired  in  work  to  ode  [ISO].  However,  experiments  t.  o oa  e re 
cari  io  i out  with  loifwha*  artificial  conditions  and  are  relit-  i to 
the  case  when  the  1 >w- v iscosit. y w<  ttmg  phase  terms  on  the  . urfaoe  > 
solid  sktl  “on  the  continuous  bogey  layer,  which  Plays  ♦ he  role  cf 
lubrication.  Under  these  facts  the  relation  of 

duct ility /tough ness/ viscosities  enters  in  the  number  of  determining 

patdu^t^n.  E ND  FOOT  'JOT  F . 


Ihe  parameter  of  = k grad /C/a  characterizes  the  ratio  in  the 
external  pressure  lifferential  at.  the  distances  of  the  order  of  the 
size/ dime ns  ion  of  port  channels  to  capillary  pressure.  Above  it  was 
noted  t. ha*  for  usual  sufficient  slew  movements  this  relation  is 
small,  ana  the  gradient  of  external  pressure  car, not  substantially 
influence  the  phase  di  itrifcuticn  in  (ores.  Therefore  under  these 
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cord  i t i o r. . tela  t i v*  r m**  a h i 1 1 1 y c tn  • < const  1*  red  * h<  r u n <-  t i hi o " I v 
cf  saturation. 

11  v-  con.  id»r  *har  the  x t r istance  to  notion  of  aach  phase  is 
deter  min  i only  ny  .rtructure  ocoupiel  1 y ir  parts  of  t he  rore  .space, 
then  t i v : 1 >;.  K ^ • l . for  * . . : ace  cf  ( en<-*t  l ability 

(senu-t  : )Cp.  a : call*.!  phase  i to  a t i 1 1 1 y ) ir  usual 

under  ft  ir  inj.  I*  i - obvious  that  with  in  increase  of  saturation  by 
this  pi  i . : . » z<  : t ) on  < th«  functior  of  p • ilso  jrow/r  is« 

z**r«»  1 1,  • • . ' i nv“  i * »as  shown  1 1 1 1 the  [base  distribution  in  noron 

dep*-r.  * * ii.I  y only  on  whicl  of  t ho  liquids  possesses  th*  pt-terr*  i 

we  1 1 a , it  no*  : r cm  th<*  ir  li  vidua  1 properties  of  liquids,  here? 

rt  foil  t • • r n : ■ - r n c t * i.  ■ f-j  ncticr  cf  f . (*)  sine--*  ini  d ( ) 

is  det  *-i  • i • *■  .1  by  ♦ h*-*  -truer,  ur*-  cf  i:or<  space. 

From  ‘ ip  fact  M.  c t he  *or  * wettirj  phase  cccunies  wiMi  th°  same 
saturation,  the  finer  the*  perority,  fhe  l''S£  wettiriq,  it  fellows  that 
and  relative  pe  x mea  bi  1 i t y with  the  saint,  saturation  for  the  less 
wettinq  li  juid  is  more  than  for  more  wettinq.  Therefore,  t he  curves 
cf  the  uependences  cf  relative  permeability  or.  saturation  as  ore  of 
the  phases  (for  example  mort  wettmq)  take  usually  the  asymmetric 
trim  cf  the  type,  lepicted  cn  Fiq.  V 1.5. 


DCC 


7-  1 .*  1 »t.Q 


r A ,1 


>*■  t/fi' 


It  IS 

character 

1st  ic  that  for  ear  h 

ia  si'  t h( 

re-  is 

a maximum 

sa t u ra * i on 

<s*  I 

— »**)  - SU( 

V 

/ 

t na  t w i 

t I)  ] e 

Sj  SA*ura* 

this  phase 

is  immobi 

le  , i , e . , is  found 

in 

i nco  h f-  r 

er1-  s 

t a r.  o ( i r i ■ 

in  ?i  g.  vi.i  is  : • >1  - 1 1 i to  T i < ion  we  1 1 ing  liquid,  index  2 - to  1 * »s 
we  1 1 i r.g ) . 


Fage  154. 

with  an  increase  in  the  Lnte  or  filtraticr  hv  phase  distribution 
in  pores,  begins  to  direct  the  gradient  of  external  pressure. 

According  to  [>.  A.  Ffios's  data  \ 1271,  this  effect  begins  * c shew  ur; 
in  relative  [ er  me  a b i 1 i t y in  the  parameter  cf  n <*  — k |grnd  p\/a,  greater 

than  I'*'4  (t.  »*.  n'a  = r*|grad  p,/a  «=*  ID'3. 

The  application/use.  or  equililriun  conditions  to  the  problems  of 
the;  filtration  of  two-phase  liquid  considerably  complicated  in  view 
cf  the  non  uni quenass  of  phase  distribution  during  that  which  was 
assigned  saturation.  Supplementary  com p 1 ica t i ens  appear  as  a result 
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of  the  w t 1 i v.  i i.yr.t.'pM  is,  capi  i la  ty  h y ste  r r ■;  i r-  , change  in  ♦ h« 
properties  it  .olif  skeleton  under  *■  h*  action  cf  prolonged  contacf 
with  liuuid  and  another  analogous  physicochemical  phenomena. 

Therefor  •*  the  form  cf  t he  curves  of  relative  permeability  arm  curves 
.1  (s)  (:  * . Fii.  VI.  2),  it  depend!  or  that,  is  raised  either  is 

reduces  saturation  in  ♦rii.s  process,  or  in  t r.e  ncr«  general  rase  - 
f ron  ar  entire  prehistory  of  process.  However,  for  the  most  vi  i trial  lv 
interesting  processes  in  which  the  saturation  vary  monot on ical ly , 
relative  permeability,  exactly  as  and  function  J (s) , can  Ip 
considered  as  s i n<i  1 »-  v a 1 ued  functions  raturat  icr. 

The  curves  or  rolitive  re  rm  ea  I i 1 i t y a rd  J (s)  , are  diviiol  using 
the  method  of  their  obtamirg  into  "curved  displacements"  nisi  t no 
"curved  impregnations",  which  can  noticeably  he  distinguished  (see 
Fig.  V I . S - "curve!  im  p rey  r.at  i ons"  ar«  noted  by  dotted  line). 


The  region  of  incoherent  saturation  (s  < tit  in  Fig.  VI.  r>)  also 
depend:,  or.  the  way  of  the  satuiation  cl  the  pcrcus  iredium  and  in  the 
process  of  displacement  is  different  depending  cr.  whet  tier  grow/rises 
or  decreases  the  satur  ition  by  this  phase.  If  this  phase  is 
displacing,  then  motionless  (incoherent)  can  be  * he  only  that  part  of 
this  phase  which  initially  saturated  the  porous  medium.  For  example 
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in  tor  ca . ••  • <»t  t ,i  e i i . : ■>  1 i <;  c ;hgii  t o t oi  1 by  w a t e i t h*  I is  pla  c i ni  w> 
is  co  it  ( \<  • t o 1 y inovici",  cut  the  water.,  which  war-  Loin  | located  if. 
earlier  in  lny.'r  with  .mil  initial  water  saturation  (connate  wat°r), 
car  tie  motionless  l i - hat  [art  ot  t no  1 a y t t , wfer<-  lid  not  loach  t h«- 
toiced  *.it-r.  This  is  'x  r 1 lined  1»  y t tic  fact  that  the  buiieu  water  is 
locate  i in  layei  in  the  form  of  so  pa  rate  drops-  an  i becomes  di  ova  bio, 
cnly  uni  t ir  j with  * ho  base  ias..  oi  in*  ru.l  i r.  g into  layer  water. 

The  most  essential  ief  lection  of  curved  relative  permeability 
from  the  equilibrium,  related  1 ctn  with  different  hysteresis 
p'nercnena  and  with  the  d isccr.t  i nui  t y ot  phases,  it  is  noted  during 
the  filtration  of  the-  passed  liquid.  The  1 ist  r i but  ion  of  gas  a r.  i 
ligui  1 ir  pore  space  with  the  ram-  satuiaticn  is  substantial 
differently  in  cases  when  g a appeared  in  perns  "from  without", 
displacing  liquid,  ml  when  dissolved  rrevicusly  jas  was  isolated 
from  liquid.  The  gas,  which  cam*  "from  without ",  moves  as  the 
continuous  phase,  which  is  ir.  capillary  equilibrium  with  liquid.  For 
gas  in  this  state,  the  values  oi  relative  permeability  lepend  only  on 
saturation  and  coincide  with  usual  relative  penetrabilities  for  the 
nonwetting  phase.  At  the  same  time  the  gas,  which  isolated  from 
solut i cn/open in g,  is  located  in  pores  in  the  fcnn  of  separate 
bubbles.  As  noted  D.  A.  Ffrcs's  experiments  [ 127],  relative 
permeability  for  gas  in  this  state  witi  the  sane  saturation  many 
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t iaes  than  tor  con*-  i nucur  j chase.  Deviation  ttom  cat  illary 

equil  il  r iur  is  exhibited  also  i i * at-  fact  t hat  the  relative 
permealrlity  this  case  depend  c r tie  r<  ht  icii  rf 

duct  i 1 i t y/t  ouqh  nes  s/v  i scosi  t ie : - lela+ive  permeability  for  the  ias, 
which  isolated  froo.  so  1 u t i cn/op  <■  n i nq,  ir  larger  degree,  than  usual 
relativt  permeability,  iepo na  on  t hi.  prehistory  cf  process  the 
liberation  of  gase.,  anl  its  rut  sequent  metier.,  since  thes“  processes 
affect  value  and  amount  rf  buttles.  / r.  A.  F.frcs  showed  that  as 
first  apf roximation  it  ir  possible  tc  consider  relative  permeability 
depending  on  saturation  and  on  reduced  pressure,  i . , or.  th<-*  ratio 

of  pressure  in  gas  to  saturation  pressure  cl  petroleum  dissolved  by 
gas. 
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Key:  (1).  Gas.  (2).  fixture  is  qas-  oil.  ( i)  . Oil.  (U ) . 

cil-warer.  (S)  . <*atc>i. 


fixture  is 
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§2.  Pi:  i laceiner.  t of  *h«*  non  m iso i bl  o liquids.  Problem  of 
Ba  k 1*-*  y-Ic  b eret  t . 

The  extraction  of  oil  from  layer  in  the  majority  of  cases  takes 
a course  of  Pie  displacement  of  i*  by  water  or  qas.  The  skeletal 
diaqriT  of  this  process  is  deplete  1 on  Pig.  VI. 6.  water  either  enters 
the  oil-saturated  iuit  of  t he  layer,  moving  from  the  water -saturated 
zones  of  tha  same  layer  (limb  zone),  or  artificially  it  is  pumped 
into  into  the  layer  through  special  ingectj.cn  wells.  The  same 
displiciny  agent  can  be  the  gas,  which  is  located  in  layer  or 
specially  forced.  Oil  is  extracted  through  operational  holes, 
whereupon  in  a number  of  cases  together  with  oil  is  extracted  water 
or  gas,  that  burst  open  to  operational  holes. 

Page  1rj6. 

Although  the  usually  natural  gas  is  take/selected  from  layer  because 
of  its  expansion  durinj  a decompression,  in  certain  cases  and  gas 
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t tie  i.  't;  : i .-.c  i : 1 wir.i  it  1 iquid  it  i.,  r.  rcesidf  y to  know,  is  changes 
t hr  ; i t . i but i in  o?  . a t u r a t ioi.  l r.  layer.  I n ecu  roc  t ion  with  this  t ho 
disf>la«:c.!i-.-nt  >f  t;i“  n onm  i.scil-1  c li  juids  must  bo  considered  as  process 
of  tw  ;-[..aco  filtration. 


Lot  i.,  derive  the  system  of  equations  ct  two-phase  filtration  in 
tn.  f.  ) i ?ous  porcu-  medium  without  phase  transitions.  During  t ho 
notation  f t h<->  law  ot  filtration,  we  will  assume  that  at  any  point 
each  of  t no  phases  is  located  by  pillar  only  in  one  of  the  two  end 
states:  a)  connect-  1 arid  jiovatib  and  h)  incoherent  and  therefore 
mot  ion  1-s.,.  [ r.  accordance  with  wha*  has  b«cn  said  in  the 

preceding/previous  paragraph,  ir  the  flew  regions  of  slow 
thermodynamically  equilibrium  flow  tor  those  liquids  which  it  is 
possiule  to  consider  connected,  it  is  jcssible  to  introduce  into  the 
calculation  the  depending  only  on  saturation  relative  per m earn  lit y ot 
fM  and  the  capillary  pressure  of  pe  (*)•" 


> 

Furthermore,  clear  Iiystetcsis  effects,  we  will  examine  the  only 
unidirectional  processes  which  are  the  most  interesting  for 
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a { i 1 i ca  t i on/a  ppen  lice.,. 


Ah  a result  >f  th.i>  made  assumptions  the  law  ot  filtration  can  t.<* 
written  i n the  form: 


-3-/,(s)grad/>,  (i  = 1;  2).  (VI. 2.1) 


. In  equilibrium  unidirectional  current  a pressure  difference  in 

phases  is  equal  to  Mie  capillary  pressure,  determined  by  formulas 
{ V l . 1 . i ) or  ( V 1 . 1 . u ) : 


Pi  - P|  = Pc  (s)  = u 


j/ -j-  cos  0/(s). 


(VI. 2.2) 


. For  a certainty  we  will  index  1 relate  to  the  more  wetting 

phase  whose  saturation  is  equal  to  s.  In  the  problems  ot  the 
consistent  filtration  of  oil  or  qas  and  water  the  more  wetting  phase 
usually  is  displacing  water. 
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l obtaining  tr.  locked  sy  st  m or  p|ui"  ion.;,  it  is  n“cnsr.ary  to 

writ..*  t h ° «iuations  o*  conservation  of  mass  for  both  phases.  Lot  ns 

isoli’’  : ; filtration  flow  certain  volume  T.  The  mass  of  the  first 

phase  in  it  is  e f u a 1 Jmp,</r  (<ft  - element  cf  volume  T)  . The  inflow  of 

v 

the  f li s»  onase  for  time  dt  through  surface  of  S,  which  limits  volume 
T,  com;  s >lt } i>  ,u  ,it(la  (n  - the-  v 'ertor  ot  normal  to  the  surface  L,  : a 
- the  cell/element  of  surface  S)  . 


Faqe  1 ' 7. 

Assuming  that  in  volume  T are  rot.  contained  the  sources  of  mass,  we 
ha  ve 


Jt 


^ mp,sdr  + ^ da  — 0, 

T S 


(VI. 2.3) 


whence,  converting  surface  integral  into  volumetric  and  taking  into 
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account  that  volume  T r.-  ubitraiy,  but  its  boundaries  ate 
mot  ionic:  . , we  will  obtain  tin  ally 


d! 


(mp1s)  + div((.jU1)  = 0. 


(VI.  27.) 


. A i. a 1 ojousi  y t i < • c i v <>/conci  u jed  t ht  ejuation  of  conservation 

cf  mas:,  tot  the  sec  >n  : phase: 


[mp,(l  — .'tH-div(pjUj)  =0. 


(VI.  2.  f>) 


- Thus,  we  obtain  locked  system  of  equations  for  an  p,  and  s, 

since  p,  an  1 pz  they  are  the  functions  cf  pressures  p,  and  pz,  but  a 
change  or  the  porosity  in  urifoim  layer  depends  only  on  a change  in 
mean  pressure  p = p,s  ♦ pz  (1-s)  (ethyl  alcohol  chapter  II),  but  not 
the  pressure  of  components. 


It  displaced  and  displacing  phases  - slightly-compressible  true 


DOC  7 b 1 51860  PA(il 

liquids,  ay  ♦ L«  : : i n:*  of  mcom  press i bi  lit  y on  the  distribution  of 
satur  ;»t  ion  it  is  , osr.i  n 1«  ♦ o disrr  jatd  . Actually,  characta  i ist  i c:  time 

of  t • unsteady  i i i.->r  r ibut  ion  of  pressure  because  of  comptessibi  lity 
it  is  of  the  ordei  of  t he  (|  = //*/*•  where  of  the  x - the 
coefficient  of  pi -> 7 con  d uc t ivi t y , L - significant  dimension. 
Chatacteri  st  ic  time  02  lisp  lacmor.t  - cidet  t?  = l/u,  where  u is  ‘■he 
avci'i  2 ra  + e of  filtration.  Usually  rate  of  filtration  is  about  10--1 
cm/'.  , L to  10*- 1 05  cm.,  and  xp»10‘  cm2/s.  Therefore  t , /t  ? tolO-2, 
f ton  whirl  it  is  clear  that  are  unsteady  the  processes  of  the  elastic 
redistribution  of  pressure  they  conclude  in  the  beginning  of  the 
course  of  displacement. 

.1  r ; . . liquids  and  the  porous  medium  can  be  considered 
incompie,.  ible,  we  hiv  : instead  ol  (VI.  2- 4)  and  (IV. 2. 5) 

m divuI  = 0,  m — -divu,  = 0.  (V1.2.G) 

. Th  ■ solution  of  system  of  equations  (VI. 2.  1),  (Vl.2.2), 

(VI. 2. f)  tor  two-  or  three-dimensional  cases  is  very  complicated.  For 
the  analy. is  of  the  common  properties  of  the  field  of  the  saturation 
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with  cl  1 1 [>  lace  in?  r,  t , 
the  snallntss  of  sorr 
conditions  of  problem 


let  ua  ust  t to  a r-  y m pt 
1 ip.<  t.-Ooi.  J .eo:,  pa  i imet 

(hoc*  I . B a l • * n l 1 aT  t 


at  ic  approach,  based  on 
’rs,  which  M'tei  the 
'S  WOL  K f 2b  ])  . 


lr  s y - 1 oi  f . juitions  and  Boundary  conditions,  enter  following 
dimensions  1 deter  mini r.  j i nauptiis:  Ap  - the  pressure  differential 
betweer  h lies  or  jail  ri»s;  L is  a significant  dimension  of  zone  of 
flew;  cos  1 1 ic  ic*  lit. i K/p,  arid  k./p?  , and  also  p'l  — a.  V m/k  cos  0.  Lot  us 
pass  in  equations  (VI.  2-1),  (VI.  2.2),  (VI. 2. 6)  to  the  dimensionless 

V ci  I ill  f;  i i 


u,= 


“0 


&-*&)■• x 


X 

77 


r = 


v_. 

A • 


ujl  A Ap 

T Z"“  in/.* 
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r h is 


(o[i*>r  it  oi 


. Equut  101 


n Hho 


•A':  r 


'S&y 


rod uofc.,  t > vstr-n,  oi  * juations 


Ui  ~ - f 1 (s)  grad  P . + e/i  (s)  J (s)  grad  s; 
~ Mo/a  (*)  grad  /J.,  fiQ  = 


(VI. 2. 7) 


irai  it  is  fulfilled  hero  in  al  torna  t.  ing/ var  i abl  e X,  Y,  Z)  : 


m 


l^LS.  . 

W.y, 

dU.7 
1 - 0: 

dt  ^ 

^ d.Y  ^ 

OY  ^ 

dZ 

dt 

^’av 

dt/,,  „ 

dl 

' d.Y 

dY 

dZ  U‘ 

(VI. 2. 8) 


s (VI-2.7)  art  written  through  P?,  since  the  only  displaced 


Dot; 


7»i  1 i 1 ',o0 


i1  A > h -+*- 


li  juid  remains  contiiiuous  in  at  * n i-  i l-  • 7.or:<  ot  flow,  ana  displace  can 

in  t V i1  whole  regions,  where  st  i 11  not  reached  the  tront  of 
dis|  lacemer.t,  to  o • • found  in  t ht  ton  of  separate  drops. 


_ }lC 

li.t-  | didH-'t-T  of  e — ~ q;  is  low  in  ♦ he  majority  of  interesting 

tor  applicat lon/appendices  problems,  thus  it  was  noted  in  Si. 
Therefore  the  term  of  Uc  = tf  t (s)  J'  (s)  grad  s can  he  essential  only  in 
the  nail  >w  reyions  where  is  yreat  th*3  gradient  cf  saturation.  The 
very  fact  of  the  existence  of  such  regions  will  he 

esta hlished/ inst a 1 1 1 i later,  thus  far  let  us  ncte  that,  their  extent 
nust  r.*-  small  in  comparison  with  the  basic  exterior  precisely  because 
in  tlr.a  is  great  [grad  *|,  and  s - the  limited  value.  Tn  is  makes  it 

possible  * o use  for  the  analysis  of  system  (VI.  2. 7),  (VI.  2. 8)  the 
method  of  asymptotic  union  [36a],  which  entails  the  use  of  different 
scales  in  the  examination  ot  motion  in  the  basic  region  and  in  the 
narrow  zones  of  an  abrupt  change  in  the  saturation.  Similar  to  this 
boundat y- la yei  flow  of  viscous  fluid  near  walls  has  another 
three -d  i uie  nsional/space  scale,  rather  than  external  flow. 


Let  us  divide  the  region 
Uc  - low  value,  and  narrow 
result  of  great  significance 


of  filtration  to  cuter  zone, 
inner  zone  or  the  zones,  where 
I grad  s | the  value  of 


where 

as  a 


the 


U, 


cannot  be 
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Thr  .,b<i  11  ts»-  ss  o i the*  parameter  1 f>t us  to  the  natural  attempt  to 
investint,'  current  in  outer  zone,  decoipost/ex  pandin  j the  unknown 
solution  m power  series  in  t!.  is.  parameter  (external  resolution).  The 
first  term  o f external  expansion  we  will  obtain,  by  set/assumi ng  6 = 
0.  The  study  ot  the  structure  oi  inner  zone  (internal  resolution) 
will  be  examined  in  the  following  paragraph. 


The 

common  proper 

ties  of  external  resolution 

1 et  us 

examine  at 

first  in 

an  example  of 

the  ont- dimensional  protlem 

whose 

solution  is 

obtained 

in  t tie  lockel 

form. 
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li  the  one-dimensional  cast  (plane,  radial  or  spherical)  of 
equation  (VI. 2. 8)  takinj  into  account  (VI. 2.7)  with  £ = 0 let  us 
write,  by  returning  to  dimensional  variables,  in  the  form; 


d. 


doc: 
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'^rj/ 


m 


_J £_ 

xv-l  Ox 


...  J- 1 TI  (zV  ,A  (*)  "§7  ) *“0; 


(VI. 2. 9) 


(v  3 respectively  fcr  linear,  radial  or  spherical  current). 

I y deducting  the  second  equation  (VI. 2. 9)  from  the  first  and  by 
integrating,  we  will  obtain 


I/.  W-H^,  (*)!■£ 


C(t) 


X 


V-l 


(VI. 2. JO) 


. This  equality  expresses  the  constancy  ot  the  total 
expenditure/consum ption  along  tube  ot  flow  on  the  strength  of  the 
incompressibility  of  liquids.  By  determining  dp/dx  from 
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(VI. 2.10)  anil  t.y  substitutin']  in  any  ol  t a equations  (VI.  2.^)  , we 
will  ri  tain  one  equation  t ci  . : 


<>•  , 1 1 (!)  f (■»)  y 

dt  m ^v-i  Ox  = ’ 


(V.2.IJ) 


vher  c 


</(£)  = C (t)  art  tl*  t it  1 1 fluil  £ 1 iv 

l*i 


r it,-  t n r ou  in  the 


tube  cf  flow,  and 


F (*) 


/ 1 (*)  f I'o/j  (») 


. Function  F ( s)  is  equal  to  the  relation  cf  the  rate  of 

filtration  (or  ex  pend i t uro/consu m pt ion)  of  the  displacing  phase  to 
the  total  rate  of  filtration  (or  to  the  total 

expenditiue/consum  p tion)  . Function  F (s)  is  conventionally  designated 
as  the  function  of  phase  distr it ut ion. 


Let  us  introduce  the  r.ew  independent  variables:  Q—  [JtSiLdt  W = — 

J m ’ v ' 
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Vain-  « can  be  considered  ns  volume  of  tube  of  flow  between 
section;;  x ()  and  x (specifically,  with  V - 1 and  q (t)  = const 
alter  na»  inj/vanable  j is  pcoj.oition.il  to  ♦itne,  but  w = x).  Then 
instead  of  (VI. 2.  11)  we  have 


Os 


+f 


(*)  "5TF  ~ 


(V  1.2.1 2) 


. To  this  equation  in  the  partial  derivatives  of  the  first  order 

corresponds  the  following  system  of  characteristic  equations: 


dQ  d\V  di 
I “/’(>)“  0 • 


(VI. 2. 13) 


The  jeneral  solution  of  system  (VI-2-1 J)  is  represented  in  the 
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s = C, ; 

W-QF  (*)  + Ct. 


(V  1.2.14) 
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Thus,  along  the  characteristics  of  equation  (Vl.2.12)  s = const 
and  in  plane  (i*,  j)  characteristic  they  art  straight  lines. 

Fhysically  this  i&eans  that  each  value  cf  saturation  s is  spread  at 
the  "rat0"  d«'/dO#  proportional  F*  (s)  . In  t he  case  ot  motion  ny  plane 
waves  J 1,  ana  dV/d'j  there  is  1 1 ue  velocity  cf  propagation  of  this 
value  ot  saturation. 


0[i  the  basis  ot  equalities  (VI. 2.  14)  tne  general  solution  ot 
equation  (Vi. 2. 12)  can  i>e  formally  written  in  the  form: 
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w^Qr  (1)4-  ir0 (s),  (vi .2.15) 


wh‘.L  • 1 unc*  ion  W0  (..;  it  corresponds  tc  the  initial  distribution  of 
Sdtiu  it.01  (with  V - 0 , i.*.,  t - 1 0 ) . 


1 ;oles  (or  t:v  jalleries)  through  which  is  forced  t h»» 
dn. | 1 it- 1 n j liquid,  must  be  assigned  the  conditions,  which  define  the 
classification  or  the  forced  liquid.  It  is  forced  one  (iisplacing) 
liquid,  t hn  this  condition  is  r eco  rd/ wr  itten  in  the  form: 


= (*)  77  = 0. 


I1! 


(VI. 2. Id) 


Since  dp/dx  + 0 since  is  not  equal  to  zero  the  total 

ex  pen  d i t ure/con  sum  pti  on  , of  (VI.  2.  5)  follows  / 2 (*)  = 0,  s s„.  Let  at 

the  moment  everywhere  in  layer  the  saturation  of  the  displacing  phase 


t'l  'C 


7 > 1 > 1 *f-  J 


n A 


be  lovi'  : * l.an  s**  (s**  - the  saturit  ior  w i ii  which  th»  3i  s placed 
phasM  incomes  motionless).  7hi ..  condition  is  satisfied  almost  in  all 
problems,  which  make  physical  sense.  Then  with  t > 0 on  boundary  will 
be  fulrille  l condition 


s = s 


**• 


(VI.  2. 17) 


. Actually,  if  one  assumes  that  a*  certain  point  ot  the  boundary 

of  »>***,  that  on  the  strength  cf  the  continuity  of  saturation  near 
this  point  of  boundary  a.ust  exist  the  whole  region  of  the  finite 
dimensions,  in  which  s>s*«  and  u?  = 0.  On  the  strength  of  the 
equation  of  continuity  for  the  displaced  phase  (VI. 2. 6)  hence  follows 
ds/dt—0.  This  contradicts  the  condition  of  K ***  with  t 
= 0.  Put  if  is  assi  jned  the  relation  of  the  consumption  of  two  phases 
on  the  surface  ot  forcing  A,  then  boundary  conditions  takes  the  form: 

(VI. 2. 18) 
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wh*-nc-  a Lo  is  dot^raii  nt-J  the  saturation  on  noundary,  since  the 
relative  permed  bii  1 ty  f,  (s)  and  f?  (s)  are  Known. 


Let  us  return  to  the  analysis  of  the  jeneral  view  of  solution 

(V  1.  2.  IS)  . 


Figure  VI.  7a,  b depicts  + he  typical  culvos  F (s)  and  F'  (s). 
Function  F*  (s)  Has  t maximum  at  certain  point  cf  sm-  Therefore  in 
accordance  with  formula  (VI. 2. lb)  two  different  values  of  saturation 
car  have  identical  velocity  ot  propagation.  In  connection  with  this 
the  obtained  according  to  formula  (VI. 2. IS)  dependence  of  saturation 
cn  w can  stop  ate  not  identical,  great  significance,  "pass"  Less,  as 
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Tl.  e ambiguity  ct  the  formal  solution,  obtained  from  (VI.  Z.  lb), 
weans  that  t ho  con*  umous  solutions  of  tho  problem  of  displacement  in 
the  assigned  initial  condition  no  not  exist.  In  order  to  obtain  the 
solution,  which  makes  physical  sense,  it  is  necessary  to  insert  the 
d isco  r t in  ii  i t y/i  nta  rr  up  t i ons  (junps)  of  sat  nation,  i.e.,  the  surface 
on  which  the  value  of  saturation  is  charged  by  jump.  Such  jumps  can 
exist,  also,  under  tne  initial  conditions. 


with  an  increase  of  C,  the  initial  smooth  distribution  of 
satui  it  ion  is  transformed  as  this  evidently  in  Fig.  VI.  8.  At  certain 
torque/moment  (i.e.  w : h certain  £>)  tangent  to  the  curve  of  s (W) 
becomes  vertical.  From  this  time  on,  appears  and  is  spread  the  jump 
of  saturation.  Position  of  the  jumps  of  the  saturation  previously  is 
unknown.  On  jumps  (discontinuity  surfaces)  must  oe  fulfilled  * he 
continuity  conditions  of  pressure  and  conservation  of  mass  of  each  of 
the  driving  phases. 

* 

Let  us  derive  conditions  or  jumps  lot  the  general  case  of 
nonuniform  two-phase  current.  1 he  tirst  of  these  conditions  is 
teco rd/wt itte n in  the  fcim: 


J 


coc 


7MI1  860 


"Air 


p(\)  _ p( l) 


(VI. 2. 10) 


. let  us  examine  new  tho  conditions  o t the  conservation  of  mass 

each  ct  the  phases  luring  passage  discontinuity  surface  (jump) 
through  certain  element  of  volume  of  the  porous  medium  (Fig.  VI. 9), 
cut  out  along  the  normal  tc  discontinuity  surface. 
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on  the  strength  )f  th<*  continuity  of  pressure,  the  compressibility  or 
liqui  i:  rot  conditions  on  jump  is  unessential.  Let  us  use  to  this 

cell/elemer t the  *q  uat  ion  of  coi  :er vat  ion  of  mass  (VI.  2. 3)  . Me  have 


--[[  msdr'j  =mV„(s<»>  — s<»>)  A + o (T), 

r 


where  A - the  ciosj-.r’c'  tonal  area  of  c;t  11/element  (index  1 Iron 
abov-  designated  valu  s liter  j u m | , index  2 - before  the.  ;jump)  ; 

- tht  spec  f of  the  .iis  pi  ace.  men  t/mo  voaent  oi  jump  along  the  normal  to 
it;  about  (T)  is  the  value,  which  vanishes  is  faster  than  T. 


Fiuii  flow  thiiujn  sections,  parallel  discontinuity  surfaces,  is 
equal  (u<u  A (ulH  ~ the  [ ro  i*1-’ t ion  of  th--  rate  of  filtration  of 

the  first-  phase  on  normal  to  the  surface  of  q o a p)  . The  flow, 
connected  with  peripheral  component  ot  velocity,  is  vanishingly  small 
in  comparison  with  with  tendency  An  to  zero  ori  the  strength  ot 

condition  (vi.2.19). 


rib*  condition  of  the  conservation  cf  mass  cf  the  first  liquid 
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will  *-ak<-  * a n the  form; 


mVn  (sti)  - *(«)  =,  u<0  _ u<*>.  (VI. 2. 20) 


Equality  (VI. 2.  20)  can  it*  rewritten  in  the  form: 


u(l>  — u(,) 

y 11  n “in 

•v  n 


m ( s *** — ’ 


(VI. 2. 2)) 


. The  condition  of  the  con  set  vat  ion  of  mass  of  the  second  liquid 

also  is  reduced  to  expression  (Vr.2.20),  since 


“{y  + = “IV  + “iV-  (VI. 2 .22) 


. Let  us  return  to  the  investigated  one-dimensional  problem. 

From  determination  of  function  q (f)  and  F (s)  it  is  possible  to 


DOC 


/I  I n rihO 


pa  ;l 


j£TJ2S 


write  ( x j'l*  isions  for  the  rite,  ol  filtration  ot  the  displacing  phase 
behinl,  si:;:),  in  front  ot  t lie  -juir.f: 


U(i)  ^ JLin.  F (*')  (!  = 1,2),  (VI  .2.23) 

1 I 

where  index  1 it  is  related  to  values  utter  juirp,  index  ? is  before 
the  jump. 

Faye  Ifct. 


then  we  will  obtain  tne  following  expression  for  the  rate  of  the  jump 

of  Vn  = V = dx/dt: 


dx  _ ?(0  A’(«11>)-/-(.U)) 

dt  -=  mz»- 1 ,<1) , (2) 


(VI. 2.24) 


4. 
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- hy  1 1 a nsf  ^r/cori  vt  r t i ng  to  llt-r rating/ variable  W an  c J,  we 
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d\v  f («(t>) 


. The  listiibution  of  iidtui.it  ion  or.  loth  sides  of  jump  is 

descr  iteri  . y formula  (VI. 2.  15).  The  position  of  the  jump  of  Wc  and 
satin  dt  ion  or.  the  jump  of  sc  = s'11  can  fce  doteririn-d  by  calculation 
by  consecutive  spaces,  or.  the  strength  of  the  initial  position  of 
jung  (i.c.  the  nl  ice  of  ippeaiar.ee  by  vertical  tangential)  , on 
formula  (V  1 . 2 .25)  . 

Lot  us  derive  t.  he  differential  equation,  which  describes  a 
change  i i»  the  saturation  on  jump  depending  on  0-  Kol  a saturation 
with  jump  as  for  any  value  of  saturation,  is  Lulfilled  the 

rela t ionsh i p/ra tio  (VI. 2. 15): 

WC~QF‘  («,)  + H'0(*t). 


(VI. 2. 20) 
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. It  is  obvious,  accoiMinyly  (VI.  2. 2b),  sc  = s' » is  changed  with 

chary*-  . ( i - • - in  t he  course  of  tirro).  Differentiating  ( V 1 . 2. 2 6)  with 
reside*-  to  , we  h a v- 


dWc 

dQ 


-F'(*')  + \Fm  (sc)  (?  + W'0  (M 1-577- 


(VI. 2. 27) 


. by  *-q  uat  in  j expressions  for  the  velocity  of  propagation  of  the 

jump  of  saturation  (VI. 2. 25)  and  (VI. 7. 27),  let  us  arrive  at  the 
following  equation  for  an 


d,e  F(,e)~F  (,<«))- A"  (,e)  (,c-i<»>) 
= (i,-*1*’)  If”  (O'? -I- w;  (*e)) 


(VI. 2.28) 


* 


. T ; . value  or  s'11  in  equation  (Vi.  2.28)  is  function  Q V 

]t  i;,  rtf  Tinned  tr»  the  condi  tior  of  W (i<,))==  W (sc)  — We  ln 
dcroi  lance  with  tomula  (VT.i.  11)  : 

Qr  (s()  + W0(S<)  = QF‘  (s<*>)  + w0  (s<»>).  ( V 1 . 2 . 2‘J) 


. For  the  solution  to  equation  (VI. 2. 28)  the  initial  values  of 

sc  and  Q are  determined  at  tlat  point  where  dW/ds,  correspond  to 
foiirula  (VI.  2.  1 r>)  , becomes  zero  fet  the  first  time. 

Ft  on;  equation  (VI.  2.  28)  it  follows  that  on  the  jump  of 
satui  at  ion , on  both  sides  oi  which  the  sc  and  *„  = *“'  are  constant 
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This  condition  (obtained  for  the  first  time  in  the  work  of  Bakley  and 
Leverett  [ 134  1 means  that  the  velocity  cf  propagation  of  jump  is 
equal  to  the  velocity  of  propagation  of  saturation  on  the  jump  of 
V 

Let  us  examine  separately  the  case  when  the  initial  saturation  s 
(W,  0)  = .;0  is  constant  in  all  layer.  Then  w0  (s)  = 0 with  s > s0  and 
w 0 (s)  is  not  defined  with  s < s0.  Prom  formula  (VI. 2.  IB)  we  have  in 
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this  ca  sc 


Dt'.C 
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\V  — QF‘  (s)  (*>s0). 


L *-*t  us  assume  t.nat  s0<sm  (scf  Fi  g.  VI. 7b),  and  jump 
aj  pa  rr  . drier  giver,  conditions  in  equation  (VI. 2. 28)  the  variables 
are  divided. 

L<  *■  u:  iosignate  sf  — *o  = y,  F (sc)  — F (s„)  = 'I’  (y).  Then  from  equation 

(VI. 2. 2d),  integrating,  wc  obtain 


’P(i/)-i/'|i‘(y)  = 4-;  C = const.  • (VI. 2.3)) 


.Since  with  i — ^0  (at  the  moment ) , the  left  side  of  the 
equality  (VI. 2. 31)  remains  that  wn ich  was  limited,  C must  become 

zero,  consequently,  the  jump  it  stationary.  Returning  to  the  -> 

variables  of  and  3p  we  obtain,  Miat  on  guiup  with  any  0 is 
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fulfilled  trie  i ol  it  i inoi.  i ji/tut  10  (VI. 2.  30). 

Lot  thy  initial  distribution  of  saturation  be  such,  that  w • 0 (s) 
< 0 wit}.  <.t  ] 1 s,  an  l with  u (W  , 0)  — ^sQ.  Then  t h<>  solution 

examines  above  tor  case  s0  = const  will  be  fuliilled  asymptotically 
it  ■>  — since  the  (sc)  is  limited. 


Tr.o  examined  solution  and  condition  (VI.  2.  30)  was  obtained 
Eakley  and  Leverett  [ 1 14].  The  study  of  the  motion  of  the  jumps  of 
saturation  is  carried  out  Ly  S.  N.  buzinov  and  I.  A.  Charn  [36]. 

Ir  the  general  case  of  non  -one-d  i mens  iona  1 problem,  the  systems 
(VI. 2. 7)  and  (VI. 2. 4)  even  with  6=0  no  longer  are  reduced  to  one 
equation  for  a saturation.  It  is  necessary  to  determine  p and  s 
together.  In  this  case,  the  boundary  and  initial  conditions  for  p the 
same  as  in  the  problems  of  the  filtration  of  homogeneous  liquid. 

Conditions  for  s take  the  form  (VI. 2. 17)  or  (VI. 2.  IB). 
Furthermore,  on  the  jumps  whose  position  is  previously  unknown,  must 
be  fulfilled  conditions  (VI. 2.  IB),  (VI. 2. 22)  and  (VI.  2. 23).  The 
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solutions  to  non-one-d i me  ns iona 1 problems  can  to  obtained  only 
numerically  on  EVM  f - computer!. 
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let  us  preserve  tne  same  dimensionless  pararrete  ts  and  the  variables, 
as  in  equations  (VI. 2. 7)  and  (Vr.2.d). 
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JL  _ w ”±£>  + (i0  JL  (/,  (,)  F (s)  J‘  (,)  JL.)  = 0,  (VI. 3.4) 


w n e r e 


h'(t) 


U | + K, 
“0 


4-  t/i  («) + po u (*)i  +^y‘  w -ft  - 

= Uix  + Vtx-  (V  1.3.5) 
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disccrt  tnui  ty  surtac*  in  point  o.  The  * juation  (VI.  1.4)  , which 
describes  * he  one-dim*  nsior.al  displacement  ct  the  nonmi. icicle 
liquids,  in  called  t h<  equation  of  rapopoit  - Lis  r 1S2  ].  In  I 
since  *h«  ♦ imt-  scale  in  t he  internal  expansion  » , cor  .ideraily  les 

than  in  external,  an  i rate  . is  determined  ty  ext  a pi  1 re;;  1 it:  on, 
durir  i the  study  ot  internal  resolution  it  is  possible  to  coun*  w (r)  = 
= const.  In  view  ot  a dittcrcr.ce  in  th*  tin  :•«  ll  s in  external  and 
internal  resolution,  is  sufficient  to  use  the  t.:Vly-  ;tate  olutiot. 
ot  the  Cauchy  problem  nci  equatior  (VX.l.i),  i.c.,  to  i ' y 

s~s(x),  x~X-V'r  (v« --£■).  (VI-3.H) 
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s (—  oo)  = s(l>  = sc\  s ( -f-  oo)  = s(2>  — s0,  (VI. 3. 7) 


whei  * the  *'*'=**,  and  t'*’  = s0  \ - sstuiat  icn  after  and  before 
juni{,  «;et »- ruined  from  ^xt-ornal  resolution  fin  the  problem  of 
Paul  ry-Lov*  l f-tt  they  are  ccrnec  ted  by  r e la t lonshi p/ra ti o (V7.2. 
F a r a it  <.  t . i v°  ir  equality  ( V I . 3 . 6 ) is,  obviously,  ‘he  v « 1 oc  i t v o 
Fryajation  c:  discontinuity  surface,  dcternine  c ry  formulas 
(V  I.  2.21 ) 01  (V  T.  2-  24)  . 

Faqe  167. 

by  u t i 1 i zi  n</  (VI.  1.6),  we  will  obtain  instead  of  (VI.  J . 4 ) 
equat ion 

(VI. 3. 8) 
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. F r of  the  condition  cf  the  s=»s,  with  of  taking  into 

account  that  in  this  case  ds/dx^O,  we  have 


c = - mPsc  — 


(VI.3.J0)  . 


Let  us  note  that,  since  the  value  cf  V ie  deter  mi  r.ed  by 


formula  (VI. *.24),  the  second  condition  (VT.J.7)  will  be  satisfied 
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automatically.  sut  stit  ut  i no  the  value  cf  c ttcn  (VI.  3.  17)  if  (VI.  i . 9 ) 
and  sol  relative  to  dx/ds,  we  will  ct-air 


rfx  _ wnolt  (s)  F (»)  /'  ( s ) 

d,  ■=  vo  • 


(VI. 3. 11) 


. If  wo  integrate  equation  (VI. 3.  11)  fcr  s,  accepting  reference 

point  then  so  that  with  ~x  = x 5 would  le  ttif  where 

s^<s,Cst.  we  will  obtain,  utilizirg  toi  V°  fcrmulas  (VI. 2. 24)  and 

(VI.  3 . 5)  with  sn>  = sc,  s'*'  = s#: 


O' 


■'0“'  F (*c)  - t’ (*o) 
™ »c  — So 


F°  = (*<■)  ~ A’  («o)  \ 

m ,c-4o  ^ 

ft  (»)  y (S)  j'  (*)  d.- 


~*0 

-*0 


■A'(*)  + V(«o) 


(VI. 3. 12) 


nni' 


7'  i u i Ht  d 


p a i . t 


^S¥> 


t ♦ 

• X • 

co r rc ct  1 y 

the  a -sum|  t i ci 

lhfiiit  t i r 

♦ eadiness  of  Mie  ium[ 

of  sa  f u i . 

it  i on  ini  V 

is  ueteraiined 

frera  t o t d u 1 i 

(VI . 1. Z4 ) , wo  will 

c 1 1 a i n a : 

. -t  t t t.ot  a 

1 1 1 > n I ci  x (s): 

~ - _ f /» (0  ^ (»)  J'  («)  *’ 

x x,~j  F' (,,)(• -t0)-F  (*)  + f(*o)  • 

s, 


(VI.3.13) 


. I nt  e jrals  (VI.i.lz)  and  (VI.J.13)  describe  t ho  tcdnaiUon  zone 

cf  infinite  -extent,  what  is  the  consequence  ot  the  taken 
approximation.  Actually  for  determining  th-  wrlth  of  zone,  it  i 
necessary  *o  undertake  according  tc  formulas  (VI.  5.12)  and  (VI.  I.  II) 
the  distance  between  points  with  saturation  s0  ♦ 6 and  s0-6,  where  d 
is  a l<w,  tut  finite  niantity.  Then  th*  dimensionless  width  of 
transition  zone  there  will  be  the  order  of  several  ones,  and 
dimensional  width  - orderT.  , i.e.,  £ cr  — Li,  The  typical 
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distribution  curve-  of  saturation  in  transition  zone  is  qiven  in  Fig. 
VI.  1 1. 


We  examine  the  distribution  of  saturation  in  transition  zone 
depending  on  the  form  of  the  function  F (s)  and  J'  (s)  and  the  values 

of  t , and  s0. 
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(VI. 3. 15) 


i s s»  value  J * (i  ) inert  uses  more  slowly  than 

integral  (1/1.1.15)  converges,  and  t he  value  of  s = *'• 
at  the  tinite  valut  of  x (Fig.  VI.  1^1)  , and  from  f,  to 
the  jump  ol  saturation.  On  this  jump  as  on  any  jump  of 
must  be  fulfilled  the  condition  (VI. 2. 12). 
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. Now  it  is  not  difficult  tc  ascertain  -hat  taking  into  account 

(VI.  1.17)  from  the  equation  (VI.  1.11)  with  ct  s = s*  follow.;  the 
condition  (VI. 3. 16). 

It  so  = i*.  that  instead  of  the  fcimula  (VI.  J.  15)  we  have  with 
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x-~x.~Ny  J(« -«,)*-«/'(»)*.  (VI. 3.18) 
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can  , inteqral  (VI.  f.  18)  converges. 

He-  pxistenca  of  t.i.,-  solutions  of  form  (VI.  3.  12)  and  (VI. 3.13) 
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experimental  this,  ,;tat  icr.ar  y ♦ i ans i t ici  zone  lurinq  the-  displacement 
cf  oil  i.y  water  in  th--  duct:.,  filled  hy  san  1,  it  wis  re  vea  1 /d«  tec  te  1 
by  Tervillijer,  etc.  | 18  8 ] aim  i subsequently  ai  riutel  v in  vest  l cj.it  ed 
in  the  works  of  Papoport  ami  lis  I 18/1  and  L.  A.  Lfros  and  V.  P. 
Cncpr  iy*  t.  K ya  [128].  in  connection  witl  the  steadiness  ot  the 
distribution  of  saturation,  this  zone  was  called  th*?  name  the 
stabilized  zone.  Filtration  in  the  stabilized  zene  was  investigated 

IjhU 

in  tlif  works  Jones-of  Parr  and  Kol  kha  u w , and  also  of  V.  !*l. 

' I 

. A.  Charnyy,  Chen '-Ch zhun-Sy an  [89a]. 


P y z h l k , I 


Dec 


7f.  1 4 1 8 b 0 


n A G F 


The  iistiibution  ot  saturut  ior.  in  * he  stabilized  zone  is 
entaM  !.;»■  / i ,»a  1 L--.1  is  a result  of  ♦ h<*  * c i n t action  of  the  forcer,  of 


1 iqui 0 t*  .. 

is*  ar.ee,  ji 

1 v i*  a ♦ 

ion 

a nd 

ea  1 j 1 la r y 

fences.  All  t hese  forces 

ait-  1 era  ♦ ■- 

! in  0 j u 1 1 i 

: 1.  mm 

at  the  c 

orstant  vo 

1 c c i *-  y of  d i s 

p 1 ace me n * . 

Here  t r «_•  r e 

is  an  anal 

oq  y . 1 r h ♦ 

h t h 

y ir  cst a t ic 

equilibrium 

of  liquid 

in  the  p 0 1 

ous  merlin  it 

w h hi  t 

he  j 

h 

b c.  vi  r j a r y 

is  that  which 

was  wash*1  1 

away  ur  a-  i 

the  action 

of  c a 

pill 

ary 

tOICC.1  due 

t c the  1 i f f e 

r^iicr  in 

the  s i 1 -/  1 i ,n  e n s i 0 ri  £;  0 

1 p r 1 e 

cha 

? Mt*  1 

. . Pcuqh  ly 

cst  i -na t 1 n q f 

oroe 

intensity. 

which  a c r 

0 :i  lii 

vi  id 

i n ♦ 

1 i n s i t i c c 

zon(>#  if  is  p 

os  si  Lie  to 

say  ♦'hat  t 

he  jj  pi  1 1 a ry  | n=s 

sure 

, which  causes 

diffusion  or 

t ton*  , is. 

C t th‘>  oil 

t 1 P/r0- 

1 / r 1 ) , 

wh  e 

r *?  r 

0 ond  r,  a 

re  in  ini  mu  it  an 

d ma  ximum 

"ra<l  1 i 0: 

t h 0 pores" 

of  t n e 

men 

i u ir. . 

Faqe  17u. 

The  j urn  p/d  top  pressures,  necessary  tor  cvercoai  r j of  liquid 
resistance,  at.:  jr  t vitational  tore  ir'  zor  by  leri  q*  h 4 are 

proportional  to  7.  Therefore  at  constant  v lo<  i ty  t (»*>  ii  ze/.f  intension 
cf  the  zone  in  which  t h«  "sratatyva  t.  1"  capillary  jump/drop,  1 'mains 


corstar t 


Crt'  - 7r  1 4 1 Hf.  ) 


If.  iios:-  ibi  li  ♦ y of  tue-  descrip-t  ion  of  the  f r ocess  of 

displaces.  *rt  or.  a lit  , - scalr  with,  t hr  aid  cf  e jtt*»rna  1 t«sol  utior. 

(fet  a x a iii : 1“  wit;.  th,.  n;-r  cl  solution  c£  E a k 1 c y -L  - ver  ot  t)  is 

11° 

connect!  1 nly  wit  t > s mall n ess  of  the  pa ra me  tei  of  y — - \ ~ . It  the 
boundary  con  d 1 1 1 on  . . oi  extei  iol  picbler  ate  such,  that  the  parametei 
i:  low,  ♦hen  it  r -Tain:  small  oven  ir  such  a case,  when  capillary 

pressur  *•  '..pends,  b.  ..i  !•  saturation,  and  ci  cth»r  parameters,  since 
the  capillary  pressure  connected  mainly  with  phase  distribution  ir 
pores  and  during  any  1 i ; t r i 1 ut i cn  remains  that  which  was  limited.  On 
the  central  y , iurinj  * i>  ina lysis  of  the  structure  of  transiticr  zone 
in  the  present  para  jraph  it  was  considered  that  the  capillary 
pressure  and  the  relative  permeability  are  the  functions  only  cf 
satur at  ion. 

(I.  I.  BarenLlatt  f At>  ] noted  that  in  internal  transition  zone  the 
use  of  ai  assumption  about  phase  permeability  aid  capillary  pressure 
as  the  universal  functions  of  i nst an t a neou £ saturation  is  unequal  due 
to  the  r,,  ,ne  ju  i 1 ibr  i um  processes  cf  the  i ed  ist  r i tu  t ion  of  phases  in 
pores.  Instead  of  this  it  is  assumed  that  at  each  torque/moment  with 
each  saturation  s ♦ hr  i <:  are  volumes  iisplacing  and  displaced  phases. 
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equal  To  parti  i pate<  in  motioi  ( ! r<  r0  is  certain  parameter. 


which  has  the  dimer,  .tonality  ot  time,  dcperuinq  on  the  proper*  ios  ot 


the  pc  roue  nr.i  i u»)  . T ii  • > so  velum.:;  ire  taken  i>  y the  processe'-  of 


red  is*i  1 '.hi*  i or.,  t r.  connection  with  w.nich  cf  the  pore 


located,  i.  "are  clos-  1".  Then  in  *h«  first  approximation,  it  is 


possitl*  t>  dJJuie  that  the  ^ (4  T#a<)'^2  — /“  ^ s - t0  — -j,  wher 


ct  tne  /“  (s)  and  /»(&•)  are  usual  M a qu i 1 i b ti urn " relative 


permeability.  In  work  [ 2<>  ] were  obtained  the  expressions  for  * i* 


diet  t il  u*  ion  ot  saturation  in  th0  stabilized  zene  durinq  th*  rr  i i< 


asi  uir.  p * ion  s on  the  "delay"  of  relative  pe  r m c a 1 1 1 i t y . 


As  show  expert  1 *»nts , t.  he  stabilized  zone  at  the  constant 


velocity  of  displacement  always  is  formed  throuqh  sufficiently  Lor. j 


time.  Th<  m lasureaent of  the  distribution  of  saturation  in  the 


stabilized  zone  it  can  ai  i to  explain,  within  which  limits  are  valid 


the  assumptions,  made  lurinq  tie  derivation  ot  formulas  (VI.  ).  12)  and 


(VI.  3. 13),  i.e.  , assump*icn  about  the  urique  dependence  ot  the 


functions  cf  f,  (s)  and  J (s)  ot  saturation  and  about  theit 


inceper  lence  of  rate  of  filtration. 
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Such  'iXj-'rui?ntL  were  rallied  out  ty  V.  1 . ilyzhik  together  with 
V.  N.  I'aitoj.  Trow  horizontal  duct  17f  cm.  Icrr,  filled  by  quartz 
sand  with  j or meabi 1 it y 10  d and  porosity  0.40,  was  displaced  the  air 

by  wat*-r  a”  atmospheric  pressure  at  constant  velocity.  The 
disti  ibution  or  saturation  was  ireasured  by  electrical  resistance.  The 
velocity  of  displacement  u0  was  changed  within  limits  from  0.0011  to 
C.  020  cm/G.  The  initial  saturation  s0  was  p jual  to  0.21. 


The  experiments  showed  that  during  displacement  at  constant  rate 
cf  change  Qf  the  saturation  in  different  points  along  t pl0  length  of 
model  virtually  is.  repeated  with  .shift/shear  in  time,  proportional  to 
the  rate  of  displacement,  j . e.  , is  farmed  the  stabilized  zone.  The 
typical  curves  of  s (*)  at  the  points,  distant  from  each  other  on  OH 
cm.,  at  the  rate  of  front.  0.013  cm/s  are  shewn  in  Fig.  VI.  13. 

If  tiie  relative  permeability  and  the  capillary  pressure  are  the 
functions  only  of  saturation,  then  in  accordance  with  formulas 
(VI. 3. 12)  and  (VI. 3. 13)  the  dimensionless  length  of  the  stabilized 
zone  ft  doer;  not.  depend  on  rate.  This  means  that  dimensional  length  or 
this  zene,  equal  d - 6 jl,  inversely  proportional  to  rate,  i.e.. 


rrc  = 7Muief.o 


» AGt 


6/  = 6-£-L  = 
A P 


6a  Yk 


m cos  8 


(VI.3.19) 


. Fi  jurr  VI.  14  jhows  the  dependence  c t the  length  of  the 

stabilized  zone  1 on  1/V  (V  - the  epeej  of  the  front,  of 
displacement),  obtained  in  ♦■he  experiments  described  above  (is  curve 
1)  ; the  length  ot  the  stabilized  zone  was  defined  as  iistance  between 
points  witi  saturation  0.40  and  0.80.  From  curve/graph  evident  (is 
curve  2)  that  with  large  1/V  (low  speeds)  d - is  approximately 
proportional  1/V  as  it  follows  from  formulas  (VI.  1.12)  and  (VT.3.13). 
However,  at  valu**  1/V  about  100  s/cm,  is  minimum  d,  and  further  again 
is  observed  an  increase  in  the  stabilized  zone.  Apparently,  this 
increase  d is  connected  with  the  nenequi  1 ibri urn  of  flow  and  the 
process  lag  of  the  redistribution  of  phases  in  pores.  By  the  liagratn 
of  the  "d "laying"  relative  permeability,  as  shewn  in  work  [261,  is 
obtained  precisely  this  dependence  of  d on  the  speed  wh-»n  the  value 
cf  t.  ~ becomes  ccmparallc  with  s. 

w Ot  1 
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From  the  formulas  (VI.  1.  W)  and  (VI.  1.  13)  it  ir  possible  to  obtain 
also  € x;  i e:  s ion foi  ,n:  which  allcw,  kroxinq  from  experiment 

the  distribution  of  saturation,  to  find  the  "dynamic"  dependence  ot 
capillary  pressure  on  saturation  (in  t his  case  it  is  necessary  to 
assume  that  *he  relative  permeability  barely  depend  on  speed.  Tlis 
assumption  is  correct,  if  the  displacing  phase  is  water,  aid 
displaced  - air  whose  d uc t i lit y/t oughne ts/ v rsccsit y is  negligible). 

It  turned  out  that  at  low  speeds  the  dynamic  curves  coincide  with 
static  curve,  and  with  large  - they  lie/rest  the  lower  its,  the 
greater  speed. 


4.  Capillary  iapregn.it  ion  and  the  se>  1 1-s  i tri  1 a r problems  of  the 
displacement  of  immisciile  liquids. 


Ir  *he  preced  in g/previous  paragraph  was  examined  r he  action  of 
capillary  forces  near  the  trent  ot  the  displacement  of  the 
nonmiscible-  liquids  from  the  porous  medium.  Capillary  forces  become 
essential,  also,  in  other  cases  when  in  the  porcus  medium  on  the 
strength  of  its  inherent  heterogeneity  cr  under  the  effect  of  the 
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het  tr  open*--  it  y of  t 1 c«  are  crratfl  * ho  considerable  local  y ra  1 i < r.  t s of 
saturation.  Tn  this  case,  undn  the  action  cf  capillary  forces, 
occurs  tie  redistribution  of  p bases,  since  th^  gradient  of  capillary 
pressure  can  be  close  -o  gradient  cf  external  pressure,  and  in 1 *  3 

number  of  cases  conoid  -ratiy  exceed  ’■his  gradient.  7he  processes  of 
ted  is  tr  ii  u t i on  (role  of  which  in  the  displacement  of  the  nonmiscibl-' 
liquids  will  be  rri  more  detail  examined  in  chapters  VII  and  X)  is 
tost  simple  traced  in  an  example  of  capillary  i irpreynat  ion  , i.e.,  the 
filtration,  which  proceeds  under  the  action  orly  of  capillary  forces. 

It  i:  possible  to  isolate  two  idealized  process,  in  which  the 

capillary  forces  are  only  motive  power  [99.100]. 


1.  Let  the  cylindrical  sp  c cimen/s  a ir  pi  e of  the  porous  medium  have 
inpenetrablt  lateral  surface.  Initially  speciiren/sample  is  filled  by 

gas  (navinq  negligible  d uct i 1 i t y/t cugh nes s/ vi sees  it y)  . At  moment  one 
cf  the  er.  1/leads  of  the  specime  n/sa  m pi  e is  led  to  contact  with  the 
wetting  liquid  which  begins  to  be  absorbed  into  specimen/sample. 
Further  we  will  assume  that  pressure  ir  gas  (initial  p>ressure  in 
speci men/sa m p le)  an  1 fluid  pressure  outside  the  porous  medium  are 


i dent  iea 1 . 
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Ar  i > 1,  * • <••»:: s i i->r  ti  a*  1 iquid  is  the  continuous 

d isp  l ac  i r.  -)  phase  at;}  ^ he  filtration  occurs  in  ere  lirection. 

Accor  in.  i tc  * !•  alroiiy  ment.  i or.ed  considerat  iens  t ho  liquid,  wliic> 
moves  in  th  1 porous  medium  under  the  action  of  capillary  forces,  can 
be  consid*  rod  ar.  incompressible.  The  filtration  of  continuous  chase 
is  described  by  the  jeneralized  law  ol  iarcys  in  the  form: 

/.<*)■%■•  (VIOO) 


Page  171. 

Since  trie  viscosity  of  gas  is  small  in  comparison  with  the 
viscosity  o*  liquid,  for  gas  phase  it  is  possible  to  place  p2  - p0  = 
const.  For  the  uni d ime ns i ona 1 movement  cf  continuous  lijuid  phase  in 
question  is  fulfilled  the  re  la tionship/rat ic 


DOC 


76141 fcbO 


FA  OF 


s-s-r 


P'.-Pl=Pc(s) 

or 

A = P«~Pc(s) 


(VI  .4.2) 
(VI.4.3) 


(wo  1 eave  thus  fir  aside  nonequili hr iuro  effects) . 


Substituting  this  expression  tor  p,  in  equality  (Vt.4.1),  we 


c b t a i r. 


^ - 


DCC 
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where 


“■  ---C/'WfiwIr 


— a-m 


a// 

a* 


J/>  («)/*(«)*; 

0 


(VI.  4.4) 


J (s)  - the  function  of  Leverett  [see  formula  (VI.  1.4)  ]. 


The  equation  of  continuity  for  a liquid  in  the  one- 
case  in  qu<  stion  fakes  the  usual  term: 


< 


i mo  ns i cna  1 
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substituting  ht  re  ^ x j i 
t ]iia  t ion  for  s : 


sicn  (VI. 4. 4)  , we  will  ot*air  (Ik 


ds 

oT 


0. 


(VU.fl) 


■ 

. Tn  tne  curves  of  .1  (s)  , obtained  by  means  of  imiiregnaH  nr  ( ror 

example  iy  the  absorption  cf  liquid  irtc  the  vertical  column  of  the 
porous  medium),  always  there  is  this  value  s— s*<l,  so 

j __  y_  On  the  strength  of  the  continuity  of  fluid 

pressure  upon  transition  througi  the  boundary  cf  the  porous  medium 
and  since  the  pressure  in  free  liquid  is  equal  p0,  then  on  the 
boundary  of  the  porous  medium  m us*  be  made  condition  p,  = p0,  whence 
Pc  =■  V and  J (s)  - 0.  consequently,  in  entrance  (where  let  us 

/ 

accept  x = 00  it  will  be  s = s * (it  we  disreqard  compressibility). 
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In  ex  r sect  i cn,  obvious  1 y,  t (,  • iisplacinq  liquid  is  not.ionlens. 


since  the 

t-  ii  ( ' .1 

pe  of  1 i 

] U 

i i tiou  lo  re  r- h 

annel  cannot  occur 

under  th 

act  ion  oi 

so  nu 

ca  p i 1 1 a 

ty 

to:c<  s alone  ( 

for  the  discharge  o 

f liquid 

must  occur 

+ . 

rotation 

of  meniscus  it 

outcrop,  which  will 

lead  to 

sign  chat j 

r o t 

ca  pill  a 

I y 

pressure  and  t 

he  cessation  of  mot 

ion).  I r. 

accordance 

wit 

h f ot  mu  1 

i 

( VI . 4 . 4 ) the  e q 

u a 1 i t y t c zero  of  l 

ate  of: 

f i 1 1 l at i on 

means  that 

i i' 

ex  it  sect  ion  ( 

x -£) 

/,(*)  = Okjii.|-=0,  (V  1.4.7) 


since  dpe/dt  into  z-io  dees  ret  turn. 
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The  first  ot  the  conditions  (VI. 4. 7)  is  made  to  the  approach  ot 
liquid  to  the  exit.  section  when  the  s ^ (where  the  i*  are 
"immobile"  saturation),  and  the  second  after  approach. 
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l • -t  u:  • 1 x • n'  i n • i i . . - whi'n  l — ► oo.  Then  t he*  on  1 v 1 i m * r . i ona 1 

deter  win  i no  {•at  i" . * r . • i for  Ho  distribution  cf  saturation  prov>.,  to 
a The  I i me  n;;  i on  a 1 i * y or  * • i.  ■ n r i L^/T.  If,  furthermore, 

the  initial  sat.  ut  a t i .>•.  s0  oo  rut,  the-  rrctlen  tecomes  se  1 f- .si  n i ia  i 
and  s is  *!..•  lunct  io:i  •>*  i 1 tei  r.  1 1 i n q/var  i a ble  g a x/aVl.  Equation 
(Vi. 4. d)  i.  transformed  into  t >.  -*  ordinary  differential  equation  of 
f or  it 


1 ds  <PH 

2 dl~T  d& 


0. 


(VI. 4 .8) 


. The  dependences  ct  relative'  jermeahi  1 i t.  y for  the  wettinq  pha 

t,  ( s ) and  the  function  of  Leveret  t J (s)  can  it  approximated  fv 

f cr  it. u la s - 


fl(s)  = b{s~ s*)bVjj  (A(*)  = 0 npn  «<*,), 

J(s)  -Cx  — Bx{s  — s,)®'  linn  J (s)  = Dt  (s  — s*)a-  — C, 


(0 

with 


(l) 


or 


noc 


7f  1 4 1 ti>>  0 


w h e r e u i o: 

> 

1 ^ (j  j ^ Q ^ ^ ^ or  p ^ U • t h llo  | 

f u nc* i on 

H (5 

’)  is 

rep  n i ♦ •••  f 

i » 

tj.  ' >i  m cl  A (s  — s*)",  where  n 

P t 3, 

o r : 

n = r) 

a?- 

If  we  sel  f - ai  i ! ii  valid  bit  :-f  kct.  the  l = x/a0V~t,  wh“re  o £ 
the  al  = Aa*,  equation  (VI. 4. t f)  iJ  reduce)  rc  the  form: 


d'-nn  £ da 

<*t!  + 2 rf;  U’ 


CT  = S 


S*. 


(VI. 4.9) 


This  oquatior  is  related  to  tin  type,  examined  in  chant  at  IV. 


Let  us  examine  separately  three  possible  versions  of  the  initial 
conditions:  *0  = **.  so<-5*  and  s0>s*.  - Let  first  s0  = sm.  As  shown 

atovc  (scr  chapter  IV),  if  n > 1,  t h«  solutions  to  equation  (Vl.'i.d) 
become  ,.oro  at  certain  finite  value  E c,  i-e.,  there  is  a "fron*-  of 
impreqna-  i on " whose  rat-  is  final.  In  the  lew  values  of  s — s«  and 
= c - f the  solution  to  equation  (VI. 4. q)  asym { totical ly  is 
represented  in  the  form: 
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cor  --  i>  i u i too 


c-5=  ( -■°n~t  da.  (VI. 4. 10) 
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dor  -o  dot  or  mi  no  t t.e 

constant  c , , 

let  us 

f* 

equ i ! 

a J J it  ion  i 1 

iy 

x n order  that  with 

s -*■  s*  and  c 

- *-> 

0 

w ou  1 d re 

m.i  i 

final  r h o 

la  t ion  of  ut/m(s—Si), 

, where  u,  is 

ra  te 

of 

f i 1 1 r a t 

icr 

liquid.  T h 

■i. 

relation  in  the  aver 

a q e t > a r t.  i c:  lo 

spec  d 

ot 

of  the 

Tl'JV 

(cont inuou 

S) 

[.art  of  trie  I.einq  al 

sorbed  liquid 

a*  fron 

t at  thi» 

torque/rcornen  t of  it-;  mo  r q i nq/coa  lesccrce  with  nrtionl^ss  liquid, 
which  is  lccdt^d  in  front  cf  front. 


f-  l on  formula  (VI.  4. U)  we  Ijv^ 


0 m | rr t f \ dt 
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(VI. 4. 11) 
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s^rjrtr-  * i * _ . m 2 a tt 
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Fage  17r>. 


Then  frnn  (VI- 4.  10)  it  follows 


U1  » ( Cl  | f \ 
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Consequently,  in  order  that  the  relation  of  u,/m(s  — s*) 


would 
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te  final,  it  is  necess  1 1 y , 1 n ordr  i *o  , 7.  Then  (VI.  4.  10)  ] *-a  Is 

tc  asymptotic  ■ xpr  ion 


-s-77 ^ir<— •-••-(to r)"“ 


(VI/..  12) 


. Analogous  with  se lf-siir  i la  r prcfclem  tor  the  filrrttion  or  ja. 

the  solution  ot  problem  in  the  ra;<r  of  *»  = **  we  will  '.catch  fci  it- 
the  form  of  a series 


i 


i 

n-  1 


(1  + OlTl  + <V)S 


(VI/..  13) 


. T h ii  coe  1 1 ic  ie  nt  s of  a series  of  a,  ot  ii*ed  value  ot  c dio 

located  by  means  of  substitution  into  equation  (VI. 4. 9).  Changing  c, 
we  will  obtain  different  value- s s,  = s (0). 


We  will  Le  turned  to  the  case  wher 


s0<*»  . In  tnis  case,. 


cbvicusly,  the  front  of  i n>p  reg  na  t i o ii  can  te  spread  only  at  the  final 
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speed . Since  iehu.|  f-iont  the  disj  iacinc  phase  is  evorywhen*  mov^hl  - , 
at  the  front  mils’-  of  s — **  and  from  s*  tc  f„  aopearn  t.ht  jun; 
of  saturation,  analogous  to  shock  cn  leading  edge  of  stabilized  zone 
described  in  i . On  jump  must  hr-  made  t he  ccrr  ii  ♦’ion  (VI  .2.21).  j r. 
this  case,  the  u[u  is  determined  from  the  formulas  (VI. 4.  10)  v 1 
(VI. 4. 11)  with  * = *#.  ul,,==  0,  a the  s(€ed  cf  jump  of  V it  will  le 
located  from  the  condition  cf  xc  — cn„\'rt,  whence 


V 


_c«0_ 
2 VI 


I 


«i +4  (*-«.) 

" " <*•-*•>  L,, 


Thus,  from  (VI.  2.2  ')  wc  have 
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With  *„  = **.  again  w^  huv-  condition  c, 
the  ccrditior.  of  the  final  rpt  r 1 of  the  mo*  ion 
liquid. 


is  0,  equivalent  to 
cf  the  being  absorbed 
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If  s*— s0,  -ini,  consequently,  c,  a cc  no*  rqna  I to  ;>ro( 


resolution  (VI.  4.  11)  t .ikes  the  tern; 


s — 


(1  +ait)  -f  ajrfg- . . .). 


(VI7..J5) 


. The  emergence  at  the  dump  cf  saturation  in  th-  solution  of  the 

problem  of  capillary  impregnation  is  connected  with  the  made  in  A 

assumption  about  the  fact  that  at  any  point  in  time  the  liquid  in 
each  point  of  the  porous  medium  can  be  located  cnly  in  one  of  the  two 
end  states  - completely  bound  and  movable  cr  completely  incoherent 
and  therefore  lot i on le ss.  This  leads  to  the  unique  dependence  of 
relative  permeability  or  the  saturation  cf  the  characteristic  form, 
depicted  on  Fig.  VI. 5,  with  the  point  cf  the  s*,  where  of  the 
/,  (s*)  = 0,  a with  s<s*  liquid  is  motionless.  Hore  detailed 
investigation  shows  that  actually  only  the  part  of  the  liquii  re- 
located in  each  of  the  states,  whereupon  betweer  connected  and 
incoherent  parts  occurs  the  exchange  of  liquid  l e fore  * he  achievement 
of  certain  equilibrium  distribution.  Ir  this  case  the  •jump  of 
satura*ion  at  the  front  of  capillary  impregnation  is  replaced  by  the 
narrow  zone  of  the  smooth  transition  from  s0  tc  of  s*. 


w 
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\ roi  the  filtuUon  of  qas,  th»  final  velocity  of  proua  joioi 
cl  front  n ikc. ; it  pcssille  *-o  utilize  the  obtained  solution  no’-  or  1 y 
for  infinite,  hut-  also  lot  fiiite  domains,  to  the  approach  of  frort 
to  the  mov-'ii  away  on  1/lead. 


Let  now  so>s*-  Equation  (VJ.4.  1i)  can  te  rewritten  in  the 

form: 


"(*—•)-  -sf+Itt-o 


= (S-S*)\  (Vl.4.18) 


. If  su>.»»,  equation  (VI. 4.  1C)  dees  net.  lave  special 

feat u re/pec n 1 ia rit ies,  since  the  coefficient  cl  higher  derivative 
does  not  become  zero.  Furthermore,  from  the  ccirnon  properties  cf 
parabolic  equations  it  follows  that  s is  changed  inoriotonica  1 ly  irotr 
s i to  s0  luring  change  f from  0 to  -.  Therefore  v - v0  and, 
consequently,  also  s are  s0  cannot  become  ze.ro  into  which  end  (cint 
and  s s0  only  asymptotically  with  S -.  Solution  for  this  case*  can 
be  obtained  numerically,  by  teiny  given  at  this  value  s,  = s (0) 


1 1 1 


1 


c oc  - /-'l  l p/u;  t 

cert  a x i.  v a 1 u * <1:;/  i f (p  ' 0).  11.*-*  n , solving  tac  { tobl»J  of  Cauchy,  v* 
cltain  1 1.«  solution,  which  cm  i ► spon  1 s to  t ho  rif-tm  mire  i value  0 * 
(«).  Fy  chanjiij  is/df,  it  i.  j osp  i l U *o  f in  d ♦ h"  :;oln*  ior  , w'icl 
c o r r o s [ i r i r * o Lite’  v 1 1 u>  . 0 . 


Dependence  s,  (c)  with  so  < it  it  possible  to  find  ir  a- 

explicit  fera,  utilizing  that  easily  checked  fact,  thit  if  certain 
function  of  ~ To  ( w)  satisfies  a r.  equation  (VI, 4. 9),  then 

f u n c t i c n 


A — A * 


(VI. 4. 17) 


also  will  be  the  solution  to  this  equation.  Let  the  % ( !)  is  a 
solution  to  equation  (V  7.4.9)  such,  that  To  (i)  = 0,  represented  by 
formula  (VT.4.1J)  or  (VI. 4.  IS)  for  c = 1. 

Condition  (VI.  4.  14)  will  be  observed,  also,  for  all  functions  of 

a 


the  <p(£),  expressed  by  formula  (VI. 4.  17).  Thus,  hy  knowing  the 
solution  to  stated  problem  in  certain  value  s,  cr  c,  it  is  possible 
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to  obtain  all  the  solutions  for  that  which  «hs  assigned  s0 . From 
formula  (VI. 4. 17)  we  will  obtain  communication/connection  between  s, 
and  c ir.  the  form: 

*,  = ‘~<po(0)  um.  c = (VI. 4. 18) 
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(Vi.  4.1j)  curvod 


it  picts  the?  calculi  tel  with  tie  rj  i i of 
<po(  5)  foL  n - '/x  Hid  n - S/z. 


: oi  i<  >; 


The  ji  t a i it  *-*.  J solution  caii  i e utilized  toe  detcruininj  *h‘- 
fdra»et^i!  ot  t he  ncrous  mediuir  f r cm  1 1. r results  of  the  • xi  r i i»tM  1 
measut'*  J"  n»  ot  ti.>  v 1 jr  i t y cl  capillaty  in pLeg rat  ion.  If  fiiH 
velocity  ol  *n-  "ft  cut  of  impr  eq  na  t i cn " it-  final,  then  this  car'  be 
trade,  iy  m<  i.-  m in  ts.  * coordinates  ct  t he  front  of  xe  a*  d i f t e.  t e r-  * 
points  in  t i rp  . 

A;  i result  ot  the  :;p  1 f-s  i &•  i la  r it  y of  the  problem  ot  xe  it  is 
expressed  acccrdinj  ro  the  tc inula  of  xc  = ca„y~t. 

By  using  re-la  t ion  shi  p/rat  i o (VI.h.18)  , xt  can  be  ex  { rer.scd  in 
the  f cin: 


_ 


- 
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xc—  Nst  * 


\V. 


y ±- 1\ 

\ Mi  ' "*  / 

( VI.4.19) 


1 _ rt-1 

where  the  N ~ A'  [<p0  (0)]  2 . 

By  measuring  experimentally  the  relation  of  aaaaaaa  ar.fi  value 
s,,  it  is  possible  to  find  exponent  n ar.d  coefficient  N,  which 
characterizes  * tie  structure  or  par'?  space.  The  experiments  of  this 
type  are  described  in  work  f 77  ]. 


2.  Another  process,  in  which  the  filtration  occurs  under  the 
action  only  of  capillary  forces,  countercurrent  capillary 
impregnation,  appears  in  such  a case,  code  the  section  of  the  porous 
medium,  engaged  by  the  less  wetting  phase,  it  | roves  to  be  the 


completely  surrounded  another,  more  wetting  liquid  (Fig.  VI.  IS) 
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channel.,  con  n«*ctpd  ,m  it  h end/ leads  (Fiq.  VI.  17). 
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Ccunteu.-ii;  i ->n*  im  p»r  eg  na  t i or;  appeal  sr  fcr  example,  in  *he  oil  sUd^a, 
broken  by  clocks  into  separate  blocks  (cracked  layers),  vher:  moving 
water  faster  moves  ever  cracks  and  blocks  prove  t0  be  surrounded 
water.  Alter  this  the  water  is  absorbed  intc  blocks,  and  petroleum 
emerges  trem  them  through  the  sam*  surface. 

Investigate  cour.teicurren4,  capillary  impre  gnation  for  * he  linear 
case.  Let  us  examine  as  in  the  p reced i r g/ p re v ic us  pcint/item,  the 
cylindrical  specimen/sa n pie  of  the  porcus  medium,  lateral  surfaces  of 
which  are  impenetrable.  Initially  spec i men/samf  le  is  filled  by  the 
nonwetting  phase.  If  ont  of  the  end/faces  ct  cylinder  also  is 
inpenet cable,  and  another  is  led  to  contact  with  the  wetting  liquid, 
then  will  be  initiated  countercurrent  capillary  impregnation.  This 
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i^ar.s  that  the  wet  t in  j [base  will  to  alsctbei,  and  no*-  wi->t*ini  emerge 
through  * he  sole  open  fine.  The  described  linear  spec  imen/sa  mu  le  car 
te  consider*',)  as  element  oi  the  assembly  cf  more  complex  form,  for 
example  rectangular. 

A.  how  experiment:  it  the  countercurrent  capillary  impregnation 

cf  transparent  st  eo  ime  n/sa  n [ 1*  r,  :iltra*-icn  in  contrary  direction 
cccur s • v*  nly  over  »nt ire  section,  i.e.  , "channels",  over  which  moves 
each  of  the  phases  u>  during  usual  two-phase  flew,  ar*  coir  para  I lo  ir. 
size/di.mor.sions  with  *:i*  liaw  *pr  ol  peres.  Therefore  countercurrent 
filtration  car,  ho  examine.]  within  *hc  framework  of  *-he 
re  pie  sen*  at  i ons,  accepted  for  ram  jet/d  irect-f  lew  two-phase 
filtration,  arid  record /wr  it  ten  the  law  cf  filtration  in  the  form: 

1 “ “ 77  W~dT  • P%- Pi  =* P*  (*).  ('  = 1,2).  (VI .4.20) 

. One  should  only  consider  that,  until  new,  relative 

permeability  we  examined  only  for  the  cast  wher  both  phases  move  to 

1 

cn<?  side.  The  countercurrent  motion  of  phases  will  influence,  of 


course,  for  phase  li  tr  it  at  ion  in  pores,  and  the.  form  of  the  curves 
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o t relative  permeability  and  ca{  illary  pre.-sure  will  change.  At 
present  th>  u aie  r.  o i i r«*ct/st  ra  ig  nt  e x pe  r l iren  + a 1 lata  on  the  ci  irv<' 
of  relative  per  me  a n i 1 it.  y during  countercurrent,  mo* ion.  For  t no 
qualitative  in  vest  i qat  ion  vc  will  accept  them  t l*1  same,  is  before 
i.e.  l..t  us  accept  (s)  ^ /,  (*•),  p‘  (s)  = Pf  (sj 


The  equations  ol  continuity  for  each  cl  the  phases  retain  the 
usual  fur  ic 


. dU]  - <7>  OU,  » 

m -f-  =0  m — -a-  = 0. 

ot  ' dz  ’ dt  dz 


d>  dut 


(VI. 4. 21) 


For  counter  cun  err  motion  from  equations  (VI. 4. 21)  it  follow: 


ui  4*  ut  = 0. 


(VF.4.22) 


1 


DOC 


7->lM  hh  0 
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tliairitinq  dp,/dx  from  s y : r ‘ ■ m (VT.4.20)  - (VI.  4.  22),  w* 
cttdin 


. dd> 

u.  --  — 1/„  = — a-/«  — — 

* 6 ax 


(V  1.4. 23) 


and 


ds 

7)t 


3*<V 

Ox- 


£ =o , 


(VI.  4. 24) 


where 


<i>  (•)  - - / /,  («)  f («)  /*  (.)  4*  = 


. The  equation  (VI. 4. 2u)  is  a special  case  of  the  equation  of 

tapoport  - Lis  with  w = 0.  This  equation  coincides  in  form  with 


roc 


7-  1 r 1 -oO 


:■  a or 


equation  ( V 1 . 4.  tS)  , 
Ec  ur.  ! ar  y con  i it  ior. . 
c t the  i tui  a t e 

ca [ i 1 Id  l y : n p to  qua  t 
capillary  ; c*  ;;;ure 
tc  zero  of  experdit 
exactly  the  :.tro  ma 
self -si  mi  la r , if  en 
initial  :.,itutdt  ion 
conditions  it  is  po 
self -si  mi  la r a Item 

Equation  tor  a 
self-similar  va  r ia  b 


i.e.  coincides  with 
qualitatively  curve 
are  such  as  <1  ur  in  j 


6T&  3 


the  cr.  ly  function  d (s)  is  r 
1 1 :>  also  luenticil  tor  t.ie 
d >.p  e r:  i nen/sa  a { 1 r ard  fci  a 
ior,  i.c.,  the  condition  of 
ar  ontl  met  (s,  - . ♦,  .)  (« 

ur<-/ccnsunif  t i or  a»  enclose  i 
nr^r  the  ;ic!  1<  it  of  iinpreyna 


er;  laced  by  <1J  (*). 
capillary  i rr  r r<-  j r.a  ♦ i 
ccuntercur  r m t 
e q u a 1 i r y t o z e r o of 
♦)  = ))  i nd  p qua  1 it  v 

<-  n .1/ lead . And  i n 
riot  bee ome  s 


or 


close  : end/leau  is  infiritely  moved  away  and  the 
is  cor.rtart  alonq  s j ec  i iren/s  am  p 1 c . Under  these 
ssiblf  instead  of  x and  t tc  introduce 
a t i ny/  va  r i a ble  5 = x/a  1 /T. 


saturation  in  me  case  cf  impregnation  tilres  in 
les  the  fcllowir.q  form: 


(fan  E dt  _n 
di~v' 


(VI.  4. 25) 


equation  (V].4.8).  Assuainq  that  tae 

A 

i of  relative  permeability  ter  a countercurrent 
the  equally  directed  filtration. 


will  use  the  same 


DOC 


7 f,  1 1 ( 


r Ai:  h 


t I I * 

po  in  t / 1 1 ■ m ( i 

♦hat  it  . .let  1 1 


• i : : , ( ) i • i J (s)  , as  in  t ht  prec<  i ing/ pi  ;v  ious 

•*-  /l  (*)  = b (s  - *.)>,  / (*)  = n (s  - sJ-T-t-C),  wr‘  wil1 

s — s*  t he  f unc*  ion  of  O is  repr^ser,*  1 it;  t he 


f o t r : 


<!>  (*)  A'  (s  — s*)n  «>  1 


( t ? (s>)  i e »d ltta  r.  > t -iiil  * r 7.t  : ))  . Tli  •=■  typical  t cr  ra  of  th°  function 
of  (]>  fsj  is  sh  . >w  !i  in  i ')  • V 1 . 1 . 

’ l.u  , sir*,  small  s — s*  equat  ion  (VI.  4.  25)  coincides  in  term 
with  equation  (VI. 4.9)  . Therefore  the  qualitative 
cone  l usion/de-r  i vat.  ions  about  the  character  cf  the  solutions  to 
equation  (VI. 4. 9)  in  f he  different  values  cf  the  initial  saturation 
s0,  ir.cludinj  the  ccnc  1 us  icn/det  i vation  abcut  the  final  velocity  of 
the  "front  of  impregnation"  in  s0  < s*  and  conditions  on  the  jump  in 
of  s«  < »'#  are  retained  fci  the  solution  tc  equation  (VI.  4.25). 
Specifically,  since  t h-->  rate  of  filtration  cf  the  first  phase  is 
expressed  by  formuli  (VI.  4. 2 1)  , are  retained  asymptotic  expressions 
(VI.4.1J)  and  (VI. 4. Id)  for  the  lot.  values  cf  s — sm, 
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I*  s q is  mure  t it-  rit  ionin-s  satui  ttion  ct  s„,  f hat  as  for 
fret 1<=  ir  cl  preccd in q/pre v ic us  f a r a q r a r h , s = s0  onlv  with  p — >•  - . 
Family  ot  solutions  is  1 oca  tea  ty  the  numerical  solution  of  t.h>- 
Cduchy  p r o 1 1 e m in  assi  jr.cd  s,  - s (0)  with  the  different  values  of 
dt/dW^g.  To  each  of  these  solutions  cc  r r es  pends  certain  value  . 
The  unknown  solution  for  ‘■ha1’  which  war.  assigned  s,  - _T(0)  aqain 

determine!  ny  selection. 


As  an  example  hiq.  vl.1‘1  and  VI.  2 0 qive 
found  at  the  tollowinq  selection  oi  relative 
function  of  the  Leveret t: 
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VI. 19  show  , curves, 
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Fiq.  VI. 21  arc  constructed  the  curves  of  dependences  K (s0) 
7 in  t ue  Iifferent  relations  cf  viscosity  (Mo  = 0.5  * 0.1 


dei  to  utilize  data  cr  countercurrent  capillary 


iBpreqnation  in  the  problems  of  the  1 i s p laceraen t of  the  nonmisciblo 
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liquids  Iro'i  f h<*  h et  • > i'  necu -■  ann  crar  ked-|oici;3  media  (3w  . - h a f ♦ • i 

VII  I),  i*  i:  i • res.  i l y to  hav<  a cu  i ve-  nt  t hr  dependence  ot  » he 

avtca^i  . dt'irat  ior.  cf  t hr  s pe  c i m?  n/sa  m [ le  c 1 the  f i n 1 to  I<>  i ; r ii 
t i mo . j i 1 1 it;  it  ia  l .a*iiMtioi  ot  s p or  i mo  n/s  a n [ 1 ->  incohar  r*  e i 
is  equal  to  zero,  the  rate  nt  the  "front  of  imj  re  gr.ation"  is  final. 
Therefor*-  solution  for  the  s ; * c imen/sa  n p If  cf  tls*  ; ini  t.,  length  up  to 
approach  to  enclosed  end/lead  coincide;-,  with  se  1 f la  r.  In  ♦fir; 

case,  from  rormul  i (V  I. 4. 2b)  it  follows  tiiat  tm  average  safintio! 
ct  spec  i mu  n/s.im  pi  e is  expressed  by  formula 


Sfo 


ScaJ'o  + -jVtK(sust).  (VI. 4.27) 


. In  order  to  obtain  the  dependence  cf  aaaa  cr;  t for  the 

subseauent  points  in  tins  , cm  .should  solve  par  till  differential 
equation  (VI. 4.24).  For  *-he  qualitative  investigation  w will  he 
restricted  t o the  fac:4-  that  i^t  us  find  approximate  solution.  let  us 
integrate  • juation  (VI.  4.24)  for  x from  0 4 c , assuming  that  the 
front  01  impregnation  already  it  approach*  d tc  enclosed  end/lead  ana 
*(/)>«».  Then,  ut  ilizirg  1 curdary  conditions,  we  have 

«*®‘ <’*>(£  X-iS"'1- 


(VI. 4. 28) 
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. Taking  into  account  the  con-iit-irn  of  ds/dx=s( 

will  starch  fot  distribution  s in  the  form: 
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with 


(t)  (2 l-x)x. 


(VI.  4. 29) 
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T i.  iVf' i i i s i r u r 1 1 io n of  s is  equal  t c 


. The?  ctt  ore* 


4==Tj  = (t)  l*. 


(VI.  4. 30) 
(VI. 4.31) 


By  substitutinq  in  the  equation  (VI.4.2P)  of  the  ex  pr»srion  of 
(^-)o  ar  d \ sdx,  these  which  wen*  cfctained  from  formula 


(VI. 4.  11),  let  us  find 


7f  “IT0'  (Ji)  (*!-»). 


( VI.4.32) 


Equation  (Vi.4.  12)  must  be  solved  under  the  initial  condition. 


COC  - 7 h 1 S 1 8 (> 0 ? A<;  E 

which  «.  th-»  con*  i unity  of  *he  <t  v»m  a jr  attira*  ion  i * tV- 

torqu  -■/'t  onion  t of  t.ho  approach  of  f Lont  toward  t ho  end  of  * h*-» 
sp€r  i !t>  n/ sr  in  f 1 ; with  * ho  1st,  * = s„,  where  ct  the  s0  it  is 

obtained  f ro:t  lormuia  (VT.u.,’7)  , i.o.. 


so  = i'u  + K/c,  lu  — it/cta't. 


The  unknown  solution  take;;  -ho  tern.; 


‘ 7- )exP[~3<1)'(,i)(-^ -•?)]•  (VI. 4. 33) 


- Thus*  with  t.  < t0  t average  saturation  is  expressed  by  the 

formula  (VI. 4. 27),  and  with  t > t.0  - by  foraula  fVI.4.  J.t)  . The 

— Q%f 

qenoral  view  of  tt:*-  iependenc*  of  *he  s(t),  where  of  the  x ==  -jj — , 
is  shewn  in  Fij.  VI. 22  foi  t ho  conditicrs  cf  the  “xamined  c xai p le . 

I.  in  the  designations,  us^-d  in  p.  2,  the  equation  of  rapoport  - 


d. 


I 
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Lis  (VI.  i.'i)  fiqns  f.he  form: 


ds 

~dt 


ds 

Ux 


o, 


(VI.4.34) 


in  tri  ori->“  rot  the  rrt^s  cf  tilt  ration  cf  each  of  th<*  phases  we 
have  it  iccora.mce  «i»h  (Vl.3.17) 


r 


ui  ~ uF  (s)  — a*mit>‘  (s)  -d- 

' ' dx  * 


ll\  -f-  U~2  = U (t} , 


(VI.  4. 35) 
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Total  velocity  u ( t)  is  a function 
cr  determined  from  boundary  conditions 
dependence  u (t)  assign  in  the  form  of 


of  time  but  must  be 
for  a tressute.  If  we 


assigned 


A. 


that  equation 


LUC 


;M  f-  1 8b0 


"AS  !• 


(V  I . la)  !: <1 . . t !,r> 

s = s ( l),  l — x/aV~t. 
required  i >,  in 
Then  «.  o:.t  i ii,  in 


1 : — i t i 1 1 1 solution  ot  the 
For  t hr  -xi.-f-'ict  of  self-si 
o r i . ■ r to  : ( x , 0)  - .-,0  co  Hi 

t • i 1 of  (VI-  a.  i a ) equat.icr 


torn'  ot 
iri  la  l solut 
*•  u;d  u?  (0 


i >n, 
. t) 


(vi/..3r,) 


With  * = 0 must  to  nM  ie  condition  (equivalent  to  condition  u 


= 0) 


ds  i-Ho 

dl 


(VI/i.37) 


. This  follows  from  foritulas  (V 1.4.24)  ind  (VI.  h. 35).  Furthermore, 
with  c -y  - s — > s0 . Near  fiont,  i.e.,  with  s,  close  to  s„,  the 
equation  (VI.  4.  3b)  asymptotically  t ran c fer/co n verts  to  equation 


( V I . 4 . 2 5 ) 

, since  f >> 

2 X F ' 

(s)  , either  because  F 

v r y greatly 

(with 

*0  > ■**), 

or  because  " 

' (:;) 

0 (with  A'o  **)• 

In  connection 

with 

this  the 

conditions  at 

the 

front  of  displacement 

at  different 

v 1 1 ue 

nee 
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So  a 1 r*  t ained  * he  s*  me  i.  niM  lr  t n‘-  case  of  capillary 
iat-t^wr.ii'-  ion.  »•  it  h au  sg  s,  tt.c  velocity  ct  frcrt  is  final,  in  3 tor  a 

numerical  count  with  small  g = c - f i t is  possible  to  utilize 
expansions  (VI.  4.1))  or  (VT.4.1R).  Satisfaction  of  condition 
(VI.  4.  37)  it  is  possible  tc  attain,  ty  changing  value  ' - c with 
which  s turns  into  st. 


A r an  t>  xa  m pi  e h ig  . V 1 . 2 3 gives  the  solutions  to  eg  ua  t io  n 
( V i . 4 . 16)  , that  satisiy  condition  (V  T.  4.  17)  in  X = 0.2  5 and  x - 1.0. 
Functions  f,  (s)  aril  .1  (s)  wci  e used  the  sane  as  in  an  example  in  :. 

2.  It  is  characteristic  * hit  during  a change  ct  *-he  initial 
saturation  s0  in  very  wile  limits  the  final  saturation  Sj  is  changed 
insignificantly.  So,  with  X = 0.25  to  change  s0  from  0 to  0.90 
corresponds  change  s,  from  0.84  to  0.9,1.  In  the  case  X = 1 change  s, 
is  still  less:  0.992  < s,  < 0.  998  with  C < s0  < 0.98. 

Tic-  oltained  solution  cf  the  problem  of  the  displacement  of  the 
ccnmiscible  liquids  taking  into  account  capillary  forces  is 


interesting  to  compare  with  tic  solution  of  the  same  problem  in  the 
setting  of  Bakley- L ever  et  t.  I n the  designations  cf  the  present 
paragraph,  the  solution  of  Eak 1 ey- Leverett  (VI. 2. 21)  takes  the  form: 


DC( 


7>  1 ■ 1 -u.u 


> A < : J- 


5 = 2 A./’*  (,) 


(VI./,  .28) 


(since  at  the  moment  with  £ — > - ( t ~ 0 ) s = s0  - const)  . With 

in  the  solution  oL  f i k 1 cy-Le  vk  et  t is  introduced  the  -jump  of 
saturation  whose  position  can  to  found  f rcm  fotnula 


le  = 2\F‘ (s„)  = 2\  A’(,t)  F{,tK  (VI. 4.39) 

*C~~  * 0 


. According  to  fortrulas  (VI.4.J9)  it  is  possible  to  tin  1 *c 

and  £«•  by  knowing  s0. 


DOC 


/ ' 1 5 1 H n 0 


i’  A(i  F 


Ir  H'j.  VI.2Ja,  .1  to  jet  her  with  the  solutions  to  ejuation 
y-  (V 1 . 4 . 3o ) (is  cut  vo  1)  are  hrouoht  alsc  curved  2 for  s (€)  , 
calculated  from  formula  (VI.  4.  fd)  on  condition  (VI.  4.  H)  for  the  same 
values  x (:.o.  x = 1 and  X = 0.25)  . F r c m the  jiven  curves  it  is 

evident  that  in  X = 1 solution  of  Bak le y- Le ve r ott  is  very  close  to 
precise.  Specifically,  ror  tin  solution  of  Ra  k lev-Leverott  of 
| (sc)  = '2,4h,  a for  exact  solution  of  c r 2. 45.  In  the  case  X = 0.25 
disaqieeiuen  t is  more  essential. 
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Chapter  VI  T. 


Unsteady 
fcrcsit  y 


filtration  in  artm  cracked- pore cs 

StKATI  FX  E£ 

and  aMM  LOCKS . 


(V\ATEf?X4  L>Ma*T€TXAL 


with  dual 


§1.  Piltra*icn  of  homogeneous  liquid  in  the  cracked- por ous  medium. 


rcc 
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with  t ii 

e | I 

i n u 1 a t p(i 

, ol  o u. ; media  in  which  the  1 i q u i 1 i 

co tit  a i : • 1 

a n i it  "■ 

O V“  ■' 

in  with 

inf  c-graii  space,  ire  encountered 

also  tic  c 

racked  m 

i ne  i 

1 1 s i r » t. 

irh  there  l the  developed  svs*em 

cracks,  u 

full  or 

1 1 

p.a  r t ca  us 

• of  filtration  properties  of  tne 

medium.  Th 

e import 

a n ce 

r. t research  on  uch  media  is  determined  iy 

fact  tha” 

a series 

of 

tin  cirmt 

* s ‘ deposits  of  oil  is  timed  to  t h 

tcck/sjeci 

es  in  wh 

i ch 

the  IP  an 

n 'nitrous  o Lacks. 

The  s 

pec if ic 

char 

rlCttrl  Cl 

fh»  cracked  medium  is  caused  by  - h 

fact  t i at 

or  acK  - 

t h 1 s 

(sc  frirat 

ically)  the  nation  slot.,  two 

ft-dtui^nten* of  which  thousand  times  a ip  mete  the  * hird , unlike  ♦ he 
pores,  all  size/di  ;aons  ions  of  which  one  order.  As  a result  of  this 
even  with  the  most  insignificant  volume  or  cracks  in 

ccino  n/qenera  1/tot  a 1 void  ccrtent  in  sclii  skeleton  ’•hey  nan  have  a 
deter  ir  i n i r<j  etfec*  or.  the  character  of  the  motion  of  lipuil.  In  this, 
is  exhibited  the  common  icr  entire  theory  of  filtration  property  of 
its  objects:  hydrodynamic  characteristics  can  depend  substantially  on 
such  structural  constituents,  statistical  weight  of.  which  is 
negligeat 1 y sma  1 1. 
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n im  1 1 y are  list j nguished  pui<  ly  t he  cracked  and  crac  ked- pnt  o us 
ned  id.  T hi'  r its  t oi  tuem  arc  * I •-  blocks  of  t!io  n in  oral,  t flHeen  wnich 
th*  t>  at  ••  cracky,  w i.  >teupor  t leeks  theisel  vts  a r«  i Bpor.ot  r able  i n • 1 
ar*  not  i:  tor  chan  j>.  1 <utn  liquid  with  cracks  ( fer  example  cracked 
grar.itc);  m • he  cr  ick  e d- p orcus  medium  the  rlccks  ir*1  Hip  pieces  of 
the  usual  porous  medium,  with  final  porcsity  3rd  permeability 
(ciacH  j 1 im-;  t one)  . In  all  cases  the  volume  cf  cricks  is  nog  1 i g ifc  lo 
in  ccipiir.or  with  Hie  tot  1 1 volume-,  occupied  with  solid  skeleton  aid 
voids;  m the  majority  ci  cases  it  is  small  in  comparison  with  the 
overall  voi  i cor.t;nt,  which  are  composed  of  the  volume  of  rhe  pore 
space  of  porous  blocks  and  volume  cf  cracks  thcnsolves. 
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Cnly  when  its  own  porosity  ot  I locs.i  i virtually  *>qual  to  ?orc  (for 
example  of  the  cracked  iqnecus  ro<  kr),  it  i ..  necessary  “o  allow  t|,p 
volume  strictly  of  cracks. 


Cr.  the  contrary,  rn  the  majority  ct  cases  the  hydraulic 
conductivity  or  the-  system  of  cracks  many  times  is  more  the  hydraulic 
conductivity  ot  blocks.  Therefore  it  is  possible  to  say  that  n the 
cracked- porous  medium  liquid  "is  stored"  in  porous  blocks,  and  is 
moved  on  cracks.  Durinj  the  steady  pc* ion  ot  liquid,  this  does  not 
lead  to  essential  differences  from  the  usual  porous  medium.  However, 

durinq  unsteady  processes  and  in  the  course  of  the  displacement  of 
one  liquid  of  another  is  exhibited  a series  of  special 

feature/peculiarities,  still  not  studied  tc  end/lead.  Filtration  in 
the  purely  cracked  media  occurs  qualitatively  just  as  in  the  usual 
porous  media,  only  with  small  quantitative  deviations.  Therefore 
subsequently  the  primary  attention  is  oivcr  to  the  cracked-porous 
med ia  . 

1.  For  the  viscous  motion  of  viscous  fluid  in  slot  with  parallel 
walls,  is  valid  Boussinesq ’ s formula 
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<vn-i.i> 

. riei-  . i . a : low  rate  or  1 i . u l i : t - the  • id  t h of  slot  ir  t f ■- 
sectirr,  : *■  cpendicu  lar  tc  X-axis;  f - the  c xpa ns lon/d iscl o ; u i ■ cl 
slot;  - »hc  viscosity  of  liquid;  p - pressure  . 

Tie  existence  ot  this  simple  rntmila  cf  motion  n var  ioi  ; ctack 
impelled  many  resea  tehei.  tc  1 1 . . itch»i  • cr  t J • •x;i  ?ssi  or  , 
aesci  it  inj  motion  in  * h e or  de r t d : y * » x o * clicks,  ilow.  ver,  this 
approach  turned  out  to  If  less-  fruitful,  1 1,  » n tie  1 set  ipt  ion  of 
current  in  cracked- porous  i cck/sp  eci«»  ty  *1--  methods  of  the 
mechanics  cf  continuous  tredinir. 

Let  us  assume  that  *ho  cracked-porous  medium  consists  of  pulley 
tackle,  isolated  frem  each  other  by  cracks,  whereupon  the  form  and 
the  location  of  blocks  are  irtequlat  (Fiq.  VII.  1).  Let  us  take  as 
elementary  macr ovo 1 ume  (comp,  chapter  1)  the  volume  whose 
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1,o7 


size/  .1 1 Tt  ht.:>  ai*  |ieat  ii  cen  fati^on  w i t 


separ  )’  e f 

lock 

d n 

i , co i. segue r 1 1 y , 

also  * he 

p rocesse:. 

♦ h<  y 

OCA 

• a i to  sc  tie  ion: 

. i d c r a 1 1 y 

s i 7.e/  d 1 me  ! 

s \ rn 

cf 

Mock  i. 

h i- 1 t : i 7<‘/c  une  riHiuna 
whirl  li.Tcf:.*  u:. 

Id  r err,  Mia  a th« 


of 


FCCTNOTE  1 - The  siz c/d i me nsicr 5 of  Hecks  (and,  therefore,  * h-  length 
cf  a tcltf.  l'  aie  by  the  different.  The  set  fertf  anrioach  l s 

based  on  the  a. sum  ( tio!i  ♦ hat  the  d4.l4Z.lt>  i.e.,  flocks  at-" 

great,  in  comparison  w i»  h tb*  size/dinersicn  of  pores  1,  hut  are  small 
in  ecu  |a  i isor  with  ’he  size/dimension  cf  layer  i.  ENDFOOTNOTF. 

Let  us  examine  the  at  first  mo: t essential  cast  when  the  permeability 
of  blocks  is  email  so,  that  during  the  description  cf.  the  macroscopic 
motion  ot  liquid  it  cm.  1 f diste  jarded. 

Page  1d7. 


Fy  considering  moticn  in  cracks  slew  { i Der  t ia- f ree)  , it  is  possible 
tc  write  for  it  th<*  law  ot  darcy,  which  is  der  i ve/conc  luded  from 
dimensional  analysis  just  as  l n chapter  I.  in  this  case,,  taking  into 
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account  ♦ he  possib  1 e a nisot  Lopic  s yst  em  of  cracks:  and  t. ho  tact  t ha  t 


each 

CL  tick 

is 

char actei izeri  by  i wo  : 

i ze/di men s icn s - by 

t h « lenqt h of 
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an  d 

1 y 

exp  a ii  si  on/d  i rcl  osur  e t. 

, the  law  ft  £ i It  ra  t 

ion  is 

convenient 

to 

repr  eser.  r in  the  f ci  n : 

„ _ __  hi  ap  — A*  /,»  At. 

|l  Oxj  |i/  *'/  ihj  ' 


(VII. 1.2) 


( 


. Here  */,  - t h e components  of  the  velocity  vector  of.  filtration, 

determined  by  usual  method;  the  symmetrical  tensor  of  ktj  is  called 
the  * er.sor  of  interstitial  per  in e ability  ; h is  the  average  crack 
opening;  / - the  signilicart  dimension  of  block.  The 

cor  crete/specif  ic/actual  form  ol  t h*'  dimensionless  tensor  of  t 
perineal  ility  of  A? : is  dc  termined  hy  the  geometry  of  the  s;y:  tern 

ci  cracks;  fort  he  medium,  which  consists  of  impenetrable  blocks  and 
several  svstems  of  the  dense  regularly  ha r r an ged/looa t ed  cracks,  i f 
will  te  able  to  b«  cbt.aired  on  the  basis  cf  Dcussinesq's  formula 
(VII.  1.  1)  . 

In  the  general  case  of  tht  cracked- porcus  medium,  the  law  of 
filtration  also  takes  ‘he  tensor  form  (VII.  1.2).  however,  the 
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cr ack ed- porous  medium  lies  in  the  fact  that  the  motion  of  liquid  it 
this  nedium  occurs  in  essence  ci.  cracks,  while  the  volume  of  crack:, 
is  small,  and  the  main  supplies  of  liquid  they  entail  porous  blocks, 
let  us  assume  that  we  disregarded  the  motion  cl  liquid  in  blocks,  ar d 
cn  the  boundary  of  the  cracked- pot cus  layer  liquid  in  which  initially 
was  located  P0,  occurs  a dccori  [ i . i on  tc  certain  other  value  p,.  ; y 

disre  ja  r d in  g t he  permeability  ot  i locks,  i*  is  possible  1 0 utilize 
tor  the  description  of  motion  ir  cracks  usual  r elat ionsnip/t at ios  of 
filtration  tneory  in  the  poLous.  medium  (fer  exan(le  in  the  case  of 
si  ight  ly-cORi  pressib  le  liquid  aid  elastic-deformed  layer  - 1y  the 
t e la t ionsh i p/ra t i os  of  the  theory  of  elastic  mcdo/cond i* i onn)  . Af t“t 
certain  transient  process  1 n cracks,  will  t t estanl  ish/install  ed  t h ■ 
new  stationary  distribution  of  pressure,  whereupon  at  least  near  the 
boundary  of  layer  pressure  will  prove  to  be  considerably  lower  than 
initial.  Since  the  pressure  ir.  flocks  cn  the  strength  of  their 


I 

roe  - 7». it-iefoO  paof  W" 

assumed  1m  p e not  ra  o i 1 i t y could  io*  change,  between  the  1 i ju  i 1 i ii 
blocks  .in  1 the  1 i juei  in  cracks  ii  ct eated  i considerable  pressucc' 
difference  - oele[  F0-F,,  ar>i  consequently,  but.  blocks  api^ai  the 
local  gtali^nt:-,  or  ti,  ur*.;  o*  (P0  — Pt)/l,  which 

cons  i iera  b 1 v exceel  thi  existing  i i:  layer  rtofi  ir^  gradient  m the 
cracks  or  ^ \ )/!*■  Ur. let  these  conditions  in  Iay-r 

ever,  with  most  insignificant  p * r mo  a 1 i 1 a t y ct  blocks  app“ar  t local 
filtration  ilews,  which  cause  the  inflow  of  1 iouid  from  Flocks  into 
cracks  and  t he  equalization  ci  the  local  pressure  gradients  between 
1 flecks  and  cracks. 

Fage  1B8. 

The  fact  that  in  the  c rac  ke-d- pot  ous  medium  can  in  unsteady  process 
appear  the  local  pressure  <1  i f f e rencts  and  t local  return  flows 
between  blocks  and  cracks,  we  will  place  as  the  basis  of  the 
description  of  the  cracked- porous  medium,  which  consists  of 

lew-penetrability  porous  blocks  anu  *-hr  cracks,  total  volume  of  which 

1 

is  small. 

Let  us  introduce  instead  cl  one  mean  pressure  of  liquid  at  the 
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Lo  t u s compos-  now  *-  h <-  equations  of  t he  balance  of  liquid  ir 
cracks  and  iiiocK.;.  De.  - iynat  mq  thicujh  n,  interstitial  porosity 
(latic  o:  the  volun  > of  crack:  f o ♦ hc  complete  volume  of  t h»  tn  * -<i  i u n ) , 

have 


dl 


div  (t>u)  — </  = 0, 


(VII. 1.3) 


where  q is  an  amount  ol  liouiu,  which  overflows  for  time  unit  frem 
blocks  into  cracks  per  unit  ct  volume  cf  the  medium. 


For  blocks  it  is  possible  to  disregard  direct  filtration  flow, 

so  that  the  equation  of  continuity  takes  the  fern: 

^-  + 9-0,  (VII. 1.4) 

I 


roc 


lb  1 ( 1 “ (,  j 


'■  Ai.r 


b>/ 2- 


whero  it  ? is  a porosity  of  blocks  (taking  ir.to  accourf  ♦■ho  toNl 
volume  of  the  medium). 

In  order  to  lock  the  obtained  system  ol  equations,  i*  is 
necessary,  besides  the  equatioi  of  state  of  liquids  and  ecuaticns, 
which  connect  the  charge  in  porosity  m,  and  m?  with  pressure,  to  qiv-* 
. expression  for  flow  q.  This  expression  car.  re  chtained  from 

dimensional  analysis.  Let  us  note  first  of  all,  that  sirce  tpu  motion 
cf  liquid  in  layer  is  considered  inertia-free,  inert j a- free  must  h> 

I 

the  movement  or  liquid  it  blocks.  Further  flow  q can  depend  on 
pressure  in  blocks  p2  and  in  cracks  p,,  the  size/d imensior  of  blocks 
Jr  t he  permeability  or  l locks  k?,  of  the  viscosity  of  liquid  p, 

cf  its  density  p must  become  zero  with  the  equality  of  pressures  p , 
and  p2.  Let  us  assume  at  first  that  the  density  p and  viscosity  p 
liquid  barely  depend  on  pressure  in  irrterval/qap  pi<p<p?  and  them  it 
is  possible  to  consider  constants,  just  as  the  permeabi  lit  v of  blocks 
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k?.  Th<  'i  expression  r or  <i  must  be  invariant  relative  to  the  selection 
of  the  reference  point  cf  in  usin  can  depend  crly  on  difference 
p,-p2.  Thu:,  value  : depends  or  the  dimensional  value;;  i j-p?,  p,  m 

/• 


Let  us  note  now  that  as  a result  cf  the  neninertia  of  the  motion 
of  dimensionality  of  permeability,  pressure  and  the  viscosity  can  L« 
selected  independently,  under  ot.p  condition  alcre 


1A"*1  iPl  Ip!*1  = L*Tml\ 


besides  this  it  is  possible  to  count  that  the  dimensionality  of  mass 
B is  not  connected  with  tne  dimensionality  cf  pressure  or  viscosity. 
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IK  nee  follows 


(VIT.1.5) 


where  a - i i :r  • ns  ion  1 r iistance  t ha*,  c laracter izes  th  e j«  onto’-  rv  of 
the  meb ion.  relationsh  ip/rat  io  (VII.  1 . f ) m ust  he  refined  if  the 
density  of  liquid  p and  its  viscosity  p decent!  cn  t r^ss'irr  . Us  sumi  i.o 
that  th..-  1 t « oj  filtration  in  llocks  can  he  re  p resented  in  the  fo  nr: 


l>u, 


k2t>0  £/  (p) 
Co  Ori  ’ 


where  p0  and  p0  are  characteristic  constant  values  p and  p,  hut  f { p) 
- the  function  of  the  dimensionality  of  pressure,  r el  it  ion sh Lp/rat io 
( V 1 1 . 1 . 5 ) c:  a n be  rewritten  thus: 


aPo^t 

J* 


/(P»)-/(Pi) 

l*o 


(VIU.O) 
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gas 


For  example  iuiinj  the  filtration  cf  t her  mod  ynam  ica  1 ly  p 
= p*/2p0,  an  1 exprossicn  (VI  1.1.6)  gives 


<7  = 


at’nA-j 

2/*/>Sn 


(P*  - Pi), 


(VII.1.7) 


where  (0  - the  pressure,  which  corresponds  density  pn. 


The  interstitial  porosity  m,  is  usually  snail  and  by  it  in 
majority  of  cases  i *■  is  possible  tc  disregard  if  the  medium  is 
cracked- porous  (but  not  by  purely  cracked),  but  the  porosity  of 
blocks  tn?  to  consider  the  function  of  both  pressures  p,  and  p2. 


t h e 


b e i n g 


limited  to  linear  approximation,  it  has  a relationship/ratio 
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uherp  the  values  of  HPi,  ppp  and  ,d?0  at  small  changes  of  porosity  can 
te  considered  constants. 


A change  in  the  potositv,  as  usual,  one  shculi  consider  only  in 
those  expressions  where  the  porosity  is  differentiated;  furthermore, 
since  it  enters  in  {reluct  with  the  value  ct  the  density  of  liquid  o, 
cf  a change  of  the  porosity  are  essential  cnly  in  the  case 
si  igh  1 1 y-com  p ressi  hie  (drot)  liquid;  duLing  the  filtration  of  gas 
changes  in  the  porosity  can  be  disregarded.  3eing  limited  by  tho  case 
cf  true  liquid,  we  have 


P = P.li-f  MP-P,)I, 


(vrr.i.9) 


DCC 


7*  1.  H,  0 


4/7 


where  i i | , \ i in  j ci.  whether  is  e x.iin  irei  1 i qu  id  in  or  ic  ici- 

er l n 11  ock  s. 


Faqt-  VO. 

duist it uti nq  (“xpv^rions  (VII.  1.2),  (VII.  1.H)  and  (VII.  1.7)  lr 
equation;-  (VI  i.  1.1)  at  1 (Vli.  1.U)  md  set/assun  inq  in,  - 0,  we  have  a 
system  of  equations 


Po 

u dr 


L ( Ic,  ^£l  'i  _ aPo*i  Pl~  P\  _ n. 
U \ 11  dr  I ] r-  |i  1 • 


««P. 


r - b 

L Ptt~ 


(P. 


P*)-?r]+J^ja^L=o.  (vii. j.  jo) 


. .lost  frequently  is  examined  the  case  when  the  medium  is 

unit  cm-  a:  1 isotropic  and  interstitial  perinea  b i lit  y it  is  expressed 
ty  the  isotropic  component  cf  a tensor  cf  — ki&i/-  In  this 

case,  the  system  (VII.  1.10)  accepts  the  simple  form; 


J 


*' 


EUC  = 7M  * 1 8 fiO 


P AG  F 


Tt-P-Sl  + '1  (*-*)-<>■' 

whfie  x V2/^  — A (p.,  — Pi)  ~ 0,  (VII. Ul) 

. _ *1 ft  _ _Jhl 

|ii5m„  (j}it  -t-  p,)  • H^olPat  + P*)  ’ Pat  + P* 


. From  system  (Vil.1.11)  it  is  possible  tc  exclude  one  of 

pressures;  after  determining  from  the  second  equation  p ? and  at 
subst  it  ut  i nq  tne  obtained  value  ir.to  ’•he  first  equation,  we  ha  v 


t t.e 

ter 
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x V'J 

a(!-(1)  aA'.(l-h) 


(VII.1.J2) 


. 1 1.  *■  ;i  € limit  with  of  V-+U.  which  c c r i • s [ on  1 s to  t h - 

unimpeded  » xcharuje  .it  the  liquid  between  ly  blct « . n.  i crocks, 
equation  (VII. 1.1/!)  t r an  s tor/cor.  vert  tc  the  utual  equation  if 
elastic  mocle/co  ndit  ior.;.  with  tit  coefficient  cf  t p i e 7.0c  on  1 uc  * i vi  t y 

cf  x/(l  — (J);  it  is  not  difficult  tc  see  tl  at  * h i . coo  ft'  ic  i~n*  of 

piezoconduct  i vi  ty  answers  the  per  n r.abi  1 ity  or  : v.-.tem  of  ci  act.  - , bu‘ 
pcrosi*/  11.I  the  compro  ss  it  i 1 i t y of  blccki. 

1.  rq  nation  (VI.  1.  12)  and  system  (VII.  1.  11)  possess  a . ei  ies  of 

s 

the  special  feat  ur  e/pr  cul  ia  r it  i^s  which  at  tint  q la  nee  seem  uncommon 


a. 


cnc 
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and  reason  tor  wuich  lio/cests  at  the  degenerate  ehtr  te*:  '“i  of  t >e 
system  (V  ii.  1.11),  whit:)  f liter,  t(;  the  medium  with  negligible-  hy 
interstitial  porosity  an  1 the  t r nr  'ability  of  1 loce.s.  If  <:  onnert  i or 
with  *1  ip  jo  cl  i:  t-»i»  of  tl*  study  of  * he  j io)e  tt  i,-p  ot  the  so  3 u tiers 
of  this  . y s, t c m . 

Le.t  u:  note  t ha*  *-'ne  equation  cf  fern-  (VII.  1.12)  satisfies  net 

only  pressure  p,,  but  ilso  [rt  r sure  r?  and,  therefore,  any  linear 
combination  cf  those  pressures.  In  crier  to  be  convinced  of  tn  is,  is 

sufficient  the  second  'cj nation  (VI  1.1.1/)  »c  multiply  on  p/A  ind  to 

differentiate  for  t , and  then  to  a Id  to  the  initial  eg  nation.  After 
this  ot  the  system  (VI I.  1.11)  easily  is  el  ini  rated  p,.  This  shews 
that  in  both  pressures  and  any  combination  cf  them  are  inherent  those 
property  which  must  (iossoup  ar  y solution  to  equation  (VII.  1.12)  (r.-e- 

below)  . A*  the  same  time,  as  it  is  easy  to  be;  convinced,  not  a ] ] 

those  linear  combinations  are  equal. 
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Among  them  there  is  one,  nanely  p = p2-pp,»  which  must  be  continuous 
cn  time  in  the  locked  domain  of  definition  cf  solution,  including 
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boundary  t ■ 0.  Actually,  let  rocmsa ry  to  find  limited  solution  ot 
system  of  < j u. it  ions  (VII.  1.11)  in  spatial  domain  D in  0 < t f\ 
art  assign  <-l  t h*-  ir.it  id  1 d is*  t if  ut  r tns  ct  f tes£ur«:s  p,  and  p?. 
Integra*  inq  the  first  equation  (VlT.1.11)  fee  a sir.il)  interval  of 

timed  V ■ - t t a nd  I ix  i r i £ tczcio,  find  Lin  p (x, 

l -*li 

t)  = p (x,  0)  . Let  us  present  now  M.e  second  equation  of  system 
( V 1 1 . 1 . I 1 ) in  * he  term: 


-Ap  ■ (1  -P)  APx  xVVi  = 0- 

l 

r 

. It  we  select  sufficiently  snort  points  m tine,  then  the  first 

term  of  this  expression  will  approach  its  initial  value  of  p (x,  0). 
Consequently,  to  the  sam<-  value  w i ♦ h opposite  sign  will  strive  the 
sum  of  other  two  terms.  Ihf  ictors  for  that,  in  erder  to  pressure  p, 
(x,  t)  it  was  continuous  with  t — ► n,  necessary,  in  erder  to  “he 
initial  distribution  p>,  (x,  0)  it  satisfied  an  ej  nation 


tor 


7 * It  1 v< ■ 0 


a<;  f 


*vlp,  (i  - fi)Apt*=Ap(x,0)  (VII. 1.13) 
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t he 

apj  r opr  ia 

t y * 

boundary  roi  lit  i cns.  Ct.ht  rwii;°  tin  press 

c t ack 

C T > 

\ 1 

(X,  t)  wi 

th 

t = 0 , ilruptly  changes  in  accordance  wi 

equal 

ion 

(VII. 1 . Id) 

• i 

n *•  h i s c a:  , , i f p (j  and  therefore 

9^ 

y 2 • 

occurs  a 1 

oO 

t t.e  i net  ant  a [.our  r>  listrihution  of  pres 

pores 

{ ? 

at  the  con 

S*  d 

nt/invariahl*  pressure  p. 

This,  behav  i >r  of  solution  run  < :•  simp]  physic  a 1 .;eni;e  . A chare 
in  p r essur  t . ; j t an  1 \>e  j rodurcs  cl  .in  jp  in  t.  h*»  nar.c  or  t he  liquil, 
which  till:';  porous  uiock.s.  Any  thin  change  idf  to  tin  return  flow 
ot  certain  amount  ot  liquid  rrom  blocks  to  cracks,  or  conversely.  It 

charge  in  the  mass  of  liquid  certainly  (net  it  is  infinitely  snail) 
it  requires  finite  time,  since  it  occurs  un  i>  r the  action  limiting 
forces  of  pressure  which  cannot  cause  the  infinite  snecds  ot  return 
flew.  This  shows  that  an  instantaneous  change  cf  the  uass  cf  the 
included  i r.  I,  locks  liquid  is  impossible,  and  consequently,  it  in 
impossible  and  instantaneous  change  in  reduced  pressure  p - p?-pj. , , 
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id  cut  ica  1 *■  o ft  dt  connected  with:  t hi?  mass . But  it  pi- .ivur r:  , > r.  . 

p2  si  ir u 1 1 d n itousl y cnat  je  with  jump  in  such  a way  t t at  reduced 
pressure  «;■  is  no*  on an  jtd,  ♦. h<-i  t h<  dir plactmcn+s  of  li  piid  tor.  no* 
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cracks,  then  will 
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a 1 S 

o 

a not  nf>  r 
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a tier  of 

; res  sure  s i 1 , « h ic 

determines  a change  in  the  effective  volume  of  cracks.  In  this  cate, 
both  pressures  p t uni  p?  will  prove  *c  he  continuous  wi*l  t = 0,  and 
will  have  to  assign  their  iritial  values  sc  pa  rarely. 

Another  special  f oat ute/pecu 1 ia r i t y ot  system  (VII. 1.11)  entail, 
the  laet  thit  in  it  is  excluded  alter  smallness  the  fluid  flew 
directly  on  porous  clocks. 
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Therefore  the  egual ization  of  a difference  in  the  pore  pressures  p? 
between  two  adjacent  points  of  the  medium  can  occur  only  bv  means  of 
the  exchange  of  the  liquid  between  blocks  and  cracks  and  the 
displacement  of  liquid  over  cracks.  As  a result  of  this  in  the 
cracked-porous  medium,  described  hy  equations  (VII. 1.11),  the  jumps 
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convinced 
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this,  we  will 
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condition  on  the  jump.,  which  must  be  fulfilled  for  ^h*  solutions  of 
system  (VII.  1.11). 
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Let  us  • xamino  the  iscla t ed/i nsu la t ea  uisc cnt inu i t y surface  of 
Dm  ir.ij  the  concl  ii£  icn/-l»i  i vaticn  ot  conditions  on  its  -jumps 
possible'  t j consider  (lane  and  to  accept  for  plan0  x - 0. 


L<  t us  in t oyr  at-  t t > 


limit:-  t tom 


to  f. 


Pi<  P it 


< i*P\ 

dx * 


ar,  (1 


secoid  r 


Or  the 

«2Pi 

dy* 


jua  t ion  (VII 
stre  n jt ) of 
with  c f 


1.11)  for  x within 
the  limitodress  oi 
e— »0  we  h a v“ 


■<Pi 

til 


d, 

w J 


0. 


. Thus,  the 

itself  in  era ek  s 


derivative  dp,/dx,  ar.d  together  with  it  and  pressure 
p,  are  continuous  on  the  surface  of  2- 


toe 


p o 1 n t 
a f t - r 
it  a i k s 
i r cir 


i-rosi; 


eq  ua  *■ 


U,  1 - 1 «t>0 


P A (if 


nf  will  writ-' 
it  front  of 
t I i.)  s ui  fa gp 
< f an  i 


now  t hf  first  equation  of  system  (VII. 1.11)  tor 
discontinuity  surface.  (x  = + P)  ani  for  joint.; 

(x  ~ -0),  designating  appropriate  valur-r.  by  ‘to 
an«l  1 tr  t us  dojuct  ’-he  oft-iintl  pquat  ionr. 


each  other . tJe  have 


•'trj  n)  u <>  (pi  - p{) 
at  p dt 


A |(Pj  — pf)  — (p2  — Pi)l  — 0. 


nr.  demonstrated 


lp  il  = P\  - PT  = 0, 


ui-  shoe  It  of 


lp2l  Pi  -Pi 


we  have 


so  that  for 


dfPtl 

dt 


A [ptl=-0. 


(VII. J. 14) 


Thus,  the  jutps  of  the  [ere  pressure  pi?  irust  satisfy  an 
icr.  (VII.  1.14),  or  alter  integration 


(Pal  — IPjloC"'4'- 


(VII. 1.15) 
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Her  > ■ by  the  Ip,!,  is  designated  tie  initial  jump  at 
tct jue/wom^n * t = 0. 

We  allow  now,  taat  near  t h*.  surfact-  of  2j'  (by  being  or  n<;» 
teinq  discontinuity  surface  cf  [tossuro  p2)  derived  opjox  is 

c c n t i n uo u s.  then  the  first  equation  (VI  1.1.  11)  possible  outside  the 
surface  of  (taken  fer  plane  x = 0)  to  ci  f f eren4-  ia  t e on  x, 

after  obtaining  in  this  case 

* ( *Pt  \ , A jgi^n  (Vll.l.tO) 

dt  \ di  ) d* 
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Applying  to  this  equation  t h * same  it-dtoni  r i , 
utilizing  continuity  o*  derived  dpjdx  >n 


V' 


w ^ will  rbt.iin 


as  -ibo  v*j , a nO 
*•  h • ;ui  face  > 


tt  r d/>2 "] 
df  L <**  _ 


L o-f 


rieii  =, 

dpi  1 

L &x  J — 

_ fix  J( 

e -u. 


(VH.1.J7) 


. 4.  Tno  noted  it  *ho  [ roced  ing/pre  virus  p ci nt/i tern  special 

feat  ure/pecu  i m l 1 1 i * ..  >1  the  solutions  cf  equation  (VII.  1.12)  and 

systeir  (VII.  1.11)  p i v tics  to  ♦ h*  appropriate  special 
featur  */: '■(  u 1 la  r it  i * , i r.  1 1 « s*  t tir.q  cf  bcundaiy  and  initial 
conditions,  by  tmicn  rt.-y  mu..*  satisfy  these  solutions. 

First  of  all,  as  already  it  was  said  earlier,  it  cannot  be 
required,  in  order  to  with  tendency  t.  tc  7*»ic  both  pressures  (in 
pores  and  cracks)  they  accepted  predetermined  value  of  p2  (0,  x. 
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7)  ; p?  (-,  x,  y,  7.)  . T'c-:, nary  cori'l  i t i c rs  a t:s  t t<“  only  - he  continuity 
ct  reduced  pressure 


P lh-f>Pu 


(VIT.1.J8) 


a pressure  in  cracks  p j must  then  be  determined  from  equation 
(VII.  1.1)).  Thus,  t h • initial  condition  will  take  f he  form: 


/'  x>  y<  *)  = Pi  (0,  x,  y,  z)  - fiPl  (0,  x,  y,  z)  — f (x,  y,  z). 


(VIM. ID) 


. iii  turn,  with  tendency  t r,  boundary  ot  the  region  only  pressure 

in  crack:  p,  must  bo  continuously  together  with  its  derivatives.  As 

usual,  will  examine  the  conditions  cf  three  types;  when  cn 
boundary  are  assigned  values  of  the  pressure  cf  liquid  and  fluid  flow 
or  their  combination,  i.e.,  conditions  cf  the  typ«; 
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hi 


or 


PiV,S)  = nS),  ^^(S) 


p,<t.s)r>-kim-B  US) 


(VI  1. 1.20) 


. Hero  s designates  t ho  point  of  t.ouruii  r.g  surface,  and  n - 1 he 
direct  ici.  ct  standard  tc  it. 


Description  of  the  cr acke d- porous  medium  as  "the  dual"  porous 
itediuir  or  the  systems  of  the  insetted  into  each  other  porous  media, 
capable  of  being  interchanged  with  liquid,  is  given  in  the  works  of 
G.  I.  Barenblatt,  5.  P.  7.heltova  and  I-  N.  Kochinoy  [ 17,  1 H 1 ; there 

are  examinoci  some  examples.  The  The  statement  of  boundary- va  lue 
problems  for  equation  (VII.  1.1/!)  is  refined  in  work  flU], 
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Another  approach  to  the  descr  ipticn  of  ‘•hr  crackr  l-po ro u.s  m^diu, 
connect.  i with  the  xaimi  ior.  ot  t r»  routinely  arran  jed/ lcca1- <-d 
cracks,  belongs  to  Ye.  s.  Pome  with  co-authors  (tor  example,  s->e 

f97])  . 


P a g e 1 4 . 


§2.  Basic  {.  r o n 1 ern  s of  the  unsteady  filtration  ct  homogeneous  liquid 
in  cracubd  and  lamirar  layers. 

1.  The  problems  of  the  unsteady  filtration  in  the  cracked  - porous 
medium  the  more  complex  appropriate  problems  ot  the  theory  of  elastic 
mode/condi t io ns , because  their  describing  equations  (VII.  1.12)  have 
not  the  second,  an  i third  order  and  they  dc  net  allow/assume 
self-similar  solutions,  since  contain  characteristic  time  the 
aaaaaaaaa.  Let  us  examine  here  two  simplest  problems,  which  nr‘  of 
greatest  practical  interest,  the  problem  of  inflow  to  drainage 
gallery  and  ot  the  lau nch i ng/s ta r t i nq  ct  hole. 
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Lc 

layer  , 
zero,  1 
conou  n i 
{ r o L 1 e m 
t educed 


under  t 


t u>-  assume  that  initially  the  pressure  in  all  crac  k pd-  roro  us 
which  occupies  half-space  x : in  1 0,  constantly  is  equal  t o 
ut  at  tor jue/ inomen t t - 0,  boundary  c t layer  x = 0 is 
cat  rl  with  the  reqicn  of  the  constant  pressure  p = P,  . The 
of  the  dot  er  m i n it  i on  of  pressure  in  the  porous  liLock  s p?  is 
to  the  solution  to  equation  (i*  is  accepted  ^ - jy  q j 


»;±.  = x°lg  (VII. 2.1) 

dx  ' dxldt  ox - 


h<->  oil  pplem  ■?  n ta  r y conditions: 


p,  (0,  *)  = 0 (0  x<  oo); 

Pt(t.  + 0) -/»,(! -e-*).  (VI!. 2.2) 


d 
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. T in?  term  of  boundary  condition  with  x = C is  connected  wit} 

the  law  of  fading  the  breakings  cf  the  distribution  of  pore  pressure, 
irinutely  examined  in  “he  preced  ing/pre  vious  paragraph. 


Converting  equation  (VII.  2.1)  according  t.c  Laplace  and  taking 
into  account  the  initial  ccrditioi:,  we  obtain 


I 


where 


?Pt_  __n 
</**  <J»]  4-  X 


Pt-^P,(o,  *)< 


(VIF.2.3) 


*"pt(t,x)dt. 


(VII. 2.4) 
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Cor.  ve  i s i or  > r *>o un  la  r y cor-liticrs  (Vll.2.2)  qi  v<->. 


Pt(a,  +0)  = ^^’  x.  ■ p2  (a.  oo)  — 0.  (VI 1. 2.5) 


tb<>  satisfying  these  conditions  solution  to  equa 


form: 


Pi  (a,r)  = 


_x^i 

o (or,  4-  x) 


exp 


— X ]/ 


or, 


(VII.2.B) 


Utilizing  an  inversion  torwuia,  tie 


..  i x/>,  f 

/»*('.  " "2^r  I 


ejf 


a (o?H-x) 


y s- 

» on* 


O T)»H 


obtain 

Vff.  (VH.2.7) 
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- rage  1 

During  *h*  cal  cu  1 i t ion  of  i nt  • iral  (vll.i.7)  it  i;  cor.  v*»r, 
1-ring  toq*tl  r it.  -c  integral  it.  t-a*.  Cf  th*  duct,  whio!  c v.  i 
neqativ-  part  of  * . • r r r'  a 1 a;.  . In  thi;  c - < se , as  it  i:  easy  to  v 
that  int»  j ra  1 in  • : . . ot  t U :>»<••■  ion  cf  (— oo,  — x/tj)  av*r 

cut  ami  it  remains  cnly  integral  lr  r < : -i . . of  the  iuct,  which  • . 

the  ru*  cf  (~*Al.  0).  Tfut 


Pt  (/,  r)  = P , 


i 

J_  | e-0/X/Tl  sj(| 
0 


) da 
t tl  I a ( 1 


'VII.2.H) 


(the  term  outside  the  integral  h<  n is  obtained  is  \ 
integration  tor  a small  duct,  wnicn  covers  |oirt  <j  - 


t * sul  t 
0)  . 


o f 


D t-t' 


7*  1 ••  1 Hf>0 


r a 'U 


6,35" 

\.v 


; • t . place. 


CT/(1  - Cl)  = V*T|. 


W«  V.  i v*  • 


»U, 


ao 

_ 2/',  (*  sin  u ( 

— exn 


U2 


A s'-  i]n- /kI 


)d"'  * — TT^  • (V!  1.2.9) 

' 2 I x/ 


- Hence  with  t)  = 0 is  cbt  .iiw»d  pressure  distributi  on  iurintj  the 


launchinj/startinq  of  qall^tv  ii 


♦ he  henogtneour  porous  medium 


COC  - V-  1 i 1 8M) 


Pit.  J-)  = 


exp 


-£r)du  •-/»,(  1 — erf  g). 

(V 1 1.2.10) 


. Hi  ni'l-i  that  in.^Md  oi  (VII. 2-5)  it  was  po.sirle  tc  i * 

usual  i *•  ’ a t ion.  i.i  p/  i i ♦ i c.  (VII.  2.  10),  ntxefSdty  th*-  oxocuti or  of 
ireqtn]  i t y 


t\M  < 1. 


(vir.2.1  j) 


- Actually,  in  tnis  case  the  term  cf  *)«*/»</  it  in  compar'd 

frein  the  V or  1 y witli  cf  the  u*  ^ Ss»  when  exponential 
factor  in  (VII. 2.9)  is  already  negligitle.  It  wr,  ori  the  contrary, 
replace  inequality  (VII. 2.  11)  Ly  reverse/ii.versc,  then  the  index  of 
the  exponential  is  low 


with  all  u 


and  eg ua tier  (VII. 2.5)  gives 
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h ur  , 


,rth  the  times,  yr eater  if  ccirjarifon  with 


characteristic 

time  of  aaaaaaa 

p rc  ssur  e 

i n 

the  flocks  ot 

cr ack  ed- po ron s 

layer  is  chanqed 

just  a r 

i n 

usual  porous  layer. 

* i t.  h 

t : i mes  s h \ 1 1 in 

comparison  with 

aaaaaaa  t 

he 

pressure  in  blocks 

is  not 

changed  at  all. 

A ppea r i nq  t hus 

delay  if 

chc 

iracteristic  for  the 

ct ack ed- pot o us  medium 
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Let  u::  compute  now  the  Id  w or 
the  boundary  of  layer  x = 0.  since 
derivative  of  prssnuro  in  crack;:  p, 
calculate  thi..  prcssur ■».  Per  this, 

equation  of  “he  dj  sic  system  (VII. 
obtain 


a c)  in  je  in  the  fluil  flow  “hrouqu 
the  flow  is  proportional  to 
, if  is  necessary  cir'P  of  all  *o 
it  is  convenient  to  use  t he  firs’- 

.11).  Set/  assu  min  j fs  = <),  we 


Pi  = 


dpt_ 

dt  • 


(VII.2.13) 


. With  any 

produces  under  the 


/ to  differentiation 
integral.  Ke  have 


in  (VII 


A,  'i ) can  ! e 


■4 


tor 


7h  1 7 1 ;(b0 


r>  n . ; 


_2 P,  f 

sin  vx 

y 

n 3 

v(i  + v2n) 

X exp  ( 

/’“.W 

1 1 + l)',s  1 

(VII. 2. 14) 

- 

Kt 

om  (VII. 2. 

14),  in  particular. 

it 

i ol  lows 

Pi  (0. 

t ) - P,  , as 

this 

but 

had  t.o  be 

in  accordance  with 

what 

h.i  s 

t 

* n sail 

earlier.  Tn 

order 

to 

ca leu 1 ate 

fluid  flow  through 

1 ou  n 

dary 

cf 

x = 0, 

i*  is 

necessary  to  differentiate  expression  (VII.  z.  14)  on  x with  x = 0. 
Differentiatin')  under  the  integral,  we  have 


w 


noc 


7*  171  • t,0 


p h ;v 


^M( 


dp  I 


2 P. 

n )'  x/ 


exp 


du 


I + U-T)/xf  J I f u-’p/x/ 


(VII.2.15) 


iJi.a.-r  conditions  oi  th*  elastic  nodo/condi  r i oris  of 

q = q0  = -Pl/V™t-  1 bus. 


q 

?0 


(VII. 2.1«) 


. Figure  VII. 

different  values  o 
the  f unct i on  of 

( -*•  oo  (ti  -►  0) 

solutions  fo:  the 


2 i shows  pressure  distributions  in 
£ the  parameter  of  Tt/x7  and  in 
<P  (f|/x/).  As  one  «oul  1 expect,  with 
all  the  soluticns  approach  t 
porous  medium. 


|)oras  for  the 
Fir.  VI  I.  2 b - 


h:>  appropriate 
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2.  Unsteady  notion  m?ai  the  h ole,  which  work  . with  nonstdnt  t low 
ra t e/con sumpt  ion.  L-'t  u.>  exami  u<  now  a x i j y nunet  r ic  sroblvn,  h y 
assuw  it.y  ♦■nit  into  La  y er , which  is  located  it  constant  pr®  ssut;-*  p0  - 
\y  0,  he  nr:-;  *he  pumping  in  of  liouii  with  constant-  tlow 
rate/conc.u  mpt  ion  of  tluo.^h  the  hole  of  nejliuibly  small  ralius. 

Ir  cylindrical  coordinates  the  problem  in  Question  is  reduce!  to 
the  solution  to  equation 


dp  i 
dt 


’) 


( \ d dpy  ' 

\ \d 

( r \ 

\ r dr  dr  , 

) * r dr 

(VII. 2. 17) 


under  the  conditions 


Pi  (0,  r)  =0;  />,  ( t , oo)  =0;  '{r  -^r)r_o 


I K? 
2nl<\h 


— P*. 

(VII  .2.18) 
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. Problem  ( V L 1 . 2.  1 7- 1 8)  is  formulate']  for 

p,  ; with  it  j wish  i *■  i r.  possil  1»  t .c  formulate 
porous  a:  e “iM  i ps  p Then  1 our-Jary  condition 

form: 


a pressure  in  crack 
for  a pressure  i i,  » h 
witti  t = 0 siqns  the 


(VII. 2. 59) 


and  remaining  conditions  irtd  t.he  fundamental  equation  t hoy  will 
remain  without  chanjo. 


Transfor/con vertinu  in  re  la  ti  onsh  ip/r  ati  os  ( VI 1 . 2.  1 7- 1 8)  t o 
Laplace  transforms,  we  have 


J.  d_  . *P± 

r dr  dr 


a - n 

p.  = 0; 

-i  t|a  11 


— -y-;  Pt  (°°)  = 0- 

(VI  1.2.20) 


These  conditions  are  satisfied  by  solution 
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(VII. 


so  that  i,y  inversion  formula 


l * ICO  


. This  integral  can  be  bt  ought  to  int.ogi 

variable  in  the  sauir  way  as  this  was  male  in 
point/itewi.  We,  however,  analyze  only  the  asj 
obtained  solution  in  the  lew  values  of  the  p, 
P = r/21/xt.  Let  us  [)f*>sicnt  expression 


P t V,  r) 


c ♦ loo 


c-i  oo 


t 


l 4-;r)/x«  I 


Vs 


.21) 


(VII.2.22) 

al  in  terns  of  real 
the  pr eced ing/pre viou 
> aptotic  behavior  of  t 
iraiteter  of 
( VI . 2.  20)  in  *•  he  form 

(V II.  2. 23) 


we  will  count  p <<  1 


EOC  = 7-171 860 

*' i f ^ l/**  C 1 the  r'x  j l \ non  in  pa  ' .it.  ion  if.in.sfpr/cotivtit: 

to  the  known  expression  of  th*~  *hooty  ct  clastic  mo  i^/coni  i*  ions 

(com  [ . 2 oh  o j't  or  III),  '.it  if  i|/xi  >1,  tt.on  M-.  * «>x  :<r . noon, 

whicn  . *.ir,  is  under  t si  jn  o‘  r ho  function  of  "actional  !,  i ov^r.ly 
small,  :o  ♦ hat  for  it  it  is  t c . . . i 1 1 » ■ c use  t he  a ppr  ox  imat . 
repi  “Sf-i.  * i ♦ ton 


A’o(-r)^  — (C-f  In  jt/2)  4- o (J ). 
A s i l es ill t wo  o t tain 


P,  ( t,r )=  -p.  ('Ca.ln— ^ 

2 K T]  ! 

(r/  ]/~xt  J,  xt/r|  l).  (VII.2.24) 


the  ,on:;o  of  rel.i  t.  ionship/rst io  (VII.2.24)  is  simple:  it  moans 

that  ii  the  proper  tin1  ot  the  cracked- porous  medium  of  i|/x  not 


HOC 
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I a 1 

1.  ther 

P lo 

in  i nte 

j a ♦ o qu  i , i- 

st  e i0 ii  ii- y 

to  io  /c° n 
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i.o  1 iqu  l i , 

w 1.  ic  h on  t ei 

s from  ho]  - , 
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est  t a 
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..‘■Til  i lo  . i 

f ind  only 

it  i, r jss'ii  '•  i 

d SSCITi  bll- 

>s 

l r.  t ho 

v ic  ■ 

i ♦ y cf  hole 

w i 1 ' be  eq 

ua  1 1 i^-A  witti 

p L SUIT'4 

cracks  (i 
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t l r • » 

ol  ~»l/x), 

heq  i n s 

to  pro n >u n 
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e X c iia  n qe 

of 

1 iq  ui  i 

wit  ^ 

t he  more  d 

i st ant.  sect 

iens  of  la  yer 

i 

F C OT  N >7  r 

1 

Lot  us 

' ! >t 

one  addit i 

o n a 1 f a c:  ♦ . 

the  relations 

h i p/i  i r i 

(VII.  2.24)  shows  that  Ahot*-;  i:-:  certain  ‘imr  interval  ot 

r*/x  f ••  >i/x-  it*  e/ ten  t/Q  longa  tio  r.  cf  w a ich  pressure  in  hoi  <>  it 

is  not  changed.  if  by  tinn*  cf  r*/*  it  is  poss iul  * to  1 i.,p'  ; trd 
(usually  ♦iieso  ate  t hundredth  fractions  cf  sector.  1 jr  i 1 r.^s)  , * I.  ■ r 
of  (Vli-.’.2U)  it  follows  that  during  ar  abrupt  chanq«  >f  the  tutput 
cf  ho  Ip  pressure  i ’i  it  charge;  with  jump,  and  thor.  retains 

const ant  value  m ♦ ho  duration  of  -*]/*•  This  hohavi  >r  >f 

pressure  i »-ally/act  ual  1 y is  ohservod  in  practice.  In  y i j.  '.'II.  1, 
borrowed  from  work.  [HO  ],  is  si  own  a stepped  variation  ir.  the  pressure 
( siev** tul,  ♦rue,  distorted  by  the  effect  of  incidental  factors)  . 
f KLPOCT  NO1*’ 

♦ ho  ch  u ict'>r  of  problem  appear  during  the  study  of 
! i 'i  ■.  oil  layers.  lor  example  it  motion  occurs  in  ♦wo 
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1 y l ii  ]/\  oi  i .’op  t (l  i * bov^  each  o*  i,<>r  1 ayei s,  isolated  by  ♦ ho  si  i j t - 1 y 
permeable  cross  : > n n ■ c t l i n , t . < r pressure  1 n each  >f  the  layer: 
follow.  * > t.  '-,e  equation  of  1 a . f i c mod  - ‘/con  a i t.  i cm.;  w i * h th--  intensify 
cf  f h c r^'Oirr  flow  bo-  weer  la  y<  rs  in  rijhf  sii*-;  this  intensity  ir 
the  majority  of  case  car  1“  count  d a proportional  pressure 
differ-:  i ce  it  the  core  *t  pon.ii  t g points  of  layers. 


Page  1rC). 


The  resemblance  of  the  appearing  pr obi  * in  to  -he  problem  or  filtration, 
in  the  "dual"  porous  medium  is  obvious. 

From  entire  diversity  of  the  problems  of  this  cycl-,  we  will 
examine  here  only  one  - the  prcllem  of  depletion  of  the  layer,  which 
borderK  ro  the  liyoL  of  large  power/t-  hickness,  tut  small 
permeal  r 1 it  y . This  pi  ) olein  is  of  large  interest  in  connection  with 
the  csti;id*ion  of  the  supplies  of  oil  and  ias  of  some  leposits. 

L*  t us  assume  that  the  region  of  filtration  takes  the  form, 
given  in  Fig.  VII. 4.  Let  us  assume  that  layers  T and  II  are 
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accumulated  by  the  i >ck/s  peciej  of  1 ! • ■ r t i < ■ > j pc  to  si  ty , but 
essentially  lifferent  pt  i.ntibility,  so  thi-  kh  >>  k , H , ilf  horjh  !•'  >> 

h. 


* • will  ex  ami  i • leplet ioi  of  syst  era,  assuming  that  at  f ii  ;t  i * 


was  f cun  i P0 , ur.d 

f rod, 

t > i j ue/ o ome nt  t 

- 0,  beg  in  ; the  relec 

Mir  or 

t h€>  1 i :ui 

. * 1 to  u j h 

t . i ° 

lower  layer  in  s 

ecMor.  x = 0,  whole  upon 

press  ur  <■ 

on  ♦ be  or. 

t iro 

line  x - 0 equal 

ly,  an]  the  selection 

o t 

liquid  j . retain 

r d c 

on  st.  ant.  system  i 

s considered  locked , 

bound  i i i*-* 

, 

and 

h L at*  i irpe  net  ra  P 

le.  In  this  cni'  , * h • 

oral  l^n> 

is  rt  cu::< 

i r > the 

s c 1 u 

t 1 0 11  Of  the  tOfd] 

ltv  of  r : au.it  ions. 

(-h  0); 

(0  < X L)\ 

(0  =S  y < If). 


(VI  1.2.25) 
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=k^~  I . 

”V  ,{/•♦«  dy  y--0  * 

MO,!/,  0=0;  k l^\xJy=Q- 
-/» 


Pli/~o  = />|„-o  (VH.2.26) 

irL  = 0 (y>°)-  (VH.2.27) 


. Under  the  made  i ssum  pt  ions  (tine/thin  lower  and  sli'jbtly 

permeated  upper  layers)  to  the  statement  of  problem  it  is  possible  +o 
s i r p 1 i t y . 


Let  us  note  fir.-,*- 

of 

all 

, that  on  th<- 

strength  of 

thf- 

p 

quality 

of  the  boundary  values 

o f 

f rc 

ssure  in  Let h 

layers  with 

y ~ 

0 

derivatives,  in  terras  of 

X 

of 

pressure  in  these  layers  - 

on 

fe 

or.  d«r  , 

and  consequently,  the  r 

at 

e of 

filtration  in 

t.  h e (i  i r ec  t i 

on 

of 

X-axis 

in  the  upper  layer  is  negligible  (according  to  condition  k , ii  <<  kh)  . 
At  the  same  time  the  rates  of  filtration  in  the  direction  of  y axis 
coincide  with  y = 0,  which  can  be  only  if  pressure  change  in  the 
direction  of  y axis  in  the  upper  layer  occurs  faster  than  in  lower. 
Hence  follows 


■«i 
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(J-p  '(hj-  'Jy  d-pdx- . 

. Thus,  the  secon  i equation  (VII.  2. 2 5)  can  b°  written  in  t he 

form: 


«p  e*p 

dt  X*  0,/f 


(y>  0). 


. Paqe  <?00.  The  first  equation,  which  relates  to  lower  layer, 

can  be  averaqed  acoordirq  to  power/t hickness.  Set/assu m inq 

0 

P = -j-  \ pdy,  we  have 

-h 


9P 

dt 


, ii  ( Hp\ 

<>j*  ' h \ i)y  /„.-0 


d*P_  x*L 
1 hk 


!/•♦  0 
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C,r7L~ 


(is  here  used  the  boundary  condition  of 

A-,  — - ! I V 

"V  t i/-*o  dy  , y-  o ) 


Finally,  let  us  r^pl  jcp  r lu  condition  of 

P!y~o  = P !„--o  with  the  condition  of  Pl./-*o  =*  Th 

completed  in  tnis  case  errot  is  small  with  the  small  thickness  h of 
lower  layer. 

Thus,  appears  the  following  simplified  ‘•ask: 


dp  d*p 

~d7  ~ **  ~djp 


I p = p(*. !/.  0;  y >oj; 


^ >nh_(  IP  \ 

dt  dx-  ' hk  \ dij  ) i/-o 


|/»  = P(*.  /)!; 


P (x,  y,  U)  = P (x,  0)  = P„; 

4^1  =0;  —-jr-  I -e 

Iv-H  l>  |x-o 


P (*.  o,  /)  - P (x,  /); 

. df‘  I /> 
= const  — - U. 

dx  lx./. 


(VII. 2. 28) 
(VI 1 .2.20) 
(VI  1.2.30) 


Solution  of  “his  problem  easily  to  obtain  by  operatinp  metho«l 
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Without  giving  it  r r n f 1 • t ] y,  ]rt  us  extract  formula  ror  i ma  go  nn 
from  f.  res sure  on  it  1 lory  !’0  P ((,,  t)  . 

Wo  h a vj 


:<l) 


i 


< 

i 


. It  is  h e r.c e easy  to  obtain  it'Vfi  il  si;npl«=  pxpt r.5pioi'S,  v h i c h 

cortesionl  different  times  from  th<>  tcrque/momcnt  of  ti> 

launching/starting  of  gallery. 

Lf  t first  of  all  time  t be  is  so  small  that  the  perturbations 
that  arose  on  gallery,  fil  not  achieve  tho  impenetrable  boundaries  of 


system; 


' « JL*/x  « Z/’/x, 


(VI  1.2.112) 
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. In  this  ca 

ce3U  let  ourselve 
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«i  , in  -illation  (VII.  2.  )2)  it  is  ;>o. . ; i n 1 c-  to 
s to  t(|p  asymptotic  behavior  of 

/"*.  . For  such  values  o hyperbolic  tar  r-  nt  a ' : . ) 

.2.11)  i:  | os.  ihlt*  to  replace  “ h-*m  with  extreme 

, - inal  to  unity,  whercp 


account  still  that  in  this  case  of 
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(VH.2.33) 


conrequen* 1 y , 


Po (/)  - Po -2]/-^  Q + V + • • • (VI! .2.34) 


. Thus,  during  the.  tirst  stage  of  motion  thf>  ctrect  cf  fhe  upper 

slightly  permeable  layer  pronounces  only  in  the  addition  of  low 
terms,  order  of  Vu  in  comparison  with  main. 


Let  us  examine  now  the  intermediate  range  cf  times,  which 

answers  the  expansion  of  the  formula  (VII. 2. 11)  with  of 

x£‘*  > <r  > x,// J.  In  this  case  again  it  is  possible  to  place 

thH)/T=  1,  a cthUl/i+.J,  by  utilizing  the  second 

r x,  I V x,  j 

inequality  for  a,  it  is  p.ossille  to  present  in  expansion  at  the  low 


*L. 
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o!  a r g urr.  en f . <*•'  have 


( VI  f. 2.35) 


lienee,  utilizing  tafclp  oi  Laplace’s  images,  we  obtain 


r aw*, 

- exp 

L *••** 

\ kVtixx  1 

2 VliTi 

kh 

liV iSx, 

VH 

xA| 

x-A’ 

(VII.2.3(i) 
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The  1 a s t /\  a 1 1 e r express  ion  can  be  simplified,  if  the  value  of 


4 


DOC 


7*.  1 71  Ph;) 


">  no  r 


is  low  ot  iro.it  i i.  cotr-par  isen  with 
case,  doconpose/ox ; indiny  t I i jt:i*  t.  i ir  in 

decree..  r‘  ii  junior,  t,  wo  will  oM  air 


ir  i t y.  T n ♦ he  t 
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Po(1)^  — + (VII. 2.37) 
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(VII.  2.38) 
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Thu.-.,  * h c pressure1  change  in  this  case  is  dotor'rinf'n  ilr*  ilv  m 
essence  iy  inflow  from  the  upper  layer.  Finally,  with,  over.  lor.  jer 
times  or  t » H*/xlt  begri.s  t he  second  mass  of  filtration  in  * 1 •• 

upper  layer  (depletion  of  the  upper  layer)  . Deccrruose/exr  a rd  ir  o 
hyperbolic  tangent  and  cotangent  at  the  low  values  of  argument,  w«- 
obtai n 


V* 

= _Fo  _ 

qrOl 

a 

0*1.  ( 

t + xk'"  ) 

a 

o*l.  ) 

\ 

*ikh  J 

V A,m  ) 

(VII. 2. 39) 


whence 


P,  (0  ■ 


qxht 

-P  -QL 

i 

'•(*+*0) 

P*  *■  | 

Hmx  \ 

V K + 

A,  ; 

(VII. 2. 40) 
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. Thus,  tot  the  t wo-1  ayere.l  layer  cf  the  term  in  juesti  »n 

distinctly  isolated  two  cycle  o i jiot.  ic  i in  work  for  l^pletion.  T i ♦ he 
extent./elonqaf  i on  of  trie  first  per  icd , occurs  the  io  pie*  ion  >:  thf 
first  layer,  and  motion  in  si  ig  h 1 1 y- per  ;nea  t le  upper  lay  t is 
insigni 5 icant,  at  the  seconu  stage  * he  lower  layer  is  practically 
completely  xhaustel,  jnd  occurs  depletion  cf  the  upper  lay  * r . 

If  we  according  to  data  on  a pressure  drop  w i * h selection  during 
the  first  stage  ealeu]  ate  the  supi  lies  cf  liquid  or  gas  in  layer, 
then  calculation  will  jive  only  the  supplies,  included  in  low  r lav->r 
( V 0 = »hhL) , that  i*  is  considerably  less  than  the  true  supplies  of  V 
= (mh  ♦ i,  II)  bL.  Phis  fact  turns  out  tc  be  essential  foL  r series  of 

l 

deposits;  specifically,  *hat  it  is  matter  on  the  greates*  shebelinka 

i 

deposit  of  jas.  As  showed  !*.  A.  Bernstein  [28a],  the  initial  supplies 
of  shebelinka  deposit  turned  out  to  be  those  which  were  understated, 
since  were  not  taken  into  account  the  supplies  cf  gas  in  * he  slightly 
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petmeai  1 anhydrite.  Th--  per  meal  i 1 i * y ol  t,  ht.se  rock/suecies  is  ro 
small  that  the  drill-1  in  * ht  n holes  dc  not  havr  in  lust,  ri  a 1 value 
however  return  flow  or  the  anhydrite  into  the  arrange  1/1 ocated  below 
well  pen-t  r a’-.ed  layer  i*  turned  on*  to  to  very  essential. 

§ 1.  Two-phase  nonstationary  ti  ltration  and  the  displacemen  + of  *•  he 
norm isci hie  liquids  in  t f,e  media  with  dual  porosity. 

Durini  consistent  motion  in  the  heterogeneous  porous  medium  of 
two  ncnmiscible  li  juids,  appear  1 1 • • supplementary  factors,  which 
cause  ♦ h-  exchange  of  the  liouid  between  the  sections  of  differer* 
periteii  i 1 i t y.  hirst  of  all  because  of  a lifterence  of  the  saturation 
in  the  different  r-jions  of  the  porous  medium,  is  changed  filtration 
resistance,  which  causes  tin  redistribution  of  pressure  an  1 the 
return  flows  of  the  liquid  between  the  highly  and  si iqht ly -per meable 
sections.  Another  reason,  which  causes  the  exchange  of  the  liquid 
between  the  high-permeability  medium  and  s 1 ig  h t ly- per  raeabl  e 
connect ion/i ncl usi ons  lurinq  the  displacement  of  the  nonmisciblo 
liquids,  consists  in  ict ion  of  capillary  forces. 
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The  at  f ii  st  iisplacin  j liquid  ( water)  rapidly  lursts  open  or.  the 
hiqh- permoahi  1 i ty  medium,  and  s 1 iq  h t 1 y-  [ l .nca  b 1 e 

connect  ion/  inci  usi  on.  |novi  to  he  surrounded  •'•iter.  Therefore  t he 
cont  air  in.j  lr  them  oil  c in  t<  exti  acted  only  by  means  ot 
countercurrent  capillary  im,  regi  at  ion  if  t ht  displacing  phase  i*  i. 

mo  te  aft  * i ng. 


For  t ie  doscr  i 7 on  of  ri.<  displacement  ot  hue.  nor.iri  sci  bl  o 
liquiif  from  the  media  with  oual  porosity,  can  he  applied 
commo  n/ p t.er  a 1/ 1 ot  a 1 the  a;  ; roach,  presented  i t,  the 
pr  eced  i n t/pr-  vi  cu.,  oar  i grap  ns.  we  -.ill  examine  the  displacement  of 
the  nonm  isciMe  li  juids  in  the  medium  which  consists  of  region  with 
permeability  k,,  which  has  cl  ight.l  v- permeatlo  connect  ion/i  r.c  lusior  r, 
with  permeability  k?  < < k,.  v h e skeletal  diajram  of  this  medium  is 
depicted  on  Fig.  VII.5i.  Since  k2  <<  k,,  filtration  in 
si  ight  1 y-per  meable  sections  because  cf  oommon/general/tota 1 pressure 
gradient  in  layer  we  will  disregard.  Special  cases  ot  the  diagram  in 
question  are  the  layer,  which  consists  cf  two  layers  ot  different 
permeability,  and  the  cracked- porous  layer  (Fig.  vll.'ib). 

The  processes  of  the  redistribute cn  of  pressure  because  ot  the 
compressibility  of  the  liquid  and  porous  medium,  especially  in  *he 
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of  in  com  pr  °ss  it  If*  liquids  in  ♦ h-  i ncom  f toss it-le  porous  medium,  oi" 
case  of  f he  d is  p Li  ceme  n t cf  comvressil  le  lijuidr  i;  the  medium  wi  * 1 
dual  porosity  will  he  examined  at  the  end  cf  t i < nr*-*r;>nt  p.i  ragi  i : !■  . 


As  f oi  the  description  ol  the  unsteady  r i 1 *i  » ♦ iot  >f  '.omoc  r oto. 
liquid  in  the  meliun  with  dual  porositv,  let  us  ifitroduc*  it  . »n( 
point  of  con*i  nuou:  milium  cr  two  value  of  *‘a<  h char  a c*  r i i s t i r- 
the  driving  liquid  - one  tor  si  i jht  ly- perm-  ill*  :»«*•;  i um,  another  - fur 
high-  per  ineabi  li  t y . ThuJ(  xo  will  n ‘ l 1 i 7 t wc:  rat..,  if  f i 1 1 r a 1 i or  each 
of  the  phases  U\u  and  an  U'*\  two  saturation  of  s'“ 

and  and  two  pressure  of  pn'  and  p"’  (superscripts 

1 and  2 arc  related  respectively  to  h ig h- rr Lmea hi  1 i ♦ y ana 
si igh t ly- permea bl e to  the  media,  lower  1 and  2 - ♦o  tha*  wt  ion 
displ  ace  and  f hat  which  is  displaced  to  liquids).  Fach  it  the 
indicated  chara  ct.e  r ist  ics  i r,  obtained  tv  means  cl  ivera-iing  hy  t I e 
volume,  which  covers  * he  laige  nu  infer  cf  assemf  lie  or 
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s 1 iqh  1 1 y - ;><■  r :•< • i Dio  me  oi  pora*  ires.  ii y t ho  1 a®  i rat  .f  M i u .n  t 
avera  ur.'j  conim  t,  : iccoi  iii.j  t <■.  *■  n - power /t  hiokn»-ss  of  *aci» 

layer. 

Pa qe  2 04. 

In  accordance  with  condition  k,  >>  k.?,  we  will  -xamino  the  ot.l 
cast  when  entire  filtration  oc  curs  in  the  h i j h — po  r ni  ■'!  h i 1 i t v n ■ • 1 i u w , 
i.e.,  l/(*’  are  considered  equal  +c  zero.  The  ien°raliz‘-l  law  o 

dd  revs  for  *oti  on  in  the  h i j h - ) • r n i a b i 1 i t.  y roe  i i u m can  !>•»  writ  t.  e n i i 
the  1 cia: 


— -^17i,,*rr«d  p<». 

r2 


iden t.  i ca  1 i ri 


. In  formulas  (VII.  1.1)  the  pressure  is  accepted 

both  phases,  i.e.  , by  * ii«  effect  of  capillary  forces 


directly  on 
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fil*i  r ion  it  i s 1 i sre  ia  r i ■'  1.  ?h”i  i action  is  ccn  s i der ed , further, 
only  through  the  t it  e uf  the  exchange  of  the  liquid  between  th« 
sect  i cr  of  lirferenr  permeability.  This  f i ip  1 i l ic  i ♦ i on  correctly,  if 
the  7oi. « where  substantially  is  changed  saturation,  includes  » hr 
large  number  of  l ssem  !.  1 i es  (by  the  laminar.  me  i i urn  -his  zone  must 
considerably  exceed  r h 3 power/* h ic K ness  of  each  of  the  Layers) . Then 
the  gradient  of  saturation  in  the  "longitudinal"  direction  in  the 
high-p<  rmeability  medium  is  small,  and  the  ctftc*  of  capillary  forces 
on  filtration  can  oe  disregarded.  Tais  condition  is  satisfied  fc-ast 
the  sufficiently  low  v i luo  of  the.  parameter  of  the  aJ/f/A,  which 

detpnr.ir.es  the  ratio  of  the  rate  of  capilliry  impregnation  to  rate  of 
filtration. 

The  relative  permeability  of  f\'\  entering  the  formulas 
(VII. 1.1) , can  differ  significantly  from  the  relative  permeability, 
which  enter  the  equations  of  the  generalized  law  of  lucys  for  the 
homogeneous  porous  media  (with  identical  saturation).  The  1 a t - p r are 
related  to  the  guasi-static  d is t r inut i ens  of  saturation  wh ica  in 
macroscale  are  uniform,  and  in  microscale  they  are  let ermi nod  by  the 
action  of  surface  forces  (see  Chapter  VI)  . in  inhomogeneous  medium 
due  tc  the  irregular  form  of  si igh t ly- per meab le  incorporations  and 
under  the  effect  of  other  reasons  the  distribution  of  saturation 
during  unsteady  flow  noticeably  differs  from  the  guasi-static.  In  the 
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h igh- p*  r m»' ib i 1 i t y mefi  i rr  can  1 • tor  mod  t.lu  regions,  in  which  the 
saturation  sharply  lirfers  trom  av  •rai<‘,  " 1 anguaqe:- " of  w.i  * .*r , 

the  pillars  nt  oil.  1 1 is  natural  that  in  this  case  t.he  prfi^rr-'d 
location  of  particles  of  t he  bop?  wotting  p has*-  in  nin-hea  i bl  i'-.t^rs 
is  disrupted,  and  the  form  of  the  rveraged  curves  of  relat  iv“ 
permeability  approaches  rectilinear  (rectilinear  relative 
perineal  il  it  y correspond  completely  to  the  random  lis+r  iou*  ion  of 
phases  in  pores). 

T he  form  of  t he  curves  of  relative  permealility  in  in  bomogonooii 
medium  depends  on  the  character  of  heterogeneity,  comparatively 
uniform  in  macroscale  will  be  f hast  distribution  accoriino  to  the 
power/th  i c kn^s  i-v  of  *ho  hiyh-per  mea  bi  li  t v layer  ir.  laminar  Laver,  if 
this  power/thickness  is  less  than  the  power/thickness 
si  iyh  1. 1 y-per  mea  hie  layer. 


Page  20b. 


In  this  case  the  curves  of  relative  permeability  retain  usual  form. 
On  the  contrary,  ir.  cracked-porous  medium  relative  permeability 
during  the  motion  of  phases  in  cracks  can  he  in  the  majority  of  case 
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also  the  functions  of  thf  d rnif  n...  ion  less  parameter;-,  of  form  a2/Uh, 
where  n is  a rate  ot  ' i sp  laconic  n t , n - the  significant  dimension  of 
inclusion,  however,  this  depot  donee  thus  far  is  not  investigated. 
Further  lot  us  assume  that  thf  averaged  relative  permeability  doper 
cnly  on  th"  average  saturation  of  the  corresponding  medium. 
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live  for  flow  in  the  h igh- pormc abi  lit y medium 


(imi  1) 

/«i  (1  — n)  — (-  tl i v | J —n)  U\l M -f  q , - 0; 


m,  (1-n) 


d.ni 

ot 


- d i v | ( J — n)  f7',u]  f qt  = 0. 


(VI  1.3.2) 
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• Here  q,  ami  q2  are  intensities  of  the  return  flow  of  each  phase 
from  the  mere  penetrated  medium  less  penetrated;  n - the  bulk  density 
ct  inclusions,  which  depends  or  space  coordinates.  If  we  assume  in 
accordance  with  what  has  teen  said  it  is  afccve  that  in 
si ight ly-pet meablo  switchings  on  of  rate  of  filtration  the  U *” 

! 

are  equal  to  zero,  then  the  equations  of  continuity  in 
slightly- permeable  medium  take  th<  loin: 

d»<*>  n 

m,n  — -<7  = 0; 

<7  (VI  1. 3.31 

,1 
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i-  . tit*  ittmn  flows  of  c*ath  of  t he  phases  it"  equal  in  ma  gni  t tide 
and  act  oiqositp  in  the  direct  ion. 

For  the  closin j/suorting  ct  the  ofctained  system  of  equations, 
is  necessary  to  tin)  coumun  ica t icr /connect  icn  of  the  intensity  or 
return  1 lows  with  other  variables.  As  in  the  case  of  single-phase 
liquid,  return  flows  appear  as  a result  of  a pressure  difference  in 
the  constituting  media;  however,  during  two-phase  flow  these 
difference;-:  are  different  for  each  of  t he  phases.  The  nigh  value  of 
capillary  pressure  in  s 1 ight.  ly-j  er  meab  le  inclusions  creates  in  them 
the  zene  of  reduced  pressure  in  aqueous  phase,  water  is  the 
simultaneously  and  displacing  and  more  wetting  phase,  on  th° 
contrary,  in  the  displaced  phase  pressure  in  the  inclusions  it  is 
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Page  206. 

If  the  relation  or  perim-abi  1 it  y k , / k e is  v~ty  nrf'dt , capillary 
pressure  in  slight.  1 y- no  r mea  b It  inclusions  considerably  more  than  ir 
the  h iyh- per xe j bi 1 i t y medium,  then  in  is  possitlc  to  consider  the 
exchange  ot  the  liquii  between  t ht  media  because  of  capillary  force:, 
as  result  of  the  capillary  impregnation  of  si  ig  ht  1 y-  per  mea  bl  e 
switching:;  on.  TIipi  >'i  are  th«  intensity  ct  owo  tcurrent.s  g can  ! ■ 
determined  on  the  basis  or  the  investigation  ol  countercurrent 
capillary  impregnation. 

To  investigate  the  course  ot  impr*  jnation,  by  ’•iking  into 
account  the  true  form  of  switchings  on  or  assemblies,  is  virtually 
imposiiiilo;  furthermore,  with  rare  exception/eliminations  ‘he  torn  or 
assemblies  is  unknown;  therefore  it  is  necessary  to  proceed  from  ‘be 
analysis  of  the  impregnation  of  linear  spec imen /sample. 
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5 = x/aYt, 
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of  ♦ he  p ha 
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with  x = 0 in 

ahsol ute  vain,  it 

is  lx 
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fc:rmu  la 

r = ac(slt  s0)t-'l ■.  (VII. 3/t) 


. lit  Mi.;  < i ;er  t h r.itf  of  t h e b*-in  4 dtsor  to  i phase  is  equal  to  + v, 
and  that,  wl  ich  is  cxt.Lactfil  is  1 }ua  1 tc  -v. 


After  the 

ap |i r os c h or  t he  t 

r ont 

or  displ acement  To 

t h e 

end/1  Hu  i or  tn> 

• ■ ci»  :i / . . i i : - 1 • , 

t h ( • 

a v e r a ']  < saturation 

in 

approaches  the  constant  value  of  * = 4i  in  acroriancc  with 

approximation  (VI. 4. 19) 


nt'c 


/*<  pi 


(s7i- 


. At  t h<  ;anp  t imp  val  u<  v decrease!  i i * : •-  routs  >f  time 
ex  f on e r * i a 1 1 y 


v=  Ae 


(VI  1.3.5) 


where  A at:  or  - cot  ;rint: .- f but  T =/*/«*.  . For  ‘ I • appi 

description  of  tie  course  of  impregnation  ccnstan''  A i*  it 
to  select  so  that  rat'  v would  he  continuous  at  cert  tit  vu 

» 

t = . so  M.a4"  with  / < was  valid  t p for  mu 

(VII.  3.4)  , and  with  t > t , - formula  (VII.  1.5)  . 

I 

i 


Ar  a wnole  th 
speci men/s  a rap  ie  is 


course  of  the 
illustrated  by 


impregnation  cf  linear 
the  q i ve  n aheve  in  F i j . 
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cut  ve/ora  pis  ot  tap  d-Micr  denco  of  t.  ho  average  sa  t urat  ior.  s on  time. 
With  snail  t.  value  s linearly  de^iiJs  or  VI  a v - inversely 
proportional  //.  With  1 ax  ge  t s,  i *•  approaches  s,  , and  v 
decreases  exponentially. 

If  permeability  *,  i.s  sufficiently  great,  then  from  t h« 
torque/ mom* n * oi  the  expedition  of  wafer  to  s 1 i gh t ly- permeab le 
inclusions  or  the  assemblies  ir  cracked-porous  medium  on  ♦•heir 
boundary  immediately  ir,  est  ablish/i  nsta  lied  a maximally  possible 
value  of  saturating  r,  s = <;  * . Under  such  conditions,  if  the  initial 
saturation  oi  assemblies  is  constant,  it  is  possible  to  consider  * hat 
the  advance  of  the  wdtpi,  wl  ici.  is  absorbed  into  assembly,  and 
therefor'-  the  intensity  ot  return  flews  depend  only  on  riiro  the 
determinations  ot  this  assembly  oi  cel 1/eleaent  in  the  irrigated 
zone  . 
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Lot  us  introduce  the  new  unknown  function  *-0  (x,  v,  z)  - the 

transit  ’•ime  of  t.he  front  of  displacement  in  the  h igh-per mea hr  1 i ty 
medium  or  in  the  cracks  through  the  point  with  coordinates  xr  y,  z. 
It  goes  without  saying  that  this  is  possible  only  in  such  a case, 
when  it  is  possible  to  isolate  this  front,  i.e.,  the  surface,  on  the 

one  hand  of  which  in  cracks  (or  in  the  high-permeability  medium) 
appeared  the  displacing  liquid,  and  or  the  cfh*'i  hand  its  saturation 

r 

i 


was  equal  to  the  initial  value.  Under  the  enumerated  conditions  the 
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intensity  > f i *n  .Jr  n f lows  i * i .•  » t.  •>  f Miction  of  tin*-  of  *'ip 

determina  t ion  ■:  i . hi  y : r.  r h<  zone,  included  by  the  1 i ; : I i ■ • I 

liquid  ( i l ; l ju  t < :)  . ' 1 i. : time  i ; < j u.i  1 t - 1 0 ( x , y,  7)  r . 

The  ' : cj  . of  t h‘»  t unction  q (r)  cat  be  so  let*'  !,  or  ‘it-  tr-r  ,t(. 

of  ex  f t <>s.sior.i  tor  th  velocity  of  the  impregnation  of  one 
cell/e lorn,  nt  (VTI-l.h)  and  (Vll.l.b). 

In  or  lor  to  nass  from  the  velcci*v  of  the  im  pr<-»  j na  t i on  ol  >n-» 
ce  11/element  to  the  intensity  of  return  flews  pel  ur.i*  of  velum’  of 
the  mod  iu  x w i r h du  a L porosity,  i *■  is  necessary  the  velocity  of 
impregnation  v to  multiply  ly  the  specific  surface  area  of 
si  ight  ly-permc-a bl  o issemb  1 ies  and  by  ceitam  ccef  f ici -»nt , lepend ini 
cn  the  f or  r of  these  issemb  lies.  It  this  case,  cne  shoul  1 const  1*  i 
that  the  impreq  rat.  ion  at  tie  particular  point  cf  layer  b°q  ins  or.ly 
after  the  approach  ‘ t it  of  the  front  cf  d isp  lac°nient . r.r.erilic 
surface  area  from  the  considerations  of  dimensionality  can  be 
expressed  in  the  form  o t the  p r1,  where  p is  is  constant,  / 

- the  siqnificant  dimension  of  assembly.  Then  from  equality  (VTI.l.U) 
we  obtain  *hat  at  the  low  values  rj  ( r ) i‘  is  possible  * o accert  i r. 
the  form: 
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q-Nx±-T-'l'=ffl(T'T)-,\  (VH.3.«) 


Khorp  thf  t„  = 7*  4tP  char  ,ic  ter  1 st  ic  tire  of  t h»  j mpi-MiUtio' 

of  as.sejil  ly;  V,  - 1 i mo  nsi  onloss  constant.  Foe  lar^e  r of  ( v 1 r . i.h) 

follows  the  formula 


?=jViJe*p(-f-).  (VII. 3.7) 


. convenient  approximation  tor  j (r)  at  all  values  r is  the 

function  of  the  form: 


<7  M = A 


(VII.  3.8) 
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. T‘iis  function  with  low  t c(iir>ci  i os  with  expression  (VII.  I.  h)  , 

and  with  La r so  r it  i 'creases  1 1.  such  a w>y  tint  the  complete  soaxin) 

oo 

itself  volume  uni*  .t  volurn*  c ' the  medium,  O t ci.ii  J q{r)dx, 


is  final,  'ait.;* 

an- 
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(VTI.3.9) 


. »'h-  ox  pies.;  ion  ol  form  (VII.  l.°)  was  ;*■  i K.  bv  V. 

Skvortsov  [104]. 
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The  intensity  ot  return 
equations  (V II.  3.2)  - ( v r r . I. 

it  depends  or.  the*  saturation 
is  possible  *■  o consider  that 


flows  it  is  possif  le  tQ  introduce  into 


i) 

and  differently,  aft 

*r 

assuming  that 

of 

each  of  the  medium. 

I n 

•■his  case,  it 

1 

is  proportional  with 

( S i 

, s ? ) r formula 

D<:C 


r>  Ai;  i 


' h 1 ‘ 1 HbO 


(VII.  1.-*)  ].  )•> ( en  1-tic 

self-  similar  sol  i*  lc: 


'•it.ii  (■  j,  . ,>)  , a:,  show  ♦ he  calou  la*’  ion.,  of 
approx  irat  . . ly  i s t--  p re  sen  rod  in  the  £olii>: 


c(*i.  •■>*)  = A"  (si)  («,-*,).  (vrr.3.io) 

- Instead  o£  s , ami  s?  into  expression  (VII.  d. ID)  one  ohouM 

supply  *“*  ai;  i cert  1 1 r function  of  s'”,  sel  K*te  1 tn'mi  into 
account  th-  fact  that  the  i mpreqnat  icr  cccurs  i.efor*  th<>  equalization 
cf  capillary  pressures  in  loti,  media.  T h i •;  mot  bed  of  tie*  introduction 
of  the  in*  -ns  i»  y of  re*  urn  flown;  wa.,  used  in  V.  v . Hyzhik'  wot'* 

[9A  ]• 


For 

1 1,  •*  d esc r i p t ion 

of 

d l s 

1 la cement  i n t 

hr  cracked 

me  d i'im  m 

eq  ua t ions 

(VII.  d.  2)  an  i 

( v i r 

. ). 

1)  one  shou  Id 

place  n = 

1,  (1  - n) 

Ult~  w, 

on  the  basis 

of 

til  c 

fact  that  the 

volume  of 

cracks  is 

small  in  comparison  with  the  volume  of  the  pores  of  wt  they  are 
average  ly  entire  volume  of  tht  rate  of  filtration  of  phases.  Aftei 
desiq  nat i r j,  further,  s'”  — $ and  = B1  f *e  will  obtain 
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divu»,  -f-9  = 0;  div  (10,  4 wt)  = 0;  m~  — q^  0.  (VII.3.1 1) 

. L-'*  i]  "xaain  .•  t he  cno-d  i,iif  nsiona  l t a ; k of  list,  ’ac  -‘tnent  ir< 

cracked- porous  layer.  The  syat  * m (VII.  1.11)  will  hr  i>- t * o "he  form: 

<*u>l  , ds 

m -^7 — 9 = 0;  w1  + wt  = w(t).  (VII. 3. 12) 


. Let  t.  ho  initial  saturation  ot  assemblies  no  constant  and  the 

intensity  of  return  flows  can  le  < xpresse  i fcv  the  tormnla  of  form  q - 

q (f)  • 

Let  us  inTejru*"'*  the  first  of  the  equations  (VTT.  I.1/J)  from 
entrance  (x  * 0)  *o  the  "front"  ot  the  invudinq  water,  ♦akinq  into 
account  that  with  x = 0 mevrs  the  only  disflacinq  phase  and  w,  = w 


(t)  , we  will  obta i n 
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*.  (0 

'•>(*)  = j q{t-T(x))dx.  (VII. 3. 13) 
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From  (VII.  t . 
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it  is  p 

ossi 

u 1 * t c o I ta  i i: 

integral  e ]u  at  i 

the 

displacement  of 

t h P 

* r o nt 

or  t 

Is  d isp  1 act  nq 

1 1 qu i i rn  crar  k 

(t) 

= f (*)  . I.-.-t  us 

i n t 

rod uce 

i 1 e 

j u a t i o n (VII. 

> 

*« 

i- 

• 

of 

in  t eqra  non  T,  b 

y SO 

t/ ass  u m 

r n l 

x - f ( T)  . w 1 

will  ob  t a i n 

M'(0-  J q(t-T)f'(T)dT.  (VI 1. 3. 14) 

0 

. Page  Z 0 7 . 

After  deter  :ni  n in  j from  integral  equation  (VJT.1.14)  function  f 
(t ) or  inverse  function  T (x)  - tn  (x)  , Item  the  second  equation  o* 

system  (VII.  1.12)  w<  cm  find  the  distribution  ct  the  saturation  >f 
assemblies  in  any  poin*  i r>  time: 
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fold 


(0)  = 


Ul 


I I -T  <x) 

s_'v»"V  \ V ( f — T(x))th  — \ (VII. 3.15) 

TU)  i,' 

T I***  r i jh t l 1 •'  of  t e ion  ( V 1 1 . I.  1 4 ) the  4 or  p of 

i r.  i it  <;a  r.  h->  solved  by  t ho  Laplace  ♦ ranaf  crm  method.  Lot 


CO  CO 

i h'(t)  e~at  dt  — W (a);  | q (/)  e •'  dt  — Q (a);  (VI! .3.10) 

o » 

CO 

f / (/)  e " dt  - <I>  (o). 

0 


By  usin<j  the  theorem  about  fold  and  the  initial  condition  f 
0,  w**  wall  obtain  from  (VII.J.1U) 


W (a)  ~od)(o)(?(o), 


(VII. 3.17) 
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W(«) 

oQ  (a)  ■ 


(Vir.3.18) 


L*-t  ii:.  examine  some  special  risen. 


For  zoi  c ^ i bus  whf  r q (r)  ir. 


expressed  ly  formula  (VII.  i.f-)  , w*  have 


(?(»)- AT,  f/i. 


whence 


d)(o) 


w «0 

y V'jtlT 


11  • r— 


<i 


.. 


(VII.  3.19) 
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•cifirally,  if  the  tat<  of  displacement  w (* ) is  change' 


accord  ir.i  fo  the  power  law  cf 


t hat 


IV  (a)  = 


•roMP-M) 

9.  1 


and 


<!»  (o)=- 


u’o'r  (ft  + p 

_ p.- 
NxaVn  a 2 


/(')  = 


Ar,aV.T  I 


’(|,+t) 


(VII.3.20) 


For  the  case  of  constant  velocity  f> 


0 and 
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IW-j&VT.  (VII. 3.21) 

. In  3 < -1/2  solution  (VII.  1.20)  dot  not  hav  t },-»  j hysi  cal 

sense,  since  it  u*>.-.  not  satisfy  candit  ior  t ( C ) - 0. 

Page  210. 


Tie  complete  i -'scr  i j t ion  ct  displacement  1 rom  the  cracked -porous 
meniaii  is  conveniently  conducted  with  the  use  ct  dependence  ) (r)  in 

the  t oi  ai  (VII.  1.8).  Tie*  function  of  fern  (VII.  3. B)  approx  i ti.it  es  well 
the  course  of  impr«  jna?  ion  in  tt,.-  linear  case,  and  i*s  conversion 
according  to  Laplace  takes  the  comparatively  simple  form,  which  makes 
it  possible  to  sol  v » equation  (VII.J.I'i)  in  the  final  form  for  a 
series  of  the  impor tant  cases  of  dependence  w (t) . 


With  q (t)  , by  the  beinq  expressed  formula  (VII.  1.  «) 
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(VII. 3.22) 


w Iih  r.cf 


Oj  (a)  = -w' (q)  1 ° • '' 
.-1  I n n 


(VH.3.23) 


let  u:;  »xAiino  ljiir.  casf*  of  w (t)  - w0  - const.  T 


(I)  fo)  = _ "’0 l n * * 

.11  r «r» 


(V  FI. 3. 24) 


fioni  thp  td  Dies  of  *he  Laplaco  transtorir  it  is  pos 


tirwl  f (t)  m the  form: 


h **  n 


sihle  tc 


A 
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<(')-— *'*g-(i  -f  2&0 epf  (1 /to)  -i.  (VIT.3.25) 


/'(/)— erf  (l^D. 
/I  > n 


(VII. 3.26) 


V = -°'o  I ^ 
/I  V*  ?t 


V 

: V J 7 (t)  rfx  = — J#)  erf  — JL)), 


(VII. 3. 27) 
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i.  e. 

s is 

function  x - 

Vt. 

Thus,  in  the  linit  we 

obtain 

so  lut  i on 

of 

the 

t ype. 

described  in 

*J3 

chapter  VI,  i.e.,  sclut 

ion 

of 

the  type 

of 

the 

travel 

ing  wave.  At 

ire 

at  sijnificance  of  t.  - 

x/V 

t he 

sat  ur at 

ion 

of  assenblies  approaches  the  constant  extreme  value  of  s = All 

the  change  in  the  saturation  from  s0  tc  s,  occurs  in  the  zone  whose 
extent  is  of  the  order  of  -f-  3).  This  zone  ly 

analogy  with  the  case  of  d ispla ceme nt  in  the  hciroc[,jii'1oiis  medium  (see 
Chapter  Vi,  5J)  was  called  name  stabilized.  Within  the  stabilized 
zone  actually  is  realized  entire  process  cf  the  i irpreg na t i cn  of 
assemblies. 
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t In  t cor  res)  0 n d s t 

sh  c w n 1 

n F 1 ; 

. V 11. 

[1 

')  4 ] . It  1 . . evident 

formed 

tor  * 

i me  0 r 

ord 

or  (1/f)  • (2-  I)  , i.e 

is  irort 

r 1 t.> 

Ot  trie  i ;ti 

prognation  or  one  a 

f u net  1 on  r ( 

* ) is 

of  the  order  of  V~i< 

displacement  is  such  1.5  in  the  case  of  </  c/l^r. 


Exactly  as  thJ  examined  case  or  Lineal,  displacement,  i«-  is 
possible  to  investigate  radial  tasks.  During  the  radial  flow  wher  t|,f 
displacing  liquid  is  forced  through  t he  hole  whose  center  is  accente 
as  the  oriqrn  of  coordinates,  the  first  cf  the  ejuations  (VII.  1.11) 
will  Lc  written  in  the  form: 


7^  ("*.)  + 7 = °-  (VII. 3.28) 


. By  integrating  by  l tion  r 

position  of  front  in  cracks  r - R, 


p (duct  of  t!ie  hole) 
we  will  cb ta  in 


t o t.he 


G (t)  = ?n 


II  ID 

\ Q (t  — 


P 


T ( r))rdr , 


(VII. 3. 29) 
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where  G (*•)  - ?np  w0  (t);  expend  it  ure/ccnsu  mpticn  of  liquid  through 

the  hole  per  the  unit  of  power  o£  the  layer:  t (r)  = t0  (r)  i.i  tine 

of  the  appearance  of  a front  of  liquid  cr.  circle  with  radius  of  r. 
let  Ly  function,  re vor.e/inveL se  T (r)  , will  fce  H (T)  . Let  us  accept 
as  the  link  row  n function  ^ ( r ) = (t ) - the  area,  included  bv  t K* 

moving  front,  then  from  (VII.  3.  2 9)  is  obtained  the  following  integral 
eguat  ion  foe  * (t)  : 


G(t)=  J q(t-T)ip’  (T)dT.  (VII. 3.30) 

0 

. This  is  accurate  the  same  equation  as  (Vll.l.lq),  only  instead 

of  the  rate  of  filtration  w (t)  in  it  enters  e x pend  it ur e/c on su m i t ion 
G (t).  All  the  give  t solutions  to  equation  (VII.  3.14)  can  be 
transferred  for  radial  flew,  ter  determining  saturation  in  assemblies 
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from  (VII.  t.lj)  w will  obtain  a na  lo  jo  ns  l y (VII.3.‘>) 


l-T  lr) 

*-*.  j q(i)dx.  (VII.  3.31) 

0 


. I.et  us  note  that 

deter  mi  r r cm  formula 
(VII.  i.b)  or  (V  II.  J.  IK) 


111  the  CdS«  of 
(VII. 3.8),  t he  r 
we  will  ol ta  in 


1 (t) 

= const,  if 

from 

the  formula 

with. 

large  t 

q IS 

s , ana loqous 


II  (I)  C 1/7.  (VI  1.3.32) 
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The  obtained  solution  besides  the  cr ac ke d- f or o us  medium  can  be 
used  also  tor  the  desrri(ticn  cf  displacement  in  the  two-lavered 
layer  when  the  powo r/t h ick ness  si igh 1 1 y- per  mo  a 1 le  layer  is  very  great 
and  k^/kj  v^iy  little,  and  the  hig h- per meafc il i t y layer  can  be 
considered  as  slot  (it  is  analogous  with  the  case,  described  in  32). 
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Under  this 

con  i i t 

ion,  it  we 

d isr e i 

di rent i on , 

each  c 

e 1 l/o  I* oner,  t 

s 1 igh 

per  pe no  i<  u 

lit  to 

X-axis)  is 

i IE  p r e J 

law,  i.e.. 

C 

S c 1 u t 

over  slot 

retains 

form  (VII. 

3. 20)  , 

I c p la  red  d 

y C - ac  [see  (VII 

.3.4)  ] 

si  igh  t 1 y - 1, 

-*  r ° i L i 

e layer  is 

final. 

ex  p rets  iun 

S i ( r) 

that  .t  n d for  tht- 

Th e .1  p pr o.ich  outlined  ahov<  t 
the  no  nm  is  a hie  li  jui!s  in  the  era 
work:',  iy  V.  * . Fyzhik  [ 9h , 1],  A. 

Kocheshkov,  V.  I.  Danilov  [ 30,  31] 


ar  i impregnation  in  long  i t ud  i na  1 
*ly- permeable  layer  (cut  our  the 
na^ed  according  to  self-similar 
ion  for  the  displacement  of  front 
the  cnly  constant  JV , y is 
. If  the  power/thickness  of 
ther  on?  shell)  utilize  the  same 
cr ac ked- porcus  medium. 

o the  tasks  cf  the  displacement  ot 
eked-forers  medium  was  developed  in 
A.  Eckserman , S.  P.  Zheltov,  A.  A. 


Until  now,  wo  examined  tht  tasks  cf  the  displacements  in  which 
the  exchan  ue  ot  the  liquid  between  cracks  and  assentblies  (or  between 
the  sections  of  different  permeability)  it  was  produced  by  th**  action 
cf  capillary  forces,  however,  under  the  specific  conditions  of  the 
media  with  dual  porosity,  the  course  of  displacement  can 
subst ar t ia 1 1 y change  also  because  ot  the  ursteady  processes  ot 
exchange,  caused  by  the  elastic  redistribution  cf  pressure  between 
assemblies  and  cracks.  This  tactot  is  utilized  in  the  process  of 
cyclic  water-flood  which  is  applied  under  conditions  of  sharply 
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heterogeneous  and  ct  u:k>f  1 or  1 1 tct .o r/rp(  e pt  ic Les . with  cyclic 


water-flood  the  concilia  p tion  ct  the  i n-j  ect  / 1 1 gu  n rocking  into  1 Ivor 


water  (or  another  li  pi  id)  periodically  changes.  This  change  cause. 


the  per iod ic  exchange  of  the  liquid  between  cracks  and  assemblies 


because  of  the  elastic  redistribution  cf  pressure.  In  t he  coarse  ot 


exchange,  occurs  the  gradual  eni  ichment  of  assemblies  by  trv 


displacing  ligui  i which,  obviously,  faster  is  moved  on  cracks.  The 


emerging  of  the  assemblies  liquid  always  therefore  has  less 


saturation  as  the  displacing  phase,  than  the  liquid,  which  is  located 


in  cracks  and  which  enters  the  assemblies.  Capillary  forces  intensity 


this  process,  since  t.  he  more  wetting  displacing  liquid  (water)  is 


held  in  assemblies  because  of  "end  affects",  put  also  in  the  case 


when  liquids  - the  completely  being  mixed  and  capillary  effects  are 


absent,  cyclic  mode/conditicns  leads  to  the  exchange  of  the  liquids 


between  assemblies  and  cracks  and  *-o  the  gradual  extraction  of  the 


displaced  liquid,  the  simplified  diagram  of  the  cyclic  process  of 


displacement  stated  below  in  layers  with  dual  porosity  was  proposed 


by  A.  A.  3ckserman  and  E.  V.  Shalimov  f 12]. 


In  the  simplest  statement  for  the  analysis  of  principle 


properties  the  cyclic  process  cf  displacement  can  be  examined  using 


an  example  of  i isp  lace men t Irom  the  cracked-porous  layer  of  liquids. 


equal  densities,  viscosity  and  compressibility  (polychromatic 


i DOC  * 7^1H1^hO 

1 1 (Jill  if)  . 

Fa^e  21  3. 

In  thin?  coirh*  ion:;  the  pressure  field  in  asse  a 11  ics  an  i ctacK:-,  is 
described  by  system  of  equations  (VII . 1.11)  and  loes  not  depend  on 
the  d isti  it  ut  ior.  of  saturation. 

For  the  system  of  ivnamica  1 1 y identical  liquids  in  question 
relative  permeability  is  for  flow  in  cracks,  sc  also  in  a ss-emh  1 ios 
are  equal  to  the  appropriate  saturations.  The  equations  of  th<-> 
continuity  of  tho  j phase  in  cracks  and  assemblies  respectively  tak<- 

t he  f c r it : 

{ 

("' ifw)‘ ’)  4-  d i v (pU,)  = pq, ; (VII .3.33) 

) 

-57  - pg,, 
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where  t he  *}”  - saturation  in  cracks;  s}“  - saturation  ir 

assemblies.  Arp  hr  r e made  t hp  same  assumptions  that  and  when  Itrivinq 
the  equations  (VII.  1.11).  In  accordance  with  what  has  been  said,  it 
is  hicjhei  than  the  where  the  Jj  = ~fj  + Un  are 

the  total  rite  of  filtration  in  cracks. 


We  have: 


f s'l)q  <?  > 0; 
1 s«"9  q < 0, 


<7/  = 


(VII. 3. 34) 


i.e.  it  [•'•inn  i low  i*  i>s  £:ni.  :iacK:  into  <u  .itjM  ien,  thou  t ho 

overflowing  li:uil  ht.  th«  ea;v<  com  pc'  i t in  r , ai  1 i 4 ti  i >1  in  cuck.s,  an  I 

vice  vet  :,a.  If  w->  accoi't  r unction  , ^rccrl  in^  tc  formula  (VTI.1.5), 
then  ot  the  y.s  ( V I I . J . H ) c-jn  f-  <>  o 1 t lined  system  (VII.  1.11)  ari, 

f u tt  h «t  nor  *• , the  follow  in  j c'juiit  iunn  for  the  saturation: 


m, 

m. 


a*'” 

dt 


-f  U grad  s'”  - 


di<*> 

,)l 


m,  — — h U grad  s'”  — (s'l)  — s'*’)  q 

<*»<«>  .. 
m«  — =0 


(VI  1. 3. 35) 
(VII.3.3R) 


cor 
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. Equations  (VII.J.J5)  and  (Vli.l.jb)  show  * hat  in  that  ot  th° 

media,  from  which  occurs  the  return  flew,  saturation  is  not  changed 
in  accordance  with  the  assumption  that  the  comjcsition  ot  the 
overflowinq  liquid  the  same  as  and  in  that  nediuro,  whence  occurs 
return  tlow  (actually  under  the  effect  cf  capillary  forces  in  the 
emerging  from  assemblies  liquid  will  predominate  the  displaced  phase, 
that  accelerate  the  process  of  exchange). 
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If  “ ox  t .it  i 1 1 s ( 1 a i ( ro  c n t of  t h roniriscihl-*  1 i : u i i s tacir  j 
into  recount  * it  *-  n i : n ir  ct  : 'la^iv^  i or  mta  L i 1 i t y , the  n si^arat  ion 
will  t*>  cii  an  jed  yi'ii  tny  sign  o. 

In  f iip  formulation  of  the  problem  in  question.  the  pressure 
fields  i n<i  ;a  * urat  i cn  can  ho  determined  in  turn  means  no  the  solution 
cf  equations  (VII.  1.11)  and  (VII.  1.13)  - (VII.  3.  J*). 


Fa  go  214. 


Foi  furtr.-i  nim:  li  t ic.  i * : ion  in  the  task.,  ori<-  must  tak*-*  iico  accoun* 
that  the  return  flow  or  liquid  iron  crack  into  assembly  an  1 back  tor 
time  cf  on*  cycle  is  small  in  com  pa r i sc r with  he  total  volume  of 
liquid  in  assembly,  since  this  return  flow  occurs  only  because  of 
ccmprer^ibi li t y . Therefore  a change  in  the  saturation  occurs 
considerably  slower  than  pressure  change.  This  makes  it  possible  to 
average  all  parameters  in  equations  (VII. 3.  35)  and  (VIT.3.  Jft)  for 
time  interval,  equal  to  one  period,  i.e.,  tc  introduce  the  averaged 


variables  of  the  form: 
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T 

<s<0>  .=  1,  \ #)dt.  (VI  1.3.37) 

0 


. jy  c or  ;i  i^r  i n j .i  • v ia  t iot  • it  n«  t ne  av*taq*>  values  shm 

will  cl’taii.  for  t|;.  iverajf  values  of  saturation  system  of  <■ 


mi  * + < U > grad  < s'v  > = 0; 
mtLLffLL-(<  s"’  > - < s<"  > > »•-  (VII. 3. 38) 


where 

r 

Qt  = 4f  J 


11,  wo 

- J VI  i * 1 o 


0 
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. In  order  t.o  determine  the  form  cf  the  function  q0  ( x)  , one 

should  find  the  appropriate  periodic  solutions  cf  equation  (VII.  1.11) 
and  averaqe  them  for  time.  For  the  case  of  the  cne-d ime nsi oral  flow 
between  jalleries  we  will  search  for  *■  he  periodic  solutions  of 
equation  (Vir. 1-11)  with  period  of  T = 2»/u: 


—pA.  _ - **P\  <*/>i 

dt  1 dt  dr*  X ~toT  • 


(VII. 3. 39) 


. Solution  we  sea rch  for  in  the  form: 

Pi  — P*  (*)  + P\eax^ml  (VII  .3.40) 


•w 
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DOC  = 7t  1-UflbO 


P A 0 r 


70/ 


so  that  it  wo  j 1 «t  satisfy  in  <.  ; nation  (VII.  4.19)  an  i pei io  l ir  boundary 
co  rnl  i t i o ns 


Qo  + Qt  cos(o)f  + fi,); 


M.  £pj_  | 

|*I  (fX  ,A-y 

k\h  rfp}  J 

TT  TT I X.1  = Qo  + <?2  COS  (<of  + 6a). 


(VH.3.4J) 


From  equation  (VII.  1.39)  it  follows  that  p0  (x) 
A ♦ I x.  Value  A is  unessential  constant,  ami 


0 an  1 p0  (x) 


ft  _ M1O0 
k\h 


cor 
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3ubst i t ut in j expression  (VII.  3.40)  in  equation  (Vil.t 
cl  fair. 


a2  (i>;  r|  4-  i mx 
xj  4-/<o2r)2  ' 


( V I f . . /i  2) 


whence  ate  determined  two  root:  a,  and  a ? . 


Set/a.is'i  mi  ng  ai  — Yi  *t*  iyt,  a2  = Vi  — /yI(  we 


p,  (x,  t ) =-  p#  (x)  4- 1 Cx<?''x  4-  &•**<*•  = p#  (x)  4-  />„  (x)  e'-h 

(VII. 3.43) 


.39)  , 


ha  v.' 


■».  ■ ■ 


3y  . ■ ubst  itu  t 1 ri'i  expression  (VII.  3,43)  in  condition  (VIP.).  41 


and  i!  y i r o 1 a *• 

i ny 

r e a 

1 part,  it 

is  possi hi e to  f in 

d the 

values  of  the 

constants  t t 

•in  d 

? • 

After  au 

i cu  nd  function  j , 

(x,  t) 

, the  ' oriP  o t 

f u net  ion  of  : 

• •turn  t 

low  it  ca  n 

be*  dpterainod  from 

* ho  s 

cco  mi  e ou a t i on 

(VII.  1.  1 1)  , i .o.. 


P\—Pi=K 


Ox* 


* d*l\ 

A dx* 


(VII.3/,/1) 


. The  |^r.»r  mi  nat  i on  of  consfantu  in  the  qiven  solution  is 

sufficiently  cumbersome  and  we  will  net  brin.}  final  formulas. 


As  showed  the  numerous  calculations,  carried  out  by  A.  A. 
Eokserrnar,  and  L).  V.  shalimcv  f .12],  at  the  usual  values  of  periods  - 


ECC  - 7>)  1 e 1 ;<(■>()  l>A  it 


the 

order 

of  5 

ie  vera  1 hour 

s - \ies 

sure  airplitude 

i n 

pr  ac*  i c«i 

It 

joes 

not 

lie;  r n 

i on 

c oo  r 1 i n a t e 

x.  Cor.  sc 

; ue.it  1 y , i ii  i 1 1 

:r  t 1 i “ U d r 

of 

M.e 

intensity 

(>  f 1 

[..■nu  n flews 

li o can 

be  accept o j it 

i ri-1 

open  len  t 

of 

x.  For 

the  ccr.  ♦at.t  i0  the  sol  uticr  ol  system  (VII.  1.  1°)  in  the 
cnc-d imens icnul  case  can  te  obtained  i r.  the  lcckel  torir  under  t he 
initial  condition  of  < s'"  ) — 0.  In  the  one-dimensional  case  ot 
equation  (vn.l.H)  it  if  nOssible  to  by  imittinj  the  siqns  ot 

a veraqin  i : 


ds<tl  . ,,  dsn>  (1)  .... 

mi  ~ir  + u sr  - -(*  - * ) w 

(.«“-.*«)  q0. 


(VI 1. 3.45) 


Let  us  introduce  new  independent  variables 


S-ar.  x = = y.  (VI  1.3.4ft) 
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By  >*; 

1 iyiru,* 

t 1 Ld 

; 1 at  < t i i . , 

f or  n fci  t a r d 

by 

ta  k inq  i nf  o 

ace on  nt  1 1 

’ *•  s(‘co: 

i i c:on  i 

i t ion  (VII. 

1 . 4 H ) , wr  will 

o\  t 

a l i.  in  * oa  d o 

(VII.  1.47] 

1 *■  i f C | U d * i O r, 

dSll) 

JL^  + {Sn,_S<t))u^  0; 
aS("  - (S''>  - -S,‘,)f)=0, 


(VI  1.3/,!)) 


wher*1  the  .S’"’ 
d!'(l  the 


and  t h<-> 


S<*> 


- the  Idflic*1  transform  f ion 


a is  the  {aid  nip  t » L of  tho  Lett  lac 
transform;  j - n0/V  ; (i  = qn/r?. 


from  boundary  contitiors  it  fcllcvs  ‘■licit  with 
| = 0 S">  = 


The*  solution  to  equations  (VI  7.1.4)  tdtos  the  form: 

(VII. 3. 50) 
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l* (>  utilize  ti  fornula 


} I0{V2at)  e"  rf<  e *• 

(VII.3.51) 


(see  [ u J ] , formula  (9.  1.42)  ].  by  using  foi  rrula  (VII. 3. SI)  ami  product 
rule  tor  the  Laplace  transform,  we  will  ottain  the  following 
expressions  for  an  and  the  »*•*: 

> 


■d 


J 


a 


2- • • — ■ - 


. 
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4n*=.exP(-a&_pT)/o(2  Y ap|T)  4- 

t 

+ Pe*P(  -«*a  /exp(-pX)/0  (2  1/iplX)^; 

(VI  r. 3.52) 

*M’  = pexp(-a5)  Jexp(-pX)/#(2 

0 

I 

J 


. From  formulas  (VII. 3.52)  if  follows  that  at  the  front  or  the 

/ 

advance  of  water  in  cracks  (with  r = 0)  j‘f4  has  a jump  whose 


d 


DCC  = 7b1H1HbO 
intensity  i •;  <•  ] mil 

Thp*  curv'>/yid,)h:;  el  thf  dependence  of  and  *(»»  on  x 

with  different  valuer  of  t are  yiv-'p  ir  Fig.  VII.  7. 
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Chapter  VIII. 


NCNLlNFAR  UMfiTE  AD  Y FILTRATION. 


§1.  Deviations  Irom  the  law  of  Darcy.  Ncn linear  filtration. 


-j 


coc 


lb  1 '/  1 H b\) 


a c, 


f ~7/z^ 


Ir.  all  examined,  ui.til  ro»,  tasks  wo  assuited  to  ).<■  carriol  out 
the  law  ot  i treys.  Is  »xplained  this  b y the  fact  that  the  law  of 
darcys  su  f t ir  io  nt  1 y accurately  apjcribf  r t ho  f urdamenta  1 circle  ot 
filtration  jot:  ons.  at  the  samt  tin:  o it  d number  of  cases,  t h<= 
nonlinearity  of  the  law  ot  filtration  becomes  essential,  a n<‘ 
so  not  i me  s also  determininq. 

A.  *■  h r basis  ot  th.:  ccncl  ision/lor  ivat  tun  cf  the  law  of  darrys 
in  cf  af  ter  I,  k2,  were  placed  two  basic  assumptions:  1)  the  motion 

inertia-free  ("  creopinq");  2)  liquil  viscous  Newtonian,  not 
interact i ny  with  the  solid  skeleton  of  the  porcts  medium  1 . 

PCCTNCTb  l.  I.e.  t h (-  effect  of  skeleton  prorources  only  in  the  fact 
that  cn  its  surface  is  satisfied  the  ccnmcn  for  a viscous  flui  i 
conditio:  of  adhesion.  At  the*  same  time  it  was  assumed  that  the 

skeleton  iooi  not  create  the  actir  j on  1 i q u id  f crce  field,  does  not 
adsor l any  noticeable  part  ct  the  liquid,  it  dees  not  form  with  it 


colic  id  etc.  KNDFOOTNOTE 
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Tie  subsequent  i < ■ t i n e ir  ■-*  nt  s rii  , connected  with  failure  ot  those 


assumptions. 


1 . A., 

can  be  seen 

t r on 

the 

v e r y c 

cnclusi  or./der 

a vat  ion  of.  t hr  la  w 

c f d a r c y s 

(see  Cha  p *•  er 

I,  ' 

2)  , 

it  must 

be  disrupted 

in  runqe 

sii  f f ic  lent 

h iqh  rates 

at  w h 

ich 

a 1 r e a 1 y 

cne  must  not 

fail  to  consider 

the  inertia  component  of  the  resistance  tc  notion  of  liquid. 


By  aiding  to  th>  mint  be- r ot  determining  parameters  (1.2.2) 

density  with  dimensionality  f!L_J,  wo  will  cltair  alreaay  six  values 
from  which  it  is  possible  to  form  three  dimensionless  combinations. 
Bepeatinq  reasoninjs  chapter  I,  ^2,  we  obtain 


grad  221) 


(appearinq  here  combination  udp/p  plays  the  role  or  Reynolds  number 
of  filtration  micro  movement ) . 
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Allow/a  ssuirin  j the  possibility  of  "lie  f xj  -insion  of  function  t in 
Tayloi  series'  ami  bein  j limited  to  the  first  uc  members  of 
expansion,  we  obtain 


grad  p=  — ~ u — p -p-=-  u (VIIT.l.J) 

I n 


(is  here  taken  into  account,  that  d?  k , see  chapter  1,  R?)  . 


Expression  (Viii.1.1)  is  call'  d of  the  bircmial  law  of 
f iltra  tion.  For  tne  first  time  i inomial  law  was  proposed  by 
Pci k h ei mer  ( 117]. 


As  show  experiments,  this  simple  expression  it  describes  well 
cbser vat iona 1 data.  Along  with  the  Lrequently  cited  data  of  Fercher, 
Lewis  and  Turns  [ 1 1 r>  ],  let  us  note  another  the  experiments  of 
Lindquist,  reproduced  in  work  [ 14d].  These  experiments  show  that 


DOC 


76  1'nHfeO 


"A oh  7/ flT 


re  la  t icn  :•  1. 1 ; / ra  t j o (VII  I I •.  1-  1)  it  i • on  i t h in  j 1 ai  ;<  l , r at  i,  t i t hor 
simple  i-mp  i r it;a  1 . f .)  fni  1 a , since  it  is  n a d «•  well  “ vo tor  very 
significance  of  rate  ot  filtration.  Tic  physical  sense  of  ♦ h is 
entail;  t ). . tact  t n it  a * hi  jl  rat*.  t Is  rapidly  <:  h u.q  i i.  q m ot  ion  in 
fores  i s r oi  jua  at  • /c  m p i iu  i wit:  * l.o  a i vent  »f  con.s  i i«t  abl  «-  inertia 
components  of  hydraulic  resistance. 


To  »he  explanation  c.f  t h*  i»hy..i  ca  1 s«-  r so  of  t<  la  t ion:;  h i p/r  a 1 1 r 
(vlll.1.1)  i it, :i<it  i a serif,  of  works  fiom  vn.icl  it  is  nec:«»:  : ary 
t c note-  Y • . M . Minskiy'  works  [ H 2 - 6 4 1 . 

The  appearance  >f  a juadia*ic  tern  in  the  equation  of  * 1 iw  of 

filtration  sometimes  is  connected  with  the  dji*d*  ion  of  flow. 

However  , already  the  exponent  cl  Reynolds  ( 1-  IQ)  # calcula  t cd  f i 
diamet.fr  in  coveted  or  the  pores  ol  the  porcus  medium  with  which 
pronounce  the  deviations  from  linearity,  i ♦ indicates  th.  lnarriiacy 
cf  this  affirmation  [14'),  126].  Recently  the  licence  >f  tm  rilrncf 

(i.e.  the  fluctuations  of  rate  in  time)  is  prcvcl  ilso  hy 
dilect/str aight  experiments  [167]. 


In  the  tasks  of  the  theory  of  the 


fi It  ration  (in  difference,  for 


nnc 


It  1 : 1 tif.O 


!MiiF  7/£ 


fxiBrlt  , Iron-  t he  of  c hi  m l c a l technology)  of  the 

apt  1 ic.i*  mn/d^pt-nl  ix  of  hincmial  law,  filtratier  is  ] i m i e 1 mainly  by 
the  met  i on  of  jas  nrit  high-yi«-ld  gas  well:-;  or  hv  motion  near  holes 
in  the  era*  u' 1 media.  In  tfr  la»t<-r  care  the  special  impor'anot  ha: 
that  id  c t ha*  true  a i r:  p eed  o 1 liquid  in  cnckf  is  con  rider  ably  mote 
rate  ct  ill trat  ion. 

2.  Tie  binomial  law  cl  filtration  (VIII-  1.1)  considers 
deviation.,  from  the  law  cf  ilarcys  it  hi  jn  rates.  Another  character 
hears  the  refinement,  exami ne/consider el  below.  We  will  examine  the 
cnly  iner*  la-iree  motions.  Let  us  assume  that  lesides  the  forces  of 
liquid  resistance  there  arc‘  also  resist  inq  rorces  whose-  value  does 
not  depend  on  rate  of  filtration  (although  it  depends  on  i fs 
direction;  resistinj  force  arr  always  directed  against  *he  speed  of 
relative  displacement) . 


Fage  21a. 


The  simpler. t case  of  system  with  such  properties  is  ♦ he  non-  Newtonian 
ductile  plastic  liquid  for  which  shearing  stresses  ate  connected  with 
the  gradient  of  speed  du/dn  )y  Bingham's  re  la  t i enship/ra  t i o f B 5 — B f > "J : 
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(VI1U.2) 


- In  this  t elat.  ion  ship/rat.  ic , besides  viscosity  p , ^nt^rs  also 
constant  r0,  called  the  initial  shear  stress. 


We  allow  now,  that  cccirs  the-  filtration  ot  the  liquid, 

characterized  by  two  constants:  by  viscosity  m an  5 by  characteri 
stress  r0.  From  dimensional  considerations,  just  ^s  in  chapter  1 

we  ob  ta  i n 


(VI 1 1.1.3) 
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. !.  • 'i . . a ssu  m t ,iit  1 1 < d t i v i nq  it  t h«-  po  ro  us:  mo<i  inn  1 i j o id 

f osso that  (lopcity,  t.iat  wit:,  in  i net  ♦ ise  in  t ho  i'to  rmat  io: 

rate  of  le  f or  ma  tior  t h-  va  1 no  rf  v i ocous  letorrat  ion  h«cora<>  , 

p redoir  ina  t in  j.  T ho  n it  at  inert  a:-»  in  * c*»  nt**  cl  filtration  t *io 

effete  ct  t i:.  [mraniet.ii  r0  mutt  asymptotically  decrease.  rh;  t moans 
that  function  i must  have  the  final  limit  «ith  rh  3 temCaicy  of 
arqu  merit  t c zero: 

/ (0)  = ' (VIII.  1/i) 


. Constant  • : t . per me anility  ji  t h«  *edium  in  usual  sense. 

Let  now  t he  filtering  liquid  po:  t 1 a t property  ( in  h ■ 'to  n t , for 

example,  i • iuc til  , ♦ ; liqui<  ) , that  >»  t b<  low  ; pe<  is  >i 


detonation  the?  stress;..?,  do  not 

de;  ‘ 

nd  on 

v._  ioc  it  y and  the  v do 

no* 

vanish  wit 

h a decrease  in  the  v> 

1 ce.  i 

t y cf 

shift/;. h-^ar  to  7,oro. 

T t is 

obvious  t ;. 

at  at  small  rates  of  t 

i It  r 

a * i c n 

in  expression  (VII.  I 

. 1)  t he 

rate  must 

disappear.  This  mean; 

that 
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. A.;  a result  dur  i nq  >]  tee  1 • r a ‘ i )n  cf.  filtration  to  zero,  t no 

pressure  jradient  approaches  the  final  (ncnzerc)  limit: 


(prad  />)„=- Y •- j-  ■ (VllU.f!) 


. mis  extreme  value  y determines  that  value  of  press 

gradient,  upon  achieving  which  begins  the  metier  of  liquid 
smaller  values  of  gradient,  the  motion  is  absent.  Value  y 
limiting  (initial)  gradient;  if  for  the  case  in  question  t 
value  exists,  then  they  speak  about  filtration  to  maximum 
gradient.  The  simplest  term  of  the  law  cf  filtration  with 
gradient  is  obtained  on  the  assumption  that  function  f it 


ute 

; a*-  tie 

is  called 
his  extre 
(initial) 
maximum 
i !■» 


represented  by  binomiil  expression 
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(VIII. J.7) 


to  the  satisfying  rela  t ionship/rat  ios  (V’IIl.1.4)  and  (vrri. 


1.6). 
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In  this  cm;  * , * i (VIII.  1 . I ) give!  (I  iq.  V 1 1 I . 1) 


grad  p — j-  a — Y ~ (u  > ^)> 

| grad  p | ^ Y (u  — 0). 


(VIII. 1.8) 


. T ho  law  of  i i 1 * r a ♦ i o t w i t !.  naximum  (initial)  gradient  win 

ut  il  i ze  i i : h y a t au  1 in.  rue,  1 1 *•  "|  a nd  i r cil-field  mec  ha  r,  ics,  t ir  st  or 

all  in  A . K ! . v ir  z a dz  c i r z ad*-  1 . works  with  c cl  1 r a 7 hhs  f dS , df , 1 1 / 1. 

It  i.  in  u..t , huw-v  :,  t - • rtf  that  the  relation ship/ ratio 

(VI11«  I.  b)  net  r«i:e!  r i 1 y ir  full  ill«~<l  accurately  sv«n  for  tun 
filtratior  of  Juctih  elastic  liquid.  This  in  easily  oxplicaale.  The 
total  i esist  in  . f otc<  is  cob  posed  ol  t hi  resisting  fore  as , which  act 
in  separate  pores.  It;  *•  n i - ca:  < , in  each  fluid  element,  the 
re  la  t ionsh  i [>/ta  t lo  between  "the  viscouf"  (p  d u/dn)  and  "the  plastic" 
(ro)  by  stress  coupon*  nts  deperds  not  crly  cn  the  value  ol  the 
average  speed  (iate  of  filtration),  but  also  frem  the  redistribution 
ct  the  rates  between  separate  pore  channels. 
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A similar.  phonc.t-'nop  occur:-,  durin  i t).<  motion  of  duct  i 1<>  plant  ic 
liqui!  in  one  capillary  (lu'te  redistribution  occurs  between  the 
separat*  layers  ot  liqui  i)  . As  a result  coir  iru  n ica  ti  on/con  n ec:  ti  or 
between  t h<  jump/drop  in  tnc  pressure  and  the  average  speed  for  a 
capillary  with  a radius  or  it  takes  the  for  m (Fig.  VIII.  2): 

(vi'u.9) 


Motion  in  capillary  ceases  with  the  presume  differential 


(VIII.  1.10) 


Motion  in  capillary  ceases  with  the  pressure  differential 


■* 
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. Asymptote  *0  the  lineal  t>ec  t i c n cf  curve  Ap//  _ v intersects 

with  axis  Ap/l  when  Ap  — '>l3i0l/H. 


let  no#  we  we  have  the  porous  which  consists  of  many 
icier  oca  pi  1 1 ar  ies  of  iifferent  radii.  Durinq  a reduction  in  th-3 
pressure  differential,  begins  the  gradual  "sealing"  of  capillaries. 
In  accordance  with  formula  (Vill.1.10)  at  first  the  motion  ceases  in 
the  snallest  capillaries,  and  with  a decompression,  occurs  sealing 
ever  larger  to  large  capillaries. 

Fage  221. 

It  is  clear  that  the  jioco  powerful  the  spread  of  the  s i7.e/1  i«e  nsions 
cf  pores,  that  more  is  expanded  transition  to  the  complete  cessation 


DOC 


Jh  1 1 H60 


P A (j  F 


f 

cf  motion  and  t h'>  j r ■ • < 1 * ly  lift*  is  ♦ r u<*  tot  it  of  the  low  ot 

f i It  r a 1 1 on  iron'  t . id  a 1 1 7ed  it  la  t ion  rh  i p/ nt  i c (VIII.  1.4).  , 

✓ 

However,  t his  -•xptossicn  can  make  disc  asymptotic  sense. 


descr  il  mi 

mot  ion  at 

relatively 

hi 

in  rates 

cf  filtration 

( u 

>> 

to^/v) • "it 

h this  ini 

o r st  an  d in  g 

t li 

e 1 a w o f 

f i 1 1 ta t ion  wit 

h 

max i mu  m 

gradient  (V 

III.  1.  8)  i 

escr ihes  t I 

ie 

h road  c ] 

ass  c f nonl inea 

r 

r i 1 1 L*a  t ion 

met  ions-  In  this  case,  it  is  logical  to  distinguish  the  trao  maximum 
gradient  y0,  which  cortfsjonds  the  complete  cessation  of  motion,  and 
the  maximum  gradient  y,  which  rot  responds  the  asymptotic  section  of 
the  law  of  filtration.  Wo  have  ty  order  of  value 


V Zfl . at  To 

y°  <-■.  y~-f.  (viii. uj) 


where  dmt„ c and  d - respectively  maximum  an  I medium  size  oi 

pore  channels.  For  the  media  with  strongly  heterogeneous  structure, 
these  values  can  he  distinguished  many  times. 


As  already  it  was  es ta 1 1 ished/ i ns t a 1 led  frem  the  dimensional 


7 >>  1 <-1  PbO 


PAUL  -**T  7^^) 


COC  - 


considerations,  c(/L.  Therefore  tor  the  it i i a or  *ne  uniform 
structure  of  V =»  To  /V~k-  This  r eia  1 1 c ns  h i \/ ra  t i c 

cstab lis hod/inst al 1 ed  ami  experimentally  was  proven  by  B.  r.  Olutanov 
(112  1 (it  hi.;  experiments  ct  value  y0  arl  y they  were  not 
dist  i run  ishe  1)  . 


3.  Let  us  illustrate  the  aforesaid  by  some  experimental  lata. 
Figure  VIIT.la-c  gives  data  on  t ho  filtration:  a are  water  in  clay 
(132];  1 - wa*er  in  argil  lized  sandr.tore  [162];  c are  oil  in  sand 

( 1 ].  As  car.  I..-  .seen  from  curve /yra phs,  expression  (VIIT.1.8) 
describe;  sufficiently  w,>ll  motion  in  all  these  caa°s  in  the  area  of 
compaL.it  i v el  y high  vu  1 oc  i t ie  s ; at  smtll  velocities  different  systems 
behave  differently. 


Or  the  basis  of  the  nonlinear  behavior  of  systems  at  these 
cases,  lie/rest  different  physical  mechanisms.  It  is  important, 
however  that  these  effects  ate  exhibited  at  the  low  speeds  of 
filtration  an!  in  the  media  with  a small  size/dimension  of  pores 
(grains),  i.*>.,  with  small  permeability.  The  relative  role  of 
nonlinear  effects  is  determined  by  the  parameter 
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S'=^-  s*  = ^-.  (VIII. 1 .12) 

nu  !'» 

. This  fact  letermines  the-  special  f ea ture/peculiarit  ies  of 

rcnl  inoar  filtration  in  hot  erogoneous  layers.  Tie  areas  of  small 
permeability  prove  to  bt  the  areas  of  the  naxinum  manifestation  of 
nonlinear  effects#  which  contributes  tc  the  supplementary  difficulty 
cf  motion  in  these  areas.  Let  us  examine  Miis  in  an  example  of 
fine/thin  laminar  1 iyer.  This  in  practice  this  case  wiLl  1 ead  us  also 
tc  some  new  formulations  cf  the  problems. 


o.oz 


0,05 


P.OJ  0 

a 


OJS  \ grad r^Kic/C) 


u,  cm/ car  w~3  ( 2 * 


. L**t  us  assume  t nat  t.  he  t.<  a bis  ate  numbers  1 in  th->  ascending 

cr'ioi  in  the  [it? raip.i oi  1 1 1 y.  In  accordance  with  what  has  i-*en  siid 
above  this  it.  means  also  that  the  values  cf  y<  decrease  with  ai 
increase  in  number  i. 

Let  us  retine  row,  which  i .*■  understood  by  fine/thin  layer.  We 
will  consider  lay'M  f in^/thir  so,  that  it  i£  possible  to  disregard 


pressure  change  in  thickness 


( t he  i e h y it  it  istumei  that  the 


ap  i r i n ; ;.otwe«n  CJt.'  I i y<  : . ; i ■ .»  j l • : 1 f 1 1 i i t-  . : 1 y i ; 

equalise!  1 ecaase  of  t.  !i  •-»  excitant;?  o;  * ‘ • 1 1 , ti  <4  ‘ tv  .» t i > . 


me  -/.ii  -,t,o 


as  I 


7U- 


Let  ui-  •{••♦(  mno  u r l«-r  1 1-  i : ; v;  it.l  . i Mu'  *<*cta  of  w - tv* 
a veta  k i * * ■ of  £ i 1 1 r i t ion  c l t )■  e 1 i ; u i a * h r ou  j h rhearea/sit  » v > ■ 
he  i.jh  t / a It  it  u ie  is  e tm  t i tr  * hickt  sn  cf  layer,  it!  w i 1 ♦ h is  e^ial  t > 
unity,  w*  ha ve  a 


y ^ Udi  — — 


V k,h, 

> — — grad  p ■ 


.i-i 


2 


grad  p 

' 1 1 grad  p ! 


(VII  1.1. 14) 


Ker<  the  number  of  the  0 A\  to  which  is  conducted  Mi 

addition,  ii  Intern1  in^d  ty  cbviour  condition 

Yy  < gradpsv  Y/+1.  (VIII. J.15> 


. With  |gradpi<Y,  we  have  w = C.  Net  difficult  to  sea  that 

the  motion  of  homogeneous  liquid  in  lairinat  layer  it  is  possible  tc 
examine  just  as  motion  in  uniform  layer  at  the  rate  of  filtration  ol 
w and  in  accordance  with  the  law  of  filtration  (VIII.  1.14)  (Fiq. 
VIII.  4a).  Thus,  i Ion.)  with  the  law  of  filtration  the  maximum  gradient 
(VIII. 1.8)  it  :naK“s  sense  * c examine  the  piecewise  linear  laws  cf 
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filtration,  i ■ sci  i i • i by  ;onvt  x lownwar  ! t tck  *-  n 1 ir>»  ( F i ; . VII  1.4a). 
It  ia  h«»ncc-  not  <ii  f tic 'i]  t tc  p a:.s  to  b - i no  co »t  iruiously  charged 
accord  it.  ; t > t he  th  icknoi-i;  of  1 ay*-  r of  per  n*abi  1 i •*-  y . In  this  car.  a,  i 
cbtame  •!  the  law  of  filtration,  dercrifti  1.  y ariitrarv  convex 
downwai  ! curv'1  (Fig.  VIII. 41).  finally,  -xaraining  the  simple;;*  rase 
of  the  two-layered  1 a y t in  which  one  cr  ♦he  layers  possesses 
negligible  maximum  jralient,  we  ol  f a i n ♦ h-  simple  piecewise- linear 
law  o!  filtration  (Fig.  VII I.  4c),  ir,  which  ir  is  poss  i Pi  e *o  trace  a 
series  of  the  special  f ea  t u rr/pecu  1 i ar  i t ics  of  ♦he  movement  of  ligui  i 
ir  latrir.ar  layers.  In  all  e rum  er at  ■> d cases  the  law  ct  filtration  in 
velocity  hi  | h area  it  has  rectilineal.  asymptotic  seCion. 

In  oil-field  literature  usually  divide  tne  cases  ot  nonlinear 
filtration  and  disconnection  of  the  separate  layers  of  layer  with  a 
change  in  ♦he  pressure  gradient.  This  separation,  apparently,  is 
irrational:  a change  in  the  effective  power  of  layer  not  only  it  is 
one  of  the  manifestations  of  the  nonlinearity  cf  the  law  of 
filtration,  but  also  it  car.  be  described  by  that  mathematical 
apparatus. 
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Sul  : ■•••;  uen  t 1 y w*  will  ret.  this  specify  especially,  hut  nm 
remeroter  1 1 it  everythin']  said  below  ihcut  nonlinear  filtration 
al low/as  urnes  direr*-  int«r[  rotation  in  connect  icr  with  motion 
laminar  fine/thin  layers. 


5.  i'v  supplementing  the  equation  cf  the  1 <i  v cf  tilt.ratiori 
equat  irr  of  con  ¥ i r.  u i t y and  ly  the  equation  cr  state  or  liquid, 
will  obtain  the  nonlinear  theory  of  clastic  inoue/con  i i t.ions,  o 
theory  of  the  nonlinear  filtration  of  q as , in  the  same  way  is 
was  made  in  chapter  IT. 


A 1 on j with  the  examined  piecewise  linear  approximation  of 
nonlinear  law  of  resistance,  frequently  is  encountered  also 
approximation  by  tie*  exponential  expression  of  the  form: 

u=  — / (!  grad  p |)  prnd  p,  (Vlll.l.lfi) 

where  f is  exponential  function; 


si  auld 
i r 


by  the 

we 

: the 

: h is  it 


/ (|  grad  p\)*=C\  grad  p |\ 


(VIII. 1.17) 
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Subsequently,  uowevoi , this  apj  to*  im*  i r.  <1  lino:  ♦ ev.  t y «*-- 1 e / i tin-: 
the  place  of  tie  binomial  a pf  t o x i tr  it  101  , < x i.nii>.‘  above.  I r;  r h *• 
last/lat*<'i  time  t he  power  law  of  lil^taticr  acait:  acquires 
indepen'len  + value,  since  it  describes  well  the  notion  of  a series  of 
non-Newton  ian  liquids,  includin'!  of  solutions  aid  polyf^r  melts,  in 
the  porous  medium.  For  such  liquids  the  cha rac t er ist ica 1 ly 
"pseudo-plastic"  behavior  when  the  effective  viscosity  of  lijuid 
falls  in  proportion  to  the  increase  in  the  deformation  rafe  of 
defor matior  and  index  a ir  positive. 

§2.  Sell-similar  solutions  cf  *he  problem  of  the  filtration  of  liquid 
in  the  nonlinear  law  of  resistance.  Filtration  with  maximum  gradient. 
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jliati*ies  of  the  appeannq  nonlinear  tasks. 


r ect  i 1 i nea  t- pal  all  el  motion  of  elastic  liquid.  Piecewise 
of  r il*- rat  ioii.  jet  us  examine  tiltrational  motion  lni^r 
ar  law  of  resistance  lr  the  conditions  of  elastic 
i o r. s.  Is  expressed  velocity  trom  the  equation  cf  tiie  law 
on  throu jh  the  pressure  gradient  in  the  form: 


(Vin.2.1, 
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Faqe  x2r’. 


Here  k is  permeability  of  t ho  medium;  p - t h«  viscosity  of  liquid;  y 
- t he  cimr  actoi  ist.  ic  value  cf  fresr-utc  jrulient;  4'  are  the 
di  me  nsit  n l«_ss  function,  which  describes  the  Law  of  filtration. 


Piuinq  *his  r.ota*ici.  it  is  assumed  that  at  the  law  of  filtration 
has  the  linear  soot  lot!  for  wliich  it  is  j oseib  le  to  determine  ratio 
k/p  (it  is  obvious,  mi;  i<-nui  rement  is  carried  out  for  all  examined 
in  hi  law.,  of  t il  t. : a*  . o n,  • ■ xcc  p t e xpone  r t i a 1)  . Fy  substituti  ng 
expression  (VIII.  2.1)  in  the  equation  of  continuity  (II.  1.3)  and  by 
count  ii.  i liquid  and  layer  elastic-deformed,  let  us  arrive  at  t hp 
equation  of  elastic  mode/conditions  under  the  law  of  filtration 
(V  II 1 . 2.  1)  : 


jr—y div  0 (-—)  tDhtt]  • (vr,,~~) 


. Here  x - the  pi^zoccnduc t i v i t y , calculated  by  usual  method  from 
the  above-determined  vilues  k and  p: 
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(VHI.2.3) 


a valut  i\  art'1,  n,  ♦.  ii »?  y ;iuki'  usual  sense. 


irvobon  j/t  dirti-W  *-*-*'$ 

Specifically,  r j!  cne-diu'iisiorul  ^ have 


dp 

t/r 


(VT 1 1 .2.4) 


. Lot  be  pxaninpd  the  sent  i - i n t i ni  te  layer  and  the  initial 

distribution  of  pressure  in  it  linearly,  hut  net  to  the  boundary  of 
layer  ar>  supported  constant  selection  cl  fne  pumping  of  liquid,  so 


that 
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dP  | 

dx  ;4f-0 


= 7?; 


p(0,  x)  = Ax. 


(VIII. 2.5) 


. It  is  easy  to  ascertain  ♦•hat  the  tas*  with,  such  conditions  is 

self-similar  arid  has  solution  ct  the  feme: 


P~yxf(lY,  l=>l/tx/\/Vt.  (VIII, 2. fi) 


For  function  f,  is  attained  the  ejuaticr 


(Vn,'2-7) 


under  the  conditions 


j. 


3~'-- • 
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f(o o)»^a;  + J-p.  (Vm.2.8) 


. »>  will  examine  the  piecewise  lineal  La'*  cf  filtration  (s* 

Fiq.  Vl 1 1. 4c)  : 


'ir  (y)  = i’!/  (ly  <1;  e < 1); 

'I'  (y)  — r si?n  y 1 y — sp»n  y (!  y ! > 1 ). 


(VIII.2.9) 


Faqe  22b. 


There  is  special 
is  obtained  the  law  of 


interest  in 
tilt  ration 


the  limiting  case  of  e -♦  0,  whtn 
with  the  initial  gradient,  examined 


above 
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t f o r a 

task 

can 
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ve  i l n 

i n 

e x f licit 

fern 

. h i uat 

into 

Uu 

1 i n e a r 

*‘<i  ila  t 

i c r ; 

■ : 

l/*  -f : 

2(1  + 

“)/'=0 

(I/  + 

If  1 > 1); 

«-?/* 

2(- 

; £*)/'«=  o 

(I/  + 

in<  u. 

(VIII. 2.  JO) 


. 7 h">  I.  5 : J e ) : .'line:  cl  tr.e  df)'],T8Ut  cf  0 < g <;  oo  is 

diviiie/mar  ked  off  on  several  sections  cf  (//.  /,♦  i)  in  such  a 

that  toi  each  of  t i *;n  is  iiadf  cr  • of  the  equations  (VIII.  2. 10) 
whereupon  on  id  j a ce  n t section.  so 1 ut i ot  sat]  f j f lit;  t m t 
equation...  The  number  and  the.  cnai  .ictf  i of  the  locatior  of 
is  easy  to  esta  bi  is  h/i  nst  a 1 1 f r cm  *l.e  ccnsi doi ati ens  of  contin 
if  one  considers  that  the  solution  > tG  eqi;  lticr:  (VIII. 2. 10)  i 

their  derivatives  ip  mcnotcnic. 

1.  If  gradients  A and  E (wc  will  call  them  initial  an  1 t'i 
- one  oijri  ard  ir  at' so  In*,  value  iron-  the 


os"  n 

1 Is 


way 

r 

t i c r 

ui  t y 
nd 


riu  1 


respect  i vel  y) 


critical 


coc 
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gradient  of  V (!“(>!,!  P|>  1,  a(f  >0),  tl.it  in  til  layer  i r • o i • i 

exceeds  critical  ir.  absolute  value,  r,n  mt  i if  d i r^c  r/stra  ioh  t 
0 < l < °°  if,  in  a d v - h-  first  f Uiition  (VI  IT, /.II),  ind  t a>  k i r; 
reduced  to  known  I inert 

2.  It  the  initial  and  lira)  gradients  cn  node]  is  less  than 
critical,  then  with  entire  straight  lire  if  made  the  second  eguatioi 
(VIII. 2.  10),  and  task  again  is  reduced  to  linear. 


1.  It  |a|>l,1p!<l,  then  on  the 

layer  section  of  the  10,/],  vher"  / 

deter  iri  r e.i , [ressuro  gradient  less  than 
second  ►•[nation;  in  interval  (/,  oo)  - t 


ad  gein i ng  the1 
- the  urknewn 
critical,  and 
he  first. 


boun dary  of 
boundary,  to  1 
is  made  the 


4.  if  <x|<l,|p|>  1, 
tour  l it  y >f  layer  is  made 
t*»»ain:nj  llt-line  - the 


then  with  the  section  [0, /I  near  the 
the  first  equation  ( V II  T . 2.  1 0)  , and  with 
second . 


t . Finally,  i ‘ the  initial  and  final  gradients,  exceeding  on 
*cdul« /aoc ul uc  critical,  they  have  the  different  signs  of 
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(•  at ' > 1 , PI>l,aP<0),  ther  1 1 

off  into  three  sections:  on  (0,/,) 
eq ud  t i on  ( V r 1 1 . Z-  1 0 ) , .-Mit  cn  (/ n ft) 


tar.  jo  ot  mctiori  i ; *i i v i ■'  =»/mar  ke 
and  (/j,  °°)  satisfies  * ho  first 
- the  second. 


Koi  each  section  solution  it  can  he  extiactel  in  in  explicit 

fctni : 


/ (*)  — Ci  + D\  [V^iT erf  g-f  g"1  exp  (-*g2)’; 

/(5)  = C,  + Z)t  [lATerf(5//e)  + r,VTexp(-We)]  (VIH-2J^ 


- respect  ive  1/  for  tis  first  and  second  equa*  ions  (VIII.  2.  10). 
Therefore  in  order  to  achieve  the  purpose,  sufficiently  to  find 
constant  C and  b the  boundary  of  /,  tor  all  sections.  Equations 

for  constants  are  obtained  iron  supplementary  conditions  (Vill.d.B) 
and  th*  conditions  of  coupling  cn  boundaries.  1 hose  conditions 
consist  in  the  fact  that  the  pressure  and  consumption  are  cont inucu 
cn  the  boundaries  of  section,  whereupon  the.  position  of  these 
loundarios  ie  determined  from  the  supplementary  requirement  f -it  Mie 
equality  of  gradient  critical. 
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Thun,  v/.  have: 


/(/  + ())  = /(/  — 0);  (/  ' y')/+,-(/  + 6/')/. o-±1.  (VI!  1.2.12) 


. The  si  • .it  jn.lor  the  1 ant/latt  er  com!  it  ion  (V  T 1 1 . 2.  1 2)  in  determine. 1 
from  1 1.<  consider  at  ion.  ; cf  continuity.  It  is  net  difficult-  * c check 
that  t r.f  condition:-;  (VIII.  ^.12)  together  with  t cumlary  conditions 
qi ve  as  much  equations,  an  unknown.-,  lias  in  task. 


L"t  us  examine  now  consecutively  those  three  of  that 
enumerated  a love  live  (.ossifcilities  with  which  the  tank  do 
transfer/ccn ver t to  linear.  For  cane  J the  solution,  which 
boundary  conditions  (VIII. 2. 5),  takes  the  term: 


which  were 
e s no t. 
sat i s t i e n 
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f (*)-  P — £>i  \Vn  erf  (l/V*)  -~t~'  V e exp  (-“/<?)’  (U  «:  5 ^ /); 

/ (?)  ^- a-f- 77,)/n  — [V^nerf  exp  ( -?*)'  (/ < ? < 00) 

(VI 1 1.2. 13) 


d f 1 o tr  conditions  ( V I I I , 1 ^ ) it  fellows  t.  ho  s y st  <3  in  of  ilqohiaic 
equations  lot  Dlf  D2  uml  I: 


a 4-  77,  V n erfc  l — sgn  u; 

P — 772  1/"  erf  = sgn  a; 

\ r K / 


(VII  1.2.14) 


. System  (VIII.  2.14)  a.;  is  easy  tc  verify  that  is  unambiguously 

solved.  Analogously,  in  t h»  can  o£  4 t Jio  solution  is  determined  t y 
ex  [ restion  .c 

Hl)  = $-Dl  [/JTorf  l + £-'e-5’]  (Oss|s£/); 

/(l)  = a-f-/?1l/jT  — Dt  \/~n  erf  + V*  e (/  < l < oo), 

(VII  1.2.  J 5) 

in  which  D1#  D?  and  [ are  determined  from  system 

u ‘ Dt  ]/ji  erfc  ^=-j  = sgn  P; 

P — />,  Vn  erf  l = sgn  P; 

.Jl  (VIII.2.1R) 

D.iyite  • = T),©'1'. 


. I.ot  us  now  meve  cn  to  the  limit  with  of  e -►  0.  In  this 

case,  in  accordance  with  ex{ression  (VIII. 2.9)  the  law  of  filtration 


■d 
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accepts  i i.  *-h.»  limit  the  rorm: 


M,(y)-=0  (|yl*sf); 

(y)  = y - Sgn  y (!y!Ss1);  (VIII.2.17) 


correspond  in  g to  filtration  with  maximum  gradient,  when  the  notion  of 

liquid  hey i nr  only  on  the  achievements  cf  the  critical  p>resstire 
gradient. 


Fage  228. 


This  law  of  filtra*ion  is  degenerated  and  icr  it  the  very  f or  m u 1 a *■  i on 
cf  the  problem  with  the  assignuent  cf  the  ruber  it ical  valu«  of 
pressure  gradient  is  doubtful.  As  we  shall  see  further  on,  the 
correct,  formulation  or  the  task  of  filtration  with  the  initial 
gradient  requires  in  order  that  cn  tcuncary  of  the  region  would  be 
assigned  not  pressure  gradient,  fut  rate  of  filtration. 


Let  us  examine  at  first  case  or  3.  Fica  system  (VJII.2.  14) 


it 
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follows  tha+  the 
more  b > 0.  Then 
last/1  at  n r e juat 
( V 1 1 1 . 2 . 1 4 ) . 


I -*  o with  of  e 0.  Actually,  let 
D?  remains  that  which  was  limitei,  also. 


it  remains 
from  t[.e 


ion  ol  D which  cor.  1 t a oi  cf  r the  firs4’  equation 


Ir  ol  i n to  und'u  rt.ir.a  t(,f  sc:.se  cf  the  obtained  result,  let  us 
examine  a following  special  case  of  the  dismantle'!  Let  the 

initially  stationary  filtration  flew,  pressure  gradient  in  which 
eiceei!  critical,  instantly  i‘  is  stopped  as  a result  of  the  fact  that 
the  pressure  gradient,  cn  boundary  becomes  less  than  critical.  I*  is 
possible  to  he  to  expect  that  r.oaj  boundary  appears  th^  stagnation 
zone  ii.  which  ‘ho  motions  re,  and  ‘her,  with  rc  no  va  1/d  i st  a nee  from 
it,  the  rate  of  motion  it  will  gradually  increase.  Solution  shows 
that  this  not  thus.  There  is  no  stagnation  zone,  and  motion  occurs  in 
all  layei , whereupon  ‘he  rate  ct  motior  monctcn ically  decreases  with 
the  approach  to  the  boundary  oi  layer  and  becomes  zero  on  boundary 
itself,  so  that  pressure  gradient  is  here  equal  critical. 


The  pressure  distribution  in  the  range  of  motion  is  defined  by 
the  second  equation  (VIII. 2. 13),  in  which  necessary  to  rely 


cor 
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p a <;  i; 
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/>,=*(sgn  a-a)lVn),  (VIII. 2. 18) 


as  this  is  oltained  from  the  formula  (Vlll.i.lti)  with 
not  difficult  to  see  -hat.  »-riis  result  dees  not  depend 
given  the  value  ot  pressure  gradient  cn  boundary  (P). 
Fig.  VIII. 5 gives  the  results  ot  solutions  for  P - T, 
values  of  8 ^P°  — £/(£)!. 


/ 
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on 
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As 
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nr 
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d t hr  eo 

In  the  case  of  ut  transition  to  the  limit  with  of  e -*■  0, 
obviously,  gives  the  limited  field  cf  motion,  which  adjoins  the 
tcundary  of  layer,  whereupon  the  remaining  part  of  the  layer  is 
occupied  with  stagnation  zone.  This  character  cf  solution  is 
perceived  also  directly  from  expressions  (VIII.  2.  IS)  and  f hit  system 
(VIII. 2. 16) , in  which  it  is  possible  tc  pass  tc  the  limit  with  of 
e -*■  U,  by  considering  l final.  Solutions  fer  p = 2,  a = 0 and 

three  values  of  e are  given  in  Fig.  VIII.fi. 
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three  7 onto; , and  f 
cf  equations  it  is 
analogous  in  its 
By  t r irsf er/con ver 

it.  is  possible  to 
gradient  less  thin 
layer  is  iiv  ide/ma 
toward,  each  other 
it  is  show r.  it:  Fid 


PAGfc 


f ‘j  , range  ot  iroticn  is  1 1 v id e/raar ked  off  into 
or  determining  unknown  icundari^s  and  coefficient;. 


nec  * r- : a i y to  exanir.  t rhe  rrynten  six  equations, 
tract  ur  e tin  systems  (VIII.  1.14)  and  (VI  II. 1.  If), 
tinq  in  this  system  tc  t h e limi*  wiMi  of  e -*•  0, 
ascertain  that  fhe  range,  in  which  *h-  pressure- 
critical,  decreases  *■ o 7.erc,  so  that  in  the  limit 
iked  ot  t ir.tc  t.wc  parts  ir  which  *■  he  motion  occur 
. Pr  *ssiit  f disti  ibuticn  fer  the  case  i - ?,  r8  = -1 
. V I I I . 7 . 


coc 
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Ever  yt  hin  j o b - u n > d in  the  limit  with  ct  - h 


6,-»0 


o f 

a1!  of  t wo 


disti it  ut ion  nave  point  ct  inflection  ir  the  place  or  the 
solution..  It  motion.,  initially  war  no-  (care  4),  then  -he 
dist  u r La  nce/por  t nr  bat  i o r.,  i nt.  i oc  uc  od  by  boundary  condition,  covers; 
only  the  final,  being  enlarged  an  -he  ccui.se  cl  - i:ne  region  of  layer, 
therefore  the  solution,  obtained  fet  ar  infinite  layer,  is  applicable 
without  any  reservations  and  tc  th<  layer  of  -he  tini-e  dimensions 
for  the  limited  time  intervals.  But  if  motion  in  layer  exists!  from 
the  very  beginning  (cases  1 and  B)  , then  d ist n r la nce/per t ur tat ior 
instantly  covers  entir*  layer  as  in  the  appropriate  tasks  of  elastic 
irode/cond  i - ions. 


2.  Axisymmetr ical  one-aimensional  motion  under  conditions  of 
elastic  mode/conditions.  Power  law  ct  fil-raticr.  In  the 
ax  isy  irmet  i ica  1 case  the  motion  is  se  1 f- si  m u la  t i ng  under  the  arbitrary 
law  ct  liltration,  if  is  examined  the  task  of  the  launching/starting 
of  the  norf  hole  of  a negligible  radius  with  the  debit,  which  is 
changed  proportional  to  square  toot  freir  the  time,  calculated  eff  the 
torque/moment  of  the  1 a unch ing/startin a cf  tore  hole 


'""EE- 
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Q(t)  = A\/ 7.  (VIII.2.19) 


Faye  2J0. 

A*  this  law  of  a change  i r.  the  debit  cl  fccre  hole  i4-  is  possible 
to  find  the  solution,  in  particular,  in  the  law  of  filtration  with 
maximum  jradi^nt.  r 49  ].  However,  the  artificiality  of  the  formulation 
cf  the  problem  lowers  its  (.racticdl  interest,  ard  ir  this  case  it  is 
necessary  to  be  limited  to  approximate  solutions.  At.  the  same  time 
under  the  power  law  of  filtration  (VIII.  1.17)  a xisymmet  rica  1 metier 
is  self-simulating  during  a change  in  the  debit  of  bore  hole  after 
launc  liny/startiny  in  the  arbitrary  power  law; 

> 
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<?(')  = <?**■  (vni.2.20) 

- I r most  common  totin  rht-se  typ>s  cf  metier  arc  eymine.-l  i r.  wc.tic 

[5];  Lelow  «o»  will  linit  ourselves  tc  the  basic  tor 

appl ica  t ion/a  ppendi  ces.  case  f = 0,  which  answers  the  instdr.Mnonr 

launching/starting  of  '■oLe  hole  wi‘n  the  ccnstart  debit  q.  wg  have 

for  distribution  pressui.es  p (r,  t)  taking  into  account  (VHI.1.17) 

equation 


<>p 

at 


(VIII. 2. 21) 


which  must  be  solved  under  the  conditions 
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/»(r,  0)  — 0; 


(VIII. 2. 22) 


. I ♦ 

se  If  -situ  u 


not  iifricult  to  se-e  that  the  solution  of  problem 
i nj  a:;'  i * it  i ;i  possible  tc  ftjrcl  for  in  the  form: 


/ Q N-a-f* *2_ 

\ C j 3n'la  a'1'2  ■ 


A = ■ 


(.'la  -f  2)Wa 


(VIII. 2.23) 


Silt  st  ituling  (VI11.2.2J)  u (VIII. 2.^1)  , we  obtain  equation 


^•{5!/'(Wa,,l  + Sl(a+l)6/'(5)-«/a)]  = 0.  (VIII. 2. 24) 
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qu a t ion  f V I 1 1 . 2 . 2 4 ) mu.  t.  t p :,cl  v e -i  un  1 1 r the  cor  ! i * i O' 


n ♦ 1 

Vn(;5!/'(i)!aM  = const  = (3a  + 2)  “ . (VIII. 2. 25) 


'Jit  her,  it  civic,  us,  that  with  ► oo  (r  oo) 

t ( P)  nui.it  ,i  pproach  0 itself  t c !j  <■>  t he  r with  it.s  derivatives, 
r.  ir  such  a way  that  utegral 


OO 

M=|  (VI 1 1. 2. 26) 
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would  remain  finite 
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r i cm  condition  ( V I I 1 . 2.  *r,)  it  follows  that  with  $ -*  o 


/'(!)**  -Ht-viMi. 


. With  a > 1 ((msp  which  us?  new  interests)  derivative  f’  (f)  is 

integrated  near  E = 0,  sc  that  there  is  a final  limit 


/ (0)  = lira  / (£). 
\ *0 


(VITT.2.27) 


. This  means  that  under  the  power  law  cf  filtration  (VIII.  1.17) 

with  index  a > 0 makes  sense  the  formulation  cf  the  problem  of  the 
selection  of  the  liquid  through  the  tore  hole  cf  a zero  radius  at 
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final  | r ' ;si]io  in  her-  hole. 


Further  a oni  (VIir.2.27)  a n i (VIIT.2.2J)  it  follows  that 


/>e==P(0,  t)  = Af(0)lf;  p = a/(3a  + 2),  (VHI.2.28) 


i.e.  the  pressure  in  boro  hole  changes  accord  ire  to  power  law, 
whereupon  the  exponent  of  this  law  « is  unambiguously  connected  with 
the  degree  of  the  law  of  filtration  a: 

P = u/(3a  i 2),  (VIH.2.20) 


a coefficient  a is  proportional  to  the  debit  ct  bore  hole  Q to  degree 
(a  ♦ 2)  / (la  ♦ 2)  . 

Thus,  the  obtained  self-simulating  solution  offers  the 
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possibility  or  *ae  experimental  de  torn  i n.ir  icn  Let  |i  index  or  i nd  the 
coc  ft  ic  i»  nt  C of  the  law  of  filtration.  In  .no  re  detail  abou*  this  it 
is  said  i r,  (),  where  the  law  of  til  trailer  is  represented  in  t h 1 f or  m 
of  the  1>  penilence  c £ pressure  gradient  cn  rite  ct  filtr  itior  a no 
index  n 1/  (a  ♦ 1 ) . 


§3.  The  approximate  solution  of  the  tasxs  or  nenstationary  filtration 
in  the  nonlinear  law  of  resistance. 


Above  have  already  been  examined  the  simplest  (se If -s i mul a t ing) 
motions  with  the  nonlinear  law  of  filtration,  however,  the  most 
important  for  appl ica t i cn/a p pc n d ices  task  ct  a x isy mm»tr ica 1 inflow  to 
the  bere  hole,  released  with  a constant  del  it,  under  conditions  of 
the  nonlinear  law  of  filtration  is  non- sel f -sin ula ting ; below  this 
task  is  examined  approximately. 


1.  Assuming  that  the  filtering  liquid  and  layer  elastic  are 
compressed,  let  us  write  down  the  basic  system  of  equations  of  task 
in  the  form: 


DCC 


7 r 2 0 1 f>  ) 


PAl.'r 


«.  v« [>  /'  jL v dp , _a:  i i* 

1 \ rtf  / * 01  m r Or  ' 


(VIII.3.1) 


He  it*  q - ru;  U - rr/v  is  a characteristic  value  of  rat^  of 
filtration;  y - the  ch i ractci ist ic  value  cf  pressure  gradient. 


Paqe  232. 


Fquatior.s  (VIII.  1.1)  they  must  be  solved  urder  the  additional 
condition:.,  which  coiresfcrn  tie  la u rch i nq/ s ta i ti nq  of  bore  nole  i 
the*  layer  in  which  initially  t he-  motions  was  not. 

Arsuine/tak  inq  the  initial  pressure  as  zerc,  we  have 

p(r,  0)  = 0;  q(a,  t)  = Q = const.  (VII1.3.2) 


Here  a,  a radius  of  bore  hole,. 
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Let  Ui-i  riccept  it  fust  loi  tin.  lav.  of  liltiation  the  oxprossion, 
which  corresponds  filtration  with  the  initial  gradient  (sop  Fiq. 

VIII.  1)  : 

l®U)!*S  1 0 = 0); 

^ (/)=/  + sgn 0 + 0).  (VIII., 1.3) 


Sufficient  accuracy  is  reached,  it  wo  draw  nearer  function  <i 


(r  , t ) by  ;,a  i abol  i 


<i0.  0 = <?(i  +-7-  + 1T-)  (/•*£/).  (VIII.3.4) 


the  corresponding  expression  for  a pressure  tak.es  the  form: 


P(r,  0 = :7r[ln7  + *(f-l)  + 7c(-^ — l)]  + Y(r-/),  (r  l)\ 
p (r,  0 = 0,  (r  3*  I).  (VII 1. 3.5) 
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. From  condition  j (1,  t)  it  follows  tc  c = -i-h.  For  determii 

rendinini  unknown  b (')  an!  ] (*)  w>-  use  * first  integral 

correlations,  that  ir  obtained  f i cs  the  second  equation  of  systnr 
( V 111  . J,  1)  at  ter  its  on  1*  i plication  by  r and  r?  respect  ive  1 v a n 1 
integration  from  0 to  . In  ti.it-  case,  in  all  intermediate 
ealeu  lat  ions,  we  disregard  ratio  a/  ir  comparison  with  unit/one 
(those  same  w<  are  limited  to  examina*  icn  only  sufficient  long 
times).  We  have  after  simple  ccmputaticns 


Qi*  (3  4 + 

f /» (8 -f  36)  + i5~]-  *°KUW+b). . (VI 1 1.3.6) 


. Excluding  from  system  (VIIi.3.6)  al  ter  nat.  ing/var  ia'Kle  b (t) 

and  introducing  dimensionless  variables 


• i r i 


j. 
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(VIII. 3. 7) 


we  obtain  fust  order  e-jiut  ion 


dk  10t—  7i  'iO  V h k‘i’ 

r.T  — 3X 4- 2/.  Vlk'!'  ' 


(VII  1.3.8) 


Fagf*  2 Si. 


The  unknewn  solution  to  this  equation  trust  satisfy  obvjou 


cc  nd  i t i o r.s 
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x (0)  ==  0;  M°o)=oo;  V(t)SsO  tipi!  t>0.  (VT f 1.3.9) 


. Condition  (Vill.3.9)  they  :;e[arate  the  unique  solution  of 

equation  (VIII.  3. 8).  Lo*  us  note  first  cf  all,  that  point  (0.0),  past 
which  must  pass  solution,  he  is  tot  equation  (VIII. 3. 8)  person. 

Invest  iqat  inq  it  or.  first  approximation  (for  example,  see  p 87  ])  , easy 
to  ascertain  that  this  saddle,  and  of  its  two  separat ri ces  , a a:d  !, 
which  pass  in  the  first  juadrart. , have  tangents  with  ir.  guiar 
coefficients  cl  1 and  1C/3.  The  second  cf  these  separa  t rices  as  i *•  is 
possible  to  verity,  it  loaves  the  first  quadrant  in  the  second,  and 
separatrix  with  the  initial  angular  coefficient  of  (dX/dx) — 1 
satisfies  all  conditions  (VIII.  3.9).  This  is  easy  to 
establish/install,  using  a phase  diagrair  of  equation  (VIII.  3.8), 
shown  in  Fig.  VIII. «.  Indices  C and  « here  noted  the  isoclinal  lines 
cf  zero  and  infinity  f on  which  becomes  zero  respectively  numerator 
and  denominator  of  expression  (VIII. 3. P)  ]. 

Let  us  find  for  function  X ( t ) asymptotic  expression  for  great 


* 


Ihl  01 RhO 


P Ac;  I 


ICC  = 


significance  ol  time, 
slower  thin  the  t*'*, 
contradiction.  Hence 


If  cne  assumes  that  x (r)  ijrow/ri  sps  f or 


then  ol  ( V 1 T 1 . 1.9)  we  will  obtain 


X (t)  --  ct’/‘  -j-  o (t’  •). 


(vm.3.io) 


u instituting  t!is  expression  i r.  (VIII.  1.9),  we  find 

Py  continuing  the  process  of  the  sequential  isolation 
of  terns,  it  is  possible,  to  obtain  the  more  exact  expression: 


i’1’ 


Jtf* 

4 


0(1). 


(vm.3.ii) 


. The  initial  section  cf  dependence  X (r ) can  be  found  by  the 

numerical  integration  of  equation  (VIT.3.H)  taking  into  account  the 
knewn  value  cf  A'  (0)  = 1.  The  comparison  cf  calculated  thus  the 

values  wit)  the  values,  given  ly  asymptotic  formula  (VI ll.  1.11), 
shows  that  already  with  r - 1 this  formula  is  accurate  with  accuracy 
several  percentages.  Dependence  X (r)  is  shewn  in  Fig.  VII  1.9 
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[initial  ::‘im  »:  curve  is  olfaitu  i ly  numerical  intc  jration ; 
fc 1 g i n n i ; i w i * r r = 1 - accord i ru  t e formula  ( V I 1 1 . 1 . 1 1 ! ] . 

Ey  knowin  X ( r)  , i*  is  po.ssiMri  tc  find  l and  c from  t h« 
initial  dilation'.  Mom  ( VI 11.  3.  f.)  a r 1 * t passage  to  d iirons  ionl< 
variables  v.  ha vo 

h 2T— H-'  :1  A - ’ - 3;  c — — 1 — I).  (VHI.3.12) 

K 


w i 1 1 small  t iron  X ( r ) as  t it  f c 1 1 c v>  s t c b Ci:  - 1 , c ~ G . 
r,  using  an  asymptotic  ter  mu  la  (ViII.1.10),  we  have 


b=— r=-  + o(r-v*);  c=-i--r=  ■ o(t (VITI.3.13) 
4 | ' tlx  4 / (it 
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/.  with  the  aii  of  t ho  method  cf  integral  corr^la^  i ons  it  is 
possible  tc  find  also  ~h<‘  solution  of  the  ptotlem  of  the 
launch  in  j/start  inj  of  bore  hole  in  nonlinear  tc  the  zon^  of  the' 
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filtration  of  t ho  t ci 


<p  (/)=■(//")"  o<«); 

q>  (/)  = / — n + sgn/  (jSsn),  (VIII.3.J(>) 


which  ir.  the  limit  with  of  « -*- 0 it  passes  tc  the  law  of 
filtration  with  maximum  pradierit.  In  this  case  th^>  pr‘jssur0  ir.  boro 
hole  p (a,  t)  changes  in  *-  i me  according  tc  tne  law 


1 -»  HM 

p(a,  0«w  — const -t3  '1  Q~  sn  4 ...  (VIII. 3.17) 


. J.  Let  us  use  the  now  obtained  results  tc  an  analysis  of  some 

data  cn  a stilly  ot  bore  holes  for  nonstationary  inflow. 


Let  us  make  the  at  first  following  observation.  Let  be  examined 
a change  of  pressure  p (t)  in  certain  fixed  point  of  the  layer,  tnt- 
motion  of  liquid  in  which  is  caused  by  the  launching/starting  of  hole 
with  a constant  debit  (specifically,  can  be  examined  pressure  in  bore 


I 

■ *■  — — ■—  ' - ~ : • • - ‘,*T. ■■Ti-T-n.T— - -r— — : - -W 


DOC 


7 h 2 C.  1 • mj 


” Adk 
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Layer  we  will  consider  uniform  and  nor  limited-  Let  us  select  certain 
time  interval  At  arid  examine  value 


A P(t)  = P(t  r-A ')-p(t).  (VI  f 1.3. 18) 


. Then  a change  in  value  Ap  (t)  at  large  ♦ depends  exclusively  on  the 
form  of  the  law  of  filtraticn  in  the  area  cf  lew  speeds  (the  more 
lesser,  thf  f he  more  times  in  question).  This  assertion  is 
sufficiently  obvious:  in  the  adjacent  tc  here  hcle  area  the  motion  is 

stabilized  and  pressure  distribution  turns  cut  +o  be  the  sam^  as 
during  steady  miotion  (see  also  chapter  III  and  IV)  . As  a result  the 
value  of  this  area  in  the  deviation  of  pressure  in  bore  hole  from  the 
initial  level  stops  to  chanqe  and  no  lcnger  shows  up  in  value  Ap. 

That  area  in  which  occurs  the  basic  rearrangement  of  flow  and  which 
gives  the  basic  contribution  tc  value  Ap  ( t)  , turns  out  to  be  that 
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which  was  uoval  rway  from  lore  ho]*-.  The  jre.iter  t ho  time  t,  that 
further  this  area  p.i  i act  les.  th  < l*  fore  (Mounted  *■  o hero  rater  o f 
filtration.  By  this  i proven  t hr*  f or  n u 1 1 1 ■» d asrert  ion. 


let  u:  <xaniin*  now  in'- lew  to  tore  t.nl*  under  conditions  of 

nonlinear  filtration,  but  with  that  addiricr.il  condition  that  at  i he 


ra  t.es  or  f ilt  r a tio 

r.  less  than  cert  ii 

in  u < 

Uo, 

t h- 

law  of  filtration 

can  be  a pp  t ,ix;  m it . ■ 

1 y represented  to 

s t r a l 

) h t 

1 i ne 

(as  in  Fig. 

VIII. 4a,  b,  C) . Th 

en,  is  shew i dhov' 

>,  the 

nature 

of  pressure  chamj* 

in  boro  hole  with 

1 on j tines  will  b» 

1 1 e 

suit-?  as 

in  the  case  of 

linear  filtration.  Specifically,  pressure  cnange  will  be  proportional 
to  the  debit  or  borr  hole  ^ and  will  linearly  depend  on  the  logarithm 
cf  time,  so  that 


&p(t)~-Q\al±*L. 

p(t)**C  — Q\nt.  (VIM.3.19) 


(in  this  case  value  itself  C can  nonlinear  depend  on  Q) . 


Let  us  assume  now  that  wo  analyze  a series  removed  with  the 
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different  i^lits  ) of  r .!•*  ^invi  : of  [.if  ssurt  cfan  j°  in  lior-'  holes. 

Then  wit};  .i  • if  f icier.  *1  y Ions  * : it.;  ill  t he  curves  in  cooi  lin-i^^s  hy.  - 
In  t it  will  have  >;tr<ti  jh*  t u Mor  according  to  which  in  the*  usual 
way  will  }>o  determine!  th<  hy  <)  r cco  f;d  uc  t i v i t y ct  layrr  kh/p. 


obviously,  which  Ices 

net  d c p<  m: 

on 

; (at  tne  same 

time  t h e 

the  lei  radius  of  the 

no re  holts 

o t 

a a a a a i a a will  p 

rove  to 

possibly,  t na*  depone; 

. c i!  0)  • fr 

t ho 

ether  hard,  i 

cha  n pe  i 

hydr  occnu  uct  i vi  ty  kn/^  with  change  c indicates  t}ie  non  1 i n°  a i i - y of 
the  law  ot  filtration  it  small  rates  (in  this  case  we  will  rail  th- 
law  ot  iiltraticn  s rhstant  ia  1- ronl i near  or  no r 1 i near ized ; +he  case, 
examined  above,  let  us  call  that  which  is  linearized). 


4.  Let  us  examine  from  this  viewpoint  the  data  [ ^6 ] (Table 
VIII. 1),  which  clearly  shew  an  increase  in  the  hydroconductivity  with 
an  increase  of  debit,  it  is  especially  impcLtant  that  this  effect  is 
dist  i ret  i v<-  as  pressuring  (where  it  it  would  fct  possible  tc  explain 
hy  crack  opening  with  an  ircrease  in  the  pressure),  so  also  to 
operational  bore  holes. 
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Table  VIII  - 1- 


(/I  H n r Hern T«nt. hup  rxnawiMiii 

^ ) 9kc  n ji  yam  hiioh  Hue  ckhhh<hhm 

1 

.Si  CHMrnilHU 

1 

ilefliir. 

f’lljSpntlJK)- 

.St  cKBawnribi 

AcfillT, 

! riuponpo- 

(2> 

!»•  'M  , 

f 

M/  cyniKU 

C'/' 

fi"J 

( </  j 

l CrT 

5t; 

j 

793 

828 

1 

1520  | 

152 

051 

757 

829 

j 

lid 

950 

5'.o 

/<>«> 

85 

875 

ti'.U 

f»5 

822 

1 2 •it; 

7 #i.' 

575 

1 

40 

070 

:.i! 

485 

22 

020 

:vs.\ 

;h  i 

in 

173 

2f>7 

i.tii; 

nit 

I ti08 

2ir> 

3200 

1222 

H«i7 

208 

29lo 

1 1 H_‘ 

«M» « 

15i 

2250 

1 Kfi 

02 

1700 

7 \'l 

*»"r> 

51 

1070 

r>*.  i 

507 

1288 

1 10 

812 

!)5ii 

527 

115 

770 

101 

720 

88 

555 

Key:  (1).  Injection  wells.  (2).  Operational  here  holes.  (3). 

hole.  (4) . Debit,  twenty-four  hours,  (f).  Hydroconduct ivit y. 
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Accor  J i r j to  that  mu  'h  was  .-7  atpil  above,  ♦ host  'lata  indicate*  action 
on  the  ;?  tat  i tied  con  i i t ions-  not  It  n"<u  i7«  1 laws  of  filtration, 
forecv'  i , ;.*jch  kind  nonlinearity  jo  aar.  if  Fated  ro*  direct  1 y neat  bore 
hole  (where  ‘he  nor.  1 if.  car  effects  of  a change  m the  effective  now-r 
cf  la  yet  a i **  reveal*?!  with  iiiect  observation  f 2)  ])  , but  far  from 
tote  bole,  in  the  r in  qe  of  the  ;.low  movement  of  liquid. 


Let  ns  atte.upt  to  now  quart  it  itively  describe  the  observe  1 


nor. li  neari  t 

y on  the  basis 

cf  t h ose 

exam 

i nod 

l n 

ra  ra qr  ) i’hs  1 a 

model  laws 

or  filtiatior. 

In  this 

cast  , 

W P 

wi  1 1 

proc-ed  trcir 

assu m pt i on 

dfout  the  tact 

1 1 at  tiit 

data 

r so 

l correctly  reflec 

depen  Ir  no  of  a pressure  increment  Ap  for  ‘ n»  comparable  intervals  of 
tiire  on  tut  debit  of  tore  hole  Q (so  that  the  observed  value  of 

kh/fi  *=» Qj&p ; for  greater  d*  tail,  see  f Ur.  ])  . At  the  same  time, 

assuming  that  occurs  the  law  cf  filtraticr  (VIJ1.J.  i)  or  (VIII.  1.  It), 
it  is  possible  to  establish  that  it  answers  t hi  Impendence  of  the 

f orm : 


j (i -»> 

UA).  . ( <J\  \~T^~ 
(w«)t  \ Qt  ) 


(VII  1.3.20) 
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Table  V I 1 1 . 2. 


' j ) .Ni  I'KHtl  >i«IIIIIJ 

t(t08 

1 529 

' 

12  HH  | 

1 

5 f 4 

f 24  tJ 

Vijiohou  ko;m)h|iji  uitt'irr 

(A> 

0,117 

0,28 

O.IIC 

i 

0.2/, 

0,74 

0,84 

M (3  > 

JloKH.iHTeJih  n 

0 

0,f>8 

0,56 

0,73 

1 - 

Key:  (1).  bore  hole.  (2).  Angular  coefficient.  (3). 
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The  angular  crocff  icients  of  straight  liner,  jiven  in  Fig. 

VIII.  1C,  uc  shown  in  T.i  b l<  VIII.,  toqrth'  r with  t he  corresponding 
them  values  ot  n.  A im:  e n ; I om  trfclr,  tic  results  of 

calculation  for  hoi  lOhu;  167  and  Idhe  in  lic.ite  inexplicable  rapid 


increase  in  t he  h y 1 

roc  on  i uc  t i v i 

r y 

w i 

t V- 

an  increase  in 

t he 

lobit.  It 

is  possible,  this  i 

; con ect ed 

W 1 t 

h 

t hf 

fact  1 1 a*  for 

1 oth 

the rote 

holes  (pressuiin'J) 

t hr'  a e r neaf  l 

lit 

y 

ca  r 

al.se  increase 

with 

a n 

increase  of  pressure  on  the  race  ot  bore  hole. 

For  remaining  bot«  holes  are  obtained  the  physically  allowed 
values  of  index  n.  However,  these  results  cn  nc  account  are  final. 
From  them  it  is  possible  tc  make  only  cue  reliable  conclusion:  in  the 
investigated  speed  range  of  filtration,  the  Directive  permeability  of 
layer  with  a decrease  in  the  velocity  irenot  cnically  diminishes  *■  o 
zero  (with  the  accuracy  in  question).  It  is  logical,  ’•his  damping 
filtration  it  can  have  fundamental  value  it  needs  a deep  study. 

The  results  presented  wore  obtained  ir  V.  M.  Yentova’ s work  [45, 

46  ]. 
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Chapter  IX. 


?RDB«-eM5  X* 

SPECIAL  aBHiTht  hONST  AT  I CP  A BY  IIL1PATICM  CL  HOMOCJE*!  EO  'IS  L10!!Ir'. 


1.  N c i i i-ot  :i  e 1 in  ic  ‘ il  * r .if  ic  n motion. 


until  now,  it  was  isr.uteil  that  the  teir  p-»  ratu  re  of  liquid  ct  qas 
during  th'-ir  notion  in  porcus  medium  remains  constant.  This  iiea  is 
connect*  d with  the  fact  that  temperature  chances,  which  appear  during 
pressure  chan  je  in  the  course  of  motion,  largely  are  compensated  for 
ty  heat  exchange  with  the  skeleton  of  porous  medium,  the  majority  of 
the  tasks:  in  which  as  examined  a change  in  the  temperature  in  layer 
as  a result  of  pumping  in  the  layer  of  hea t-t ra refer  agent,  for 
example  hot  water,  can  fce  related  to  the  theory  of  stationary 
filtration. 


However,  even  small  a change  in  the  tenperature  can  be  in 
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coc 
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frinci;  Jc  j^M.suifd  in  i u:  * i for  a n analysis  of  their  cu  usi  no 
hy  dr  c 1y  ra  m ic  processes  f W1\  Tnn-tott  we  will  examine  tie  r»*  the 
commo  r/.jer.e  r a 1/tot  tl  formulation  of  the  problem  of  the  non  isot.  h°rtn  ic 
trc^icn  ot  cotnpr  **.is  i Me  liquid  and  let  us  give  rclution  for  the  ca.se 
ot  the  lau  re  i m q/s*’  tr- i nj  cl  lote  hole  with  a ccnstarf  debit-. 

1.  P-  jocting  roqu  i lement.  of  isot  he  rmi  c lty  , we  must  add  to  a 
number  of  unknown  fuucticnf  oven  the  temperature  oi  liquid.  I*-  would 
be  possible,  using  in  equation  of  conservation  cf  energy  in 
connection  with  ii  juid,  to  compose  equation  foi  the  temperature  or 

liquid.  In  this  case,,  however,  we  would  clash  with  the  need  for 
considerinq  the  heat  exchange,  [rocecdirq  between  the  liquid  and  its 
containing  porous  medium.  The  description  cf  this  heat  exchanje 
requires  tie  study,  wnich  considers  iawt  governing  motion  ar.d 

heat  exchange  in  separate  pere  channels. 


In  order  to  avoid  the  connected  with  this  difficulties,  we  will 
use  tht  fact  that  the  heat  exchange  between  th<-  Liquid  and  the  porous 
wediun  occurs  over  enormous  surtace  (or,  which  is  equivalent,  the 
depth  ot  warming  up  is  very  small) , so  that  the  existing  in  certain 
tor que/momen t difference  in  t),*  temperatures  between  the  1 iqui  t and 
the  skeleton  disappears  very  rat  idly.  The  characteristic  t.  i mo  of 


7 h /_  C 1 H h 0 


coc  - 


t em  ( e r at  an  * balance  comprise*.-  ly  oi  ! r cf  value  )f  the  l'/a,  wner^  o 
is  co  -f t i «r  iont  ot  * termal  diflusivity  Ly  least  heat-conducting  fron 
the  contacting  media,  and  / is  a significant  dimension  of 
stiuctui.'  of  yote 


Fa ge 

Set/assu  mi  ng  /^lO'1  cm.,  a 10' 3 cm2/s,  we  have  a l -/a  \ ()  s. 
Thus,  the  recovery  time  ot  t cm  pe  rature  differences  (second  ini  loss) 
it  is  incomparable  1 ss  than  ♦ he  times,  characteristic  for 
filtration.  Therefore,  without  Lei  ng  interested  in  short-term 
effects,  w *-  will  consider  the  temperatures  cf  liquid  arid  skeletor 
equal.  As  i result  at  each  p.oirt,  will  fe  defined  t ho  united 
temperature,  introduced  ar  1 all  the  other  characteristics  of 
filtration  tlow,  by  means  ot  averatirg  cn  elementary  macro  volume 
(CCT.[  . F T . 1 ) . 


2.  Let. 
t y s u r f a ce 
balance.  By 
cf  liquid. 


us  isolate  now  certain 
of  S,  and  let  us  compose 
designating  thiouqh  the 
and  through  the 


volume  cf  V porous  medium,  limited 
for  it  the  equation  of  energy 
e the  specific  internal  energy 
the  specific  internal  energy  of 


1 ' 


cue  - 


A > ! 


t h«  • . ) : . > lid  skeleton,  w..  will  c t ta in 


V,  J 'emP  + RiPi  (1  — to).)  dV  — W - Q-0.  (ix.  J I) 


. lit  « t he  vo  1 nine  1 1 ic  integral  determines  the 

f a 11/ totd  l/coi  plet  reserve  or  energy  ir  “he  chaser  volume  (kinetic 
energy  on  t h«  strer  jth  ot  its  snail  t.<=>ss  it  is  disregarded)  ; Q is  a 
quantity  oi  heat,  nearanle  throuqh  surface  cf  .c  ; W is  work,  produced 
with  ‘ti>  • K‘(:tsa1  f crees  atov*  the  given  volume. 

H»  at  transfer  throuqh  the  boundary  is  caused  by  two  mechanisms. 
The  first  ot  them  - the  mechanism  of  thermal  conductivity  - is  not 
connected  with  the  displacement/moveno=rt  of  t|,f  macroscopic  volumes 
(not  separate  molecules)  cf  substance;  the  second  mechanism  is 
convective  - it  determines  hea+  transfer  with  the  macrovolumes  cf 
subst  at.o.  (owever,  this  separation  is  excessively  rough.  In  a number 
of  cases,  typical  examples  cf  which  arc  the  turbulent  motion  and  the 
rction  of  liquid  in  porous  medium,  is  possible  certain  intermediate 
situation,  when  in  neat  transfer  are  essential,  besides  thermal 
agitations  and  transfer  with  r h e avera ge/mean  notion,  even  transfer 
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with  rariuo:  sma  1 Iso  ll  •'  !■  viations  lion  '•h*  average/moar.  motion.  I: 

the  examination  ot  .'■>  •*»  cna  neutralize]  metier  eh  iract  • rist  ic.. 

a 1 c n * , i * i<  • ) : i it  to  oniti  1 1 J fluctuation  nechan  ism  i mi-:  >;  • 

co  nine  n/q- ■ ne  r al/ tot.a  1 * tn  - thermal  cor  1 uct  i v i t y.  In  order  to 
emphisi  i i f f f rem  t h°  us  ia  1 (iclecilir)  mechan  ism  ot 

1 t an s : ■ r , ir < inti  duced  t 1 • pts  cl  convective  liffusion  ind 

thermal  conductivit  y in  porcuo  au  iium.  Th»  be  it  flow  because  > t *his 
unite-1  n«c  ban  isb  oi  thermal  conductivity  i •-  determine]  h>  ■ xpr  -»snior 

J-  (TX-1-2) 


. T he  presence  in  the  equation  (IX. 5. 2)  ot  t he  tensor 

coeff  i<  lent  of  thermal  cond  unt  i vit  y instead  of  ct"-  scalar  coefficient 
ct  thermal  conductivity  is  correct-  I with  t re  lart  *-hat  the  process 
ot  thermal  conductivity  during  filtration  rcssesses  anisotropy,  since 
the  tensor  of  thermal  ccnd uct i vrt y no  lenjor  is  the  ‘-‘■n.:or  material, 
the  constants  of  liquid,  but  depends  also  cr  * 1 e harac ter i s t i cs  of 
filtration  flow  (first  cf  all  frem  rate  ol  t i lf  t c ion) . 
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This  completely  i : an  tlogouc  wi*h  t n e fact  which  occurs  during 

ccnvecti  v<  liffusior  • , t >»«?»er,  ur  like  t h-  case  of  ditfusi  • , 
the  coefficient  ot  t i?  • ■ thermal  cor.  iuct  i vi  t y of  tho  saturated  porou: 
irediuir  com  f a ra*  i ve  1 y ! ucly  depends  on  rate  of  filtration  r a 7 ■) . 

Therefor4  sufficient,  accuracy  is  reached  when  using  the  simplest 
co  rr  el  at  10  n 


. dT 


(IX. 1.3) 


. Taking  into  account  that  which  was  stated  above,  we  can  write 

dewn 


Q=  J («pe-f  q)ndS. 
8 


(IX.  J.4) 


Here  the  first  term  expresses  convective  of  energy  transfer  with 
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rrn 


p <\i;t 


?gv 


t h<  i v*  - i it.  ’D  o 1 1 o'. 


P .11  i r 

i • ■ ■ i-'t  -r  m i tiar  i cn  of 

work  c f 

the  external  forces 

'•  / 

)l  C 

will 

net  c 

o'.  ,iioi  i ra  v i t a t j ona  1 

force , S 

ince  further  wj  1]  ro 

**•  m 

«■ 

the  t 

in  wi,  icn  it . . va  l u e is 

substa r t 

ial,  then  everyth inq 

i t 

will 

come 

t o t.  r. 

* calculation  of  work 

of  the  f 

orces,  which  act  ove 

r su 

r f ac 

of  S. 

In  r 

! i:;  case,  it  occurs  th 

at  one  s 

hculd  consider  onlv 

wo  r k 

of 

normal  srp  (preiiS'.iro)  , and  work  oi  shearinq  stresses  can  1.  r 

disro jarded.  Actually,  work  of  force.-;  of  pressure  for  unit  tiirc  it 
comprises 


W = - \ pnu  dS  = - [V(pu)dV  = - [ZVPdV->$  pyu  dV . 


( 


. During  t lie  filtration  of  the  incompressible  fluid  of 

V u — 0.  In  this  case,,  usinq  a law  cf  the  filtration  of  Darcy  or 

Li  ■» 

y p = — yu'  we  obtain 


W*  «=. 


|iu*V 
k ' 


roc 


It  j c i • t 


" A 0 F 


. At 

the  :;an<* 

t l rue 

t CL 

wen  k of  shearing  sttesses  r,  w > :i  i v-*  t • 

follow! n j 

si  mple  ■ 

stixa  * 

c/e 

v.i  1 Urt Tien:  IV"  > 

^x  uS.  Bur  *1,0 

x «3  [Ul/I, 

w here 

1 is 

a s 

igr  li i ca nt  d i me 

rsici  of  por“  space. 

Therefore  W"  \iu*SH,  so  that  \V”/W'  kS/lV.  Hu*  k ^ /»  ( i r. 

actuality  even  <^ /*),  ratio  V/s  - order  L (significant  dimension 
of  the  range  ir  juestion).  Thus,  according  to  the  basic  assumptions 
of  jp"/ic*  aa  IjL  1 . For  gas  this  calculation  is  not  applicable, 
since  value  W is  close  to  ?erc,  l.ut  also  in  this  case  if  is  possit  1 
to  ascertain  that  W • is  negligilly  small. 


Substituting  the  obtained  expressions  in  equation  (IX. 1.1), 
passing  from  surface  integrals  to  volumetric  urd  using  a rb i t ra r i noss 
of  the  selection  ol  volume  cf  V,  we  obtain 


TT  lfmP  + eiPi  (J  — "01  V (*“P  — \ V T)  -f  V (pu)  = 0.  (ix.l  ,r>) 


coc; 
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1.  If  is  examined 
equation  of  energy  (IX. 
regarding  e + p/i»  = i 
continuity  of  V(“l>)  = 


the  motion  of  hcmoqe  r,«c  us  liquid,  then 
1.5)  can  be  simplified.  Using  ♦'he  fact 
and  on  the  strength  of  the  equation 
—d  (mp)/dt,  wc  have 


t.  he 
t ha  t 
of  the 


— v— 
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. It  i convenient  to  express  in  ♦ n i 5 equation  enthalpy  j 

temperature  ami  pressur--.  Then 

di  — Cp  (dT  — 6 dp) 


(('p  - heat  capacity  it  constant  pressure;  6 is  the  Ooul 

coefficient  of  - Them son).  Hence  we  will  c 1 1 a i n 


mpCp  1 T + c'\  + PuCpVT  = 


0 ( mp ) 


(H 


+ mpCP^  TP  + P“Cp6  XP  - V (X  V T).  (IX.J.li) 


In  those  regions  where  the  notion  cf  liquid  is  absent. 


which 


equation  transf er/ccn vert s to  the  usual  equation  of  thermal 
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(mpCp  C,)  ~ = \ {^S/T). 


. FilT.it ion  aotion  is  stabilized  considerably  faster 

thermal  ti^ld.  ThereioLe  appears  t ho  problem,  in  which  ono 
ccnsirjrr  cnlv  th'-'  transiency  ot  thermal  field,  the  problem 
convection  during  the  stationary  filtration: 

(mi'CP  Q ^-  + pCpnv7'  = p«CpS  VP-Vi^vT).  flX.  1.7) 

Comparin'!  the  second  terms  or  the  riqht  and  loft  ride? 
equation  ( I X . 1 . 7)  , it  is  easy  to  ascertain  tnat  already  at 
comparatively  small  rates  o£  filtration  thermal  conduct ivi t 
direction  of  the  motion  of  liquid  can  le  disregarded  “voryv 
besides  the  ranges  of  an  abrupt  change  in  the  temperature, 
real 1 y/act ua 1 1 y : 

( y (X  V7- 1 ^ il  _ a), 

IpeyTyn  vCpuL  k\p 


t ha  n 
should 
ot  hoa  t 


Of  tbs 

y in  the 

here. 

It  is 


rcc 


It  2 1 1 JnO 


p i ; (• 


( L is  a sr  jni f ica n t 
dista  lire  h ; a is  a 
cp  - 0.  1 i-oisp;  k - 

fce  have 

Flam  th^  given 
conductivity  causes 
heat  transfer  up  tc 

Fage  242. 

On  the  strength  of 
filtration  flow  usu 
thermal  coi.iuc*ivi* 


dimension;  Ap  - the  pressure  lifferential  at  a 
thermal  J l t f ts i v i t y ) . with  q ~ 10  3 cm ?/r ; m = 10 
10" 9 cm  ^ = 0.1  d;  Ap  = 10  kgf/cm?  = 1C!7  jy  n/cm? 

-££-~0,01. 

/c  Ap 

estimation  it  follows  that  the  thermal 

only  the  local  red i str iLuti cn  of  temperature,  ana 

large  distances  is  connected  with  convection. 


this  fact  thermal  conductivity  in  the  direction  of 
ally  they  disregard,  taking  into  account  only 
y in  the  direction,  perpendicular  to  motion. 
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u.  L<  * us  examine  new  the  fiotltn  cl  the  lau  nchinq/st  arti  nq  o 
qas  well  with  constant  output,  by  takir into  account  the  arpearin 
in  this  erase  changes  in  the  t<  mpeiuturc.  The  basic  system  of 
equations  car  be,  nejlectinq  thertral  cc  r d uc  t i v i *■  v , represented  in 
form: 


f>k  dp 
ft  dr 


7 ?;  q ( r , t)=-u  (r,  t)  f ,r; 

d (mp)  t dq 

dt  r dr  ’ 


r 9 dT 
r ~d7 


-”»(p<V+i>4=-+c,«a£_o.  (ix.j.8) 


Values  p,  f>  and  p are  the  known  functions  cf  pressure  and 


a 


t ti  e 


temperature,  in  particular 


'i-WCSSE 


CCC  - 7h,M1fef>0 


P t(p,  T)PT  ’ 


l‘,  f ik;  place  B = T/T 0,  p°  = p/p0< 

initial  (.rt  sj-urea  ar-!  t r m [ . i at  ure,  whereujc 
t e led  to  * he  torn1: 


p°  dpn  Q 

fi"i  b dr  r 

P ropo  v dS 
1 f iH  ) dt 

ftC'Q  /)p°  dp» 
zb  dt 


( Pn  \ __  x dQ  . 

\ib  ) r dr  ’ 

j?  ^8  _ , . dj^_ 

r dr  ' dt 


+ xpc°Z)-£-^-=o. 


(IX.  1.9) 


where  p0  and  T0  - thr 
r,  t hf  system  (IX.  I.?)  will 


(IX. MO) 


Here 
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■-JL.  Q 

!'o  ’ 

£sl  ■ ft  - 

n ’ 1 ( 


wni<  ^ " 
*•/>! 


x - 


APo 

|l0m 


. /)  _ *£<L 

) pift^o  ’ r0 


m p o 


(IX.1 .11) 


a subset  i t ■ t z*  r o nenu;  that  the  cot  res  f c nd  i nq  valuta  di“  at 
with  f - : „ , T = T q . 


Systotr  ( T X . 1 . 1 1 ) must  be  rolv°d  urdec  thp  followiny 
s u F f 1 *’  m < it  t at  y coni  l turns: 

P°(r,  0)-l;  0 (r,  0)  = 1 ; Q(0,  ()  = Qt.  (IX.1.12) 


It  is  easy  to  ascertain  that  the  fcraulated  problem  i 


r * trun 


self-similar  and  has  solti tic n of  the  ferm: 


roc: 


1 1. 1 1 HhO 


!'  m;  b 


7?3 


whert-  | 
rqua  t ions : 


p*~p*(IY>  <?  = ?(?);  l = l/t*/V*i,  (ix.1.13) 


triil  J niti.jty  t hr-  systfB1  of  » hn  ordinary  d i f f ( r<'tit  ia  1 


_•>«_£/_ £Q_. 

ill  V J ill  ’ 
ip”  rfp»  .. 

1I°2H  d\  ~ "• 

[***(<  +&£-)  +PC*  D(?]  if  _ 

Pf>(°°)=i;  V(oo)=i;  Q(-l-O) 


(rx.i.j/i) 


k. 


line: 


7f,  . 11  rtbO 
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fysrcri  (IX.  1.14)  can  If  integrated  numericallv. 


Problem  (IX.  1.14)  a 1 low/as su m es  also  ♦ he  nut  t icient  ly  s i n p ] e 
approximate  solution,  based  on  what  the  distort  ion  of  velocity  ti^lds 
under  the  effect  of  temperature  changes  is  small.  Actually,  'xamining 
a change  in  the  temperature  of  the  particle  of  cas  along  its 
trajectory,  it  is  possible  to  sho»  that  the  temperature  differs  from 
its  initial  val  u**  for  the  value,  which  loes  net  exceed  * he  value  of 
the  integral  Joul«  eftect  of  - Thomsen  during  a change  of  the 
pressure  from  t h«  initial  p c to  the  existing  at  the  particular  point 
layer  of  pressure  p: 

! A71 ! ^ ! j'  6 dp  , 

i Pt 


(rx.i.i5) 
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. Fir  natmal  juse;:  t he  ,Icn  !r  coefficient  cf  - Thomson  6 

C.  <4-0.r.°  C/  (k.jf/cm*)  . T i:  ° r j t o t e outside  the  uitect  vicni  i ‘y  o I t hr 
gas  w *- 1 1 of  change  * 'inrpiat.i]rt  s ir-  v>  i y snail.  N&ar  hole  • he 
distribution  of  tne  m:?£  rate,  of  filtiiticr  stabilized  is  th*»  sa.no 
as  during  steady  motion.  Thouloio  without  special  error  i t in 
rossibl>  tc  accept  i s roc  isothermal  motion, 

Q = Q* exp  (-5*).  (IX. 1.1(5) 

. Lot  us  assume  now  that  the  pararrotcrs  of  the  problem  make  it 

possible  to  fit  this  value  of  ?*  « that 

Q*  1 n2  i*  « 1 (IX. 1.17) 

and  at  tho  same  time 

l\  « VC°Q0.  (IX.1.1S) 


The  first  of  these  inequalities  provides  the  smallness  of  the 
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Cur  i n <j  t ho  c x ec:a  t i c n of  inequality  (IX. 1.17)  for  F > f * we  l.  -iv- 


I*  (1)  = l+,/,z„^„Ei  (-£*). 


(IX.1.19) 


. After  tni^.  t lo  iistribution  of  temperature  can  bo  determined 

ty  the  direct  integration  ct  the  third  equation  of  system  (IX.  1.14); 
then  it  take:;  f he  f oi  m (disregarding  by  low  terns)  : 


H_  j — D (l  — p°)  — ^~2~  z»Qo  Ei  (-  (IX. 1.20) 


. 1 r>  ran qe  F < f ♦ on  the  strength  of  inequality  (IX.  1.18)  the 

last/latter  equation  (IX.1.14)  is  simplified  and  assumes  the  form: 


r.  dp" 

~d%=D~d r-  (ix. i.2i) 


1 1 1 


DOC  762 IIHbO 


wfi^nc. 


\-D(p°-ply, 

(IX. 1.22) 


. Substituting  h «•  r r ex  fret  ;ion  (TX.1.2C)  ami  taxinj  in’-)  account 

(I  X . 1 - 1 H)  , „ <,.  obta  i n 

8=1  — /)(1—  p®)  — zaQ„  Ei  ( - l£2s.)  . (IX. 1.23) 


. This 

e x p re  is  i 

shows  ♦ h 

i * l n t h 

• ’ IP  inf 

solution  of 

a chan  jo  i 

n t n o *0111 

p e r a t ui  < 

ar  so  ill 

long  times) 

they  re)  on 

t on  the 

a f j i opt  i 

ate  i c;  a l c 

self  - .,rra  l L l l 
£ ( i . < . s u f f i c i » n t 1 y 

ot  pr>  uuurn  char  jo. 


Taking  into  account  the  d t pen  den « ct  temperature  from  pressure 
(IX.  1.2  I)  the  density  p and  duct il i t y/t cug h nos£/ v i scosi ty  ^ jar  in 
close  to  the  hole  of  the  ranne  where  the  deviations  ot  pressure  from 
the  initial  value  ate  great,  prove  tc  be  known  functions  one  only  of 


cor 


/ <r  2 1 1 « h 0 


n a ' ; f 


I rossui  T h i'l  11  for  ■..*  it  i ;•  posti  hl<  ♦ r rr  i n * p re  ssure  d i s t.i  L h U 1 1 or 

in  the  tin-jo  small.  F.  I n t LOiiuc  i ry  t h « i me  ns  ic  i f unction  of 

Leybenzor 


p* (p°) = i - r —p-*p° 

v/  J n«z 6(p°)  ’ 


(IX. 1.24) 


we  hdVt  for  it  approximately 


/**(P*)»l  + j9.Ei  (-£*);  g<6,. 


(IX.  J.25) 


Faije  2US. 

Systems  dependence  P * (p°)  on  In  t,  it  is  possible  to  lotine  )y 
usual  method  (in  the  same  way  as  this  was  made  in  <J4,  chapter  V)  the 


► 


i 


coc  - n>.  11  o 

para»et**is  >f  layer  • i<inj  ‘1.  roi : ect  in  intc  account  for  the 
nen isct  lior  r i 1 <•  ha i i • t ■ r of  it ct  i rr. 

Ti  e attained  a l*o  vo  singlt  apj  toxiiate  so  1 lit i on  will  acre-  wp]  ] 
with  t h<  r • i u 1 r ; >t  t:».?  numerical  integration  c 1 ; vs  ton  (IX.  1.14) 
which  vd.  carried  out  tor  several  values  cf  hi  parameters  of  the 
problem.  Ti,.?  cone  1 u sion/de r lvation  about  lineal 
ccmsunic.ition/comect  icn  between  changes  in  the  pressure  and 
temperature  is  confirmed  by  M.e  exr  eri  sent  a 1 data  [41-],  obta  ir.ed  on 
the  holes  of  shekel inka  gas  field.  As  can  he  seen  from  Fij.  IX.  1, 
experimental  points  lie  down  well  * o the  straight  line,  angular 
coefficient  or  which  TO,  41°  C/  (kjf/cn?)  is  clcse  ‘o  the  value  of 
the  Jcule  coetticient  cf  - Thcms.on,  calculated  from  the  th  er  modvr.  a mi  c 
functions  of  gas.  The  results  outlined  here  art  obtained  in  V.  w. 

Yen t ova's  work  [44"). 


§2.  E lasto-plastic  mode/conditions  of  oil  stratum  f 20,  21  ]- 


1.  During  the  derivation  cf  the  fundamental  equations  of  the 
theory  of  elastic  mode/cond itiens,  we  assumed  that  the  strain  cf  the 
skeleton  of  porous  medium  during  a charge  ct  the  pressure  in  layer  is 
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layer  w • r <■  small  i n co;n[  ir  i:oi,  with  M f me  i ul  i cf  ••  la  : t i r i ♦ y t f ( ho 
liquid  tv'  of  ’ ti^  material  ot  torous  skr  lpton,  aril  the  ve*iy  material 
of  skoltor  usually  13  the*  completely  frit  tie  t.  civ,  whicti  ir  ■ 
df  touif'f!  elastic  up  t o drstruct  i or  . 


H » • v < l t .1  e 1 *■•  ss  at**  if-terwiret*  indications  f 1 c (l  ] t h o tac  ’ t t.  a t a 
change  in  the*  porosity  cf  the  tork/ypet  ie.  , which  compose  oil 
stratum,  with  a change  ir.  the  pressure  cf  liquid  tears  inelastic 
character.  This  form  of  a neldi  ♦ iei  t y ir  typical  f u the  nlastic  i.tat-* 
cf  material.  The  character  cf  comm  tin  i ca  t ic  n/c  c r rec*  ion  he*  weer. 
strain:  ar.d  stresses  depends  suhst  irtially  cn  tho  direction  or  ere 

process  of  deform  t ion  ir.  i ever  on  its  entile  prehistory. 

Tte  ♦ypical  diagram  of  tre  deicrma t icn  of  plastic  material  is 
shown  in  Fig.  IX.  2.  later ial  underjeos  leading,  beginning  from  the 
undef  oi  meii  state.  If  w-*,  aftei  achieving  certain  stat**,  initiate  to 
unload  material,  then  instead  of  the  return  to  the  initial  state  will 
le  obtained  some  new  states.  Discharging  occurs  in  the  manner  that  if 
the  modulus  cf  elasticity  of  material  increased,  with  new  load  the 
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»at<?t  ir  . * i in.;  f o i • 1 on  t y unit  i ; i n . cutv<*  urt  i 1 it  ac q ui  re  s 

befcrt  t l.i  f, o t i iMctic  t i t itf. 


Cua  1 i * a»  i v<'l  / r im  1 1 i 
porous  .t * iium.  Figut-  IX. 

for  Sd(  ) i;  1|(fV  S, 

V iJiua.,  :i.  "Ti'T.  HIT  T TiTTcri 
fcr  its  "i  l.ist  ic"  .:h  irn't“r 
deformations  of  separate 
char. ges  in  their  relative 


r picture  is  detected  with  the  strain  of  the 
i : ho  k . the  kten  icncc  of  porosity  on  load 
male  jous  }e[»  rif nc°  cccurs  also  for  other 
Tor  The  Tact  that  j change  in  the  porcsity 
, t he  y art,  it  is  natural,  not  the  plastic 
■/rains  of  skeleton,  hut  the  irreversible 
location  (repacking  cf  grains). 


Fig.  IX. 2. 

Key:  (1).  Load.  (2).  Discharging 


0 70  60  60 

naipyma , Kccjcn  i(  / J 


Fig.  IX. 3. 

Fey:  (1)  . Load,  kgf/cm*. 
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The  poss  i hi  1 it  y ot  the  re  pa  ck  1 n-j  01  particles  of  the  porous  in- ■ 1 i u n 
qualitatively  Iit'fors  its  behavior  from  the  behavior  of  the  mt  ri 
of  the  skeleton,  which  does  not  contain  pcLts. 


nir-cussinq  just  as  whf  r.  dei  i viny  the  equations  of  > ic 
■ ode/conditions,  lot  ns  assume  that  the  porosity  is  function  one  oi 
cf  pressure  an*  first  invariant  of  th°  tenser  cf  the  fictitious 
stresses  in  the  skeleton: 


m ~ m (p,  B);  B=---~  o',. 


(IX. 2.1) 


It  accordance  with  this 


\ 4p  )»  dt  (,  OH  }„  dr 


(IX. 2. 2) 


(derivative  in  terras  of  p is  undertaken  with  constant,  y,  and 
derivative  in  terms  of  H - with  constant  p) . 


r,rc 
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A;,  “his  was  already  shown  w ho  n deriving  t ho  equations  of  elasti 
roodo/cond  i t ions  (s*>*.  chapter  II,  *2)  , pressure  chanqe  is  c om  pe  nsa  tori 
fe  i>  y a change  in  » h«  stresses  in  sk*  letcn,  sc  that 


«L<e±£l  = o, 

dti 


(IX. 2. 3) 


- In  other  words,  the  sum  of  pressure  and  first  invariant  of  tj. 

tensor  oi  fictitious  stresses  is  constant  - it  is  balanced  by  the 
mass  of  tni  superincumbent  r oc k/species , wnich  virtually  is  not 


changed. 


A change  in  the  porosity  of  the  medium  with  a change  in  the 
pressure  of  liquid  with  constant  0 is  caused  exclusively  bv  the 
elastic  deformations  of  the  material  of  skeletcr.  Therefore 
independent  of  the  direction  of  deformation  it  is  possible  derived 
(<fm/tfp)e=  \/Ka 


tc  consider  constant 


Ir  contrast  to  this  the  dependence  of  porosity  or  the  first 
invariant  ol  the  torsor  ot  fictitious  stresses  is  substantially 
i r re  vcrsihle. 

Fa  ge  247. 

Let  us  assume  that  it.  is  described  ny  the  dependence#  similar  tc  the 
given  in  Fig.  IX. 2 dependence  of  m or.  stresses.  L ?t  us  assure  further 
that  in  layer  occurs  a single  increase  in  the  fictitious  tensions,  it 
is  possible  with  their  subsequent  decrease.  On  the  strength  of 
equality  (IX.  2.  J)  this  corresponds  to  the?  initial  decompression  with 
its  suhsrguent  partial  increase.  Tnis  diagram  is  of  considerable 
interest  in  connection  with  the  tact  that  during  the  first  stage  of 
the  development  ot  petrel ium  deposit  usually  occurs  at  first  a 
decompression  on  deposit  as  a whole,  then  follows  the  period  of  the 
partial  recovery  of  sheet  pressure  with  the  aid  of  the  secondary 
methods  - in  essence  of  postcontour  and  inner-contour  water-flood. 


In  accordance  with  *hat  which  was  presented,  let  us  assume  that 
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the  initial  f ressui  • in  layer  p0  tirst  a c r c ton  i ra  1 ly  descends: 

Op/at  < 0.  In  thi.;  case,  dB/dt  0,  and  it  is  possil  le‘  to  c >11- 

the  derived  (dmjd B)p  ot  corsta  it.  and  equal  to  certain  value  1/K,. 

During  a pressure  increase  ot  (dB/dt)  <.  0,  in  derived  (dm/d S)p 

takes  certain  another  value  1/K2.  The  discharqinq  is  "pore  riqid"  - 
usually  t tie  mod ule/ mod u 1 us  ot  discharqinq  K2  more  the  modu  lo/m  cdu  lus 
cf  load  K,.  'the  new  loadinq  ot  t|1(  section,  already  subjected  t <; 
discharqinq,  occurs  with  that  value  ot  mod u le/mcd ulus  K,. 


Thu.  , tor  the  characteristic  cf  dependence  of  m on  9 is 
suificioi.t  tc  ussijn  t wr.  value  of  the  ircd  u le/mcduli : K,  and  K?  aid  t 
indicate,  to  which  from  them  one  should  use  at.  each  *his 
torque/n.omen  t.  Ttiis  is  easy  to  make,  it  introduce  the  concept 
about  tn*'  maximum  durinq  tjr.*ii  e history  of  loadinq  value  O. 


(*,  t)  — max  0(r,  t). 


let  us  r>>ly; 
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Then,  obviously,  it  is  possible  to  write. 


T7  np" 
T7,  "P" 


^r>°: 


OH* 

Hr 


0. 


(IX. 2/.) 


. If  we  pass  tc  pressure,  then  takinq  intc  account 

is  possible  tc  introduce  function 

/>*(*,  t)  ---  min  p{x,  t)  (IX. 2. 5) 

O^T<( 


and  to  rewrite  relationship/r^tio  (IX,  1.4)  in  the  form: 


a7  "p" 
T7  np" 


(IX. 2. 6) 


(I  X.  2.  !)  it 


7/o 


. Now  it  is  possible  +o  extract  the  complete  system  of  equations 

of  the  f he  cry  of  the  e 1 ante-}  last  i c mode/cc  r;i  i t ions  of  oil  stratus. 


Faqe  248. 


Let  us  write  the  equation  of  the  continuity: 

d (mp)  ...  ■* 

—ft Mivpu  = 0.  '(IX.2.7) 
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will  co  nr.  i : r 1 i i uid  elastic,  an  i filtration  - 1 y t h<> 


t o the 

law  of  '1  a i 

c y s . 

The 
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analogously  with 

ol  the 

e uat i cns 

o 1 

<■  las 

t ic 

IT  Clip 

/r.  cid 

i t i on  s,  let  us  ari  iv1 

1 o « i rn. 

£iy  steal  of 

tela 

t ioi 

:sh  i 

I / r a t 

ios  : 

T = (»X.2.8) 
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X X. 


' "P"  ^-<0; 


npn  % = & 


_! — J.  | 1 I _j_ 

^ i ^ m rri  h i m K 


I 
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I 


I 

m A" 


(IX. 2. 9) 


it  is  determined  by  relationship/ ratio  (1X.2.S). 
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1 r.  spite  of  re 

semblance  t c 

1 1. 

o equat. 

ion  c f elastic 

it ( de/  coi  iitions,  >q 

ua  tier  (IX./ 

. H) 

t a king 

into  account  (IX.P.y) 

i 

nc n 1 i nea r . " e no n c 

ill  me  r f r.  rls 

Of 

it.-  r C ] 

ut inr  do  not  ? xist . 

Virtually  it  u , rse  c>,s  ; i r y *c  d i v j 1 ^/n  a i k eft  t he  r a ri  jo  of  ncior  or 
sevpial  zon**.-,  tor  mart  of  which  if  coitPCt  the  ^nation  (IV.?.H) 
from  x=x,,  and  for  t hr  others  - t hr  same  equation  front 
x = x*-  For  each  zorf  t tie  equation  is  linear.  Therefore  the 

nonlinearity  cf  pr  o 1. 1 - - m i s e x h.  it  i t -d  or.ly  c r.  the  existe-i.ee  of  the 
unknewr  in  I . iy.  of  * he  action  of  the  different  t ermr  of  equation 
(IX.  2 - H)  . 


the  formulation  of  the  basic  problems  for  the  equations  of 
e la  st  c- 1 last ic  mo ie/conditicnt  coincides  in  essence  with  the 
formulation  of  the  problems  for  tf,e  equations  cf  elastic 
mode/con  i i t inns.  Certain  special  f ea  t.  ur  e/ pecu  1 ia  t it  y lias  only  in  the 
fact  tlat  during  the  laying  out  of  the  range  cf  motion  to  7.ones  is 
necessary  additionally  to  indicate  conditions  ter  the  "seam"  of  the 
solutions,  obtained  tor  different  /.ones.  These  conditions  make  usual 
physical  sense:  the  equality  of  pressures  and  fluid  flows  on  both 
sides  of  band  edge,  whence  wo  obtain 
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/>♦(*,  t)  — p_(x,  /)  = (); 


op.  h.  0 

i lx 


&P-  U.  ') 
ox 


= 0 


(!X.2.1(i) 


(is  here  taken  into  axcunt,  ttat  r he  /cues  art-  dist  inguished  only  by 
the  cuvor  bulk  modulus). 

1.  Lot  us  examine  as  an  example  the  jrcblcn  of  the  rcr ov-ty  of 
pressure  and  layer  wi*h  the  cessation  ct  the  operation  of  gallery  in 
infinite  layer. 

Let  the  initial  pressure  in  t tie  layer,  on  boundary  of  which  (x  - 
C)  is  a drainage  gallery,  constantly  is  equal  to  P.  Let,  further,  at 
moment  t - 0 pressure'  on  gallery  fall  tc  certain  value  p0  < p ana 
remain;  constant  for  a period  of  time  T,  whereupon  the  selection  of 
the  liquid  thioujh  gallery  teases,  and  pressure  in  layer  it  begins  to 


be  it  ‘oi.’d. 
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In  the  one-d impns icna  1 motion  in  question  Hip  f re.ssur  < sjti 


s f 1 PS 


equations: 


HOC 
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dp 

dl 


dp  dip 

nr  ~ K-  nF 


(~>°)-  (IX. 2. J 1) 


under  t h*  conditions 


p(x,  0)  — /’;  />((.»,  n ^pa  (V<t<T); 

dp(Q,J)  _Q  (t>T).  (IX.2.12) 


- It  is  obvious  Mt at  the  plane  alternating /variable  x,  t 

di vide/»arked  utt  into  two  range  by  lire  x = p (t),  on  which 

dp  = f. 

dl  <)x*  " U‘ 


• This  line,  which  depicts  the  wave  frcnt  cf  discharging, 

in  the  point  of  the  exchange  ol  the  boundary  conditions  x = 0, 


beg  in 
t = T 
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and  i : moved  . 1 1 a s • ot  t :r*  t ti  • i ep th  of  Layer,  rhe 
position  * > f till  1 i at*  must  t » ■ uet*  i m in-  i in  tin  course  ot  rh^ 

so  lut  ior  [;oM*  in. 


«f  will  search  fur  t !.<•  a^  ; rox  i m 1 1 e solution  of  problem, 
ut  i 1 iz  i i t ,i  mt  1 1 i of  integral  l ► ' c if  iifli  i f/r.o  io:;  ( see  Ch  apt.r  r V). 

I ti  accci  nr.ce  with  • :•  • common  oiaqia  ot  mthcd,  lor  us  introduce  the 
range  ot  *hi  >t  feet  o?  ‘h-  initial  cnange  i r.  the  mode/conditions  ri-s 
bound  iry  lit  us  designate  Ly  (t)  1.  t)  n 1 1 k - the  making  clear  physical 
sense-  toundary  p ( t)  both  these  boundaries  are  conditional#  that 
appear  i r.  connection  with  the  a p pi  i ca  t icn/use  cf  an  approximation 
method.  ti  ;us-  IX.  4 they  shews  tv  lotted  line. 


At  tre  initial  stage  (t  < T)  pressure  in  layer  decreases,  and 
the  pressure  iistributicn  is  determined  by  the  lir.st  equation 
(IX. 2.11).  Accepting  ter  pressure  distribution  approximation 


?*  + (P-*)(^-£  + £)  <**0 

l P (*Ssl), 


(IX.2.J3) 
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line 
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f o t w h ic  h first-  ordf  i t i>o  Vtivat.  ives  ! tcoic;;  z ( r o with  x 
utilising  the  ntsr  integral  t elat ionsh ip/rat ic  (eguation 
lalariu-)  , let  ar,  find 

/(/)  1/2'ix,/.  (IX. 2. Vi) 

L*  t u:  examine  r.  >w  strictly  the  reduction  process  of 

> T)  . 


F a g e 2 5 0 . 

Let  us  assume  t ha*'  *■  a e i inge  ol  the  ef  feet  cf  a change  in 

irode/condit  ions  [ 0 < < < V (t)  1 will  seize  only  the  part 

disturbed  range  [0  < x < I (t)  ],  so  that  during  x < x < t 

distribution  retains  the  previous  term,  determined  ly 
relationship/ ratios  ( I X.  2 . 1 3)  and  (TX.i.14). 


For  pressure  distribution  in  range  0 < x < X (t)  lo 


— I,  and 

of  material 


pressure  (t 


)■> 

o f the 
ptessur  e 


us  accept 


approximation 
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P-L+M*+N*. 


(IX. 2. 15) 


satisfying  boundary  condition  with  x = 0,  and  coefficients  L,  ^ aril  N 
let  us  ile torn' ine  that  with  x = X expression  (IX. 2.  15)  continuously 
would  t<*  mated  with  expression  (IX.z.13)  with  the 

prese  tva  t ion/re  ten  t ion/ir  ain  t ain  i ng  of  the  continuity  of  first-order 
two  derivatives.  The  conditions  of  coupling  give  tn«  systen  ot  throe 
equations,  solving  which,  we  will  obtain  expressions  for  L,  ?1  and  N 
as  a function  of  the  k/l: 


.V  = 3<P-/M-£(i-4); 

I). 


(!X.2.J(i) 
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. The  position  ot  the  MVf-  ot  discharging  p (t)  is  defined  by 

that  fact  that  during  x = \i  (r)  pressure  distribution,  considered 
function  x,  lias  a point  of  inflection,  d*p/dx*  = 0.  Txic» 

differentiating  expression  (1X./.1C)  and  utilizing  formulas 
(I  X.  2 . 1 6)  , we  obtain 

U/  X, 

>l=  3JV  “ 1 J-i./'  ' 


(IX.2.17) 
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. Th;i:  , [itesdutJ  listribution  will  be  com  f letely  Known,  it  v- 

determn'1  f auction  x (t).  her  ue  ter  ra  in  a t icn  X (t)  i»  * will  use  the 
integral  l < ■ 1 a t.  i on s h i \>/  r i 1 i o , tcllowinq  trt  j equations  ( I X . 2 . 1 1 ) . 
Integrating  these  equations  - the  first  from  r (t)  to  x (t  ) , a r j the 
seconi  from  0 t o ^ (*■)  aril  store/adding  up  the  obtained 

r el at  ions h i p/rat i os,  w ■ - obtain 


>.  <o 

17  ( P(x>  t)dx-p\\(t),  /l-^  = (x2-x1)|f 


U 


l*-H(0 


+*>m 


•MO 
(IX.2.1H) 


. Let  is  require  in  order  that  distribution  (IX.2.1r>)  would 

satisfy  integral  r e la  t i cnsh  i [ /ra  t.  i o (IX.  2.  1b).  Utilizing  the  obtained 


abcv<~ 

* x ( i O'ss io ns  f or 

L,  M,  N 

and  yi  through  k and 

desiqna  t in  q 

X//-=  2 

z,  we 

will  obtain,  by 

t ak  i nq 

into  acccurt.  express 

ion  (I  X.  2.  14) 

for 

l (0. 

first-order  eg  ua  t 

ion  for 

function  z ( t ) . 
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This  equation  can  he  led  t c:  the  form: 


dt  ^ 4»(1+i)rfi 


(IX. 2. 19) 


v h nc 


o — 


Xi 


(IX.2.20) 


is  th<=  dimensionless  relation,  which  characterizes  the  degree  of 
of  the  def or ma t i ens  of  the  medium. 


We  hav<.>  further 


l(T)  = 0;  z(7’)  = 0. 


(IX.2.21) 
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. I r f j rat  iti'i  iuaticn  (IX.  2.  19)  taking  M is  i nt  o ice  our. t of 

condition,  we  o It  a in 


a)  = 4 ^ 


Cd  ! SMC 


(( -mi  a-t* ! mi  • 0 :»;)! 


,n  r • 


(FX.2.22) 


. The  table  ol  the  values.)  of  the  function  cf  & (z,  a)  is  aiver 

| in  work  f 1 1 ].  Utilizin']  this  talle,  is  easy  t.  c find  value  ot  z,  which 

corresponds  this  value  ct  * ( F i ;.  IX. 5)  , and  then  to  find  pressure 

I 

distribution,  substituting  in  (IX.  2.  15)  value  cf  z and  the 
corresponding  to  it  values  1,  f and  N,  determined  by  formulas 

(IX.  2.  1f>)  . 

I 

I 

From  relat  ionship/r  at  io  (1  X.2.22)  it  is  clear  that  at  all  T sg  fj 

I 


, ' • ■ 
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t<  - valu*-  ) <■  z < 1;  with  ( oo  z _v  1 whence  in  Accordance 
(IX.  2.  17)  rt  to  1 lows  that  ii //  — ► */2.  Thus,  with  large  t the  w 

iiischar.il  j divides  up  o is,*  ur  J ed  range  a p| rox  l rat  ely  half-and- 


L*  t us  note  that  i ri  accordance  with  rx[tettions  (iX.2.15) 


( I X . 2 . It. ) 


tt\  — P (0.  0 — Pn 
[>  P—Po 


(IX. 2. 23) 


. Thus,  the  curve/qtdphs  of  Fig.  IX. 5 describe  a pressure 

increase  on  gallery  after  its  coverage. 

Froblesis  to  p.  J. 


1.  Let  p (x,  t)  are  pressure  distribution  in  semi- i nf i nit e 
layei,  which  satisfies  during  0 < * < MO  the  second  equation 
(IX. 2. 11),  and  with  i<  x < i»  to  the  first,  whereupon  p (*,  o -*  / 
with  x — oo. 


w i t n 
a v e of 
>i  a If. 

a n d 


LCC 


h ,11  Bt,i} 


pm;  f: 
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It,  oh  a i i i nit  ir  j 1 r e 1 at i cnsb i p/ra tic 


x2 


-Jf  \ (p-  /’o)  i!x 
0 


(IX.lhlM) 


. To  obtain  ilso  t ho  subsequent  integral  re  lationsh i p 
analcjy  with  tb“  theory  of  nlastic  mod*  /conji  t i ens  and  the 
cf  the  filtration  of  <ja  s (see  Chapter  V). 


/rat ios  \ y 
prob  1 ems 


j 


nor 
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t7 .A. 


: w h is  tl  ■ 1 t l c i i ■ . . . 

2.  Ti  a chi  t»v»  , ut  i 1 i 2 i r ; a ®r  ♦ hod  it*  j ; i . ? • t‘  in  , 

th<  pm | ci  the  . : • . u i • rt covet  real  • . • , ah i 

du i at  ion  , < t < r with  con  s t a n » • 1 nct  i o r.  in  t ho  i r iti  .ill  y 
undisturt  » i lay*:,  n t * :.-»r  .•  * ; ; • i . 

1i"  results  outlined  dtovf  vore  oitaiiei  in  the  woir.s  >f  1. 
Earenhlatt  and  A.  1.  Krylov  [20]  and  i.  I.  Earerhlatt  Ml]. 


4.  In  the  theory  of  e 1 ast  e- j- last  i c filtration  significant  turns 
cut  tc  h‘  the  question  ccncerrir  i ■.<•  1 f-si  iri  la r solutions.  I * would 
sees#  t h»  sol  ut  ion  oi  th  prot  len  1 it  tar  tan  < is  u I i 
elastc-plast  ic  moil  o/con  n i t i c ns  of  tiltiat.ici.  mist  in  »oc  >r  mium  with 
5 1 V . r>  le  represented  in  the  foin: 


P-p(r, 


I ) 


(IX. 2.25) 


COT  = 7fci118t>0  !5  A n F 

vlu  re  r ( f ) it  sa  t 1 : f i > ;■  ir  r <tu.it  j e.n 

ra)+ ini) -'-t  o (o^ku;  (ix.2.2(>) 

«/'(!)  ; ini)  l-/  = o (c„  -ss  l<oo),  a = x,/x, 

and  con  l i r i or y 

/'  (0)  = 0,  lim  / (£)  = 0,  (IX. 2. 27) 

£ ► OO 


wh-  i -upon  |i  (/)  = l0\/‘2xtt  ~ * he  coord  irate  ct  tie  wave  of 

dischat  g i r.j . 

li  ut,  the  e juations  ct  the  clast  o-p  last  ic  mode/con  d i ti  ons  ot 
filtration  contain  not  cr.e  r.ew  value  with  independent  dimensionality 
(x i and  *2  have*  ident  ica  1 dimensionality).  Therefore, 
set/a  s sun i n j 


■j 
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f \P-p(x,  0)}dx-  Q\  p(i,  U)  = 0 (x^O)  (IX.2.2H) 


and  utilizing  usual  : i m.  ns  i ora  1 oorside  ra  t icns,  up  must  obta 
solution  in  - h • * form  (IX.2.2C).  It  is  t asy  to  show,  however 
soluti.cn;,  in  Me  torn  (IX.2.2S)  docs  net  exist.  In  fact,  the 
to  equations  (IX.  2. 26)  under  tie  conditions  (IX-2.27)  taxes 
corresper.uinqly , A ext?  ( — 1 / i e e ) A, exp  (X2/2a)  with  F < X and 
It  we  now  write  continuity  conditions  f and  f1  with  £ = x,  t 
any  ),  ^ I)  foi  A m i A,  is  obtained  system  of  equations, 

i neon  pat i h 1 e/incons iste r t with  a + I, 

Faye  253. 

This  result  is  represented  stranqe,  because,  would  seem 
solution  of  t he  problem  ct  Cauchy  attei  sufficient  lonq  time 
start  must  "ro  forget"  of  the  (arts,  connected  with  the  init 
condition,  and  to  become  se lf-simu lati ng.  Let  us  examine  the 


in 

that,  the 
so  1 u r i cii 
the  form, 
F > X . 
her,  witl 


t he 
a f ter 
ia  1 

solut ion 
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cf  the  i op-se  1 r -:>  Lm  ul  1 1 l nq  }ii>l  1 r m of  0 a ic  h y [equation  (IX.  : . 1 1 ) 1 , 
that  c(ui't::;pon  is  to  the  initial  condition 

p-p(x,  0)  (<?//)*r(J’//)>  (IX. 2.29) 

where  / - certain  parameter  o:  * h<-  ) i m*  n.;  i o ra  1 i *y  of  length,  a t 1 
function  <c  (x/l)  — is  coitiriuous,  tog-*th»-r  »irh  cur  1- r i va*  i ve  ii  "°rni. 
of  x,  tronot  onical  1 y dec re as  i ng  and  i hn  ur  , , that 

CO 

f <p  (l)dl  -1.  (IX. 2.30) 


On  the  strer.  jth  of  the  theorem,  demonstrated  to  s.  L. 
Kdoienomostslcaya  [ s 1 » ],  th-'  solution  cr  this  (.rot.lem  of  Cauchy 

exists  uni  juely.  According  tc  r-theore®  it  is  represented  in  the 

form: 


P-Pi*.  0 — ■77^=“  F (—p==r 

1 x,/  v V 2xlt 


V'lKit 


Xj_ 

x.» 


(IX. 2.31) 


Usual  reasoning  lies  in  the  fact  that  with  sufficiently  small 


toe 


7t..:  1 1 UyO 


1ftCF  ^ p(3 

/ t he-  .'<.'<•'•>  i.  i argument  >r  t unct  i on  F is  unessential,  «honc<»  is 
c bt  a i m- a represent.  a t io:i  (IX.?.2r).  Ttu>  nont  ri  v i a 1 i * y of  the  position, 
which  appears  i i.  t ho  theory  cr  the  * 1 a i t c-  t 1 a s t ic  tnoie/con  I i t i c rn  c* 
l i lti  duor  , is  explained  by  the  fact  that  with  n --  /(*i0  ' * 


the  t 

u iic  t l on 

of  /•'  (I,  rj.  a)  in  the 

oa  se 

does  not  approach 

final 

limit  , 

out  it  vanishes  or 

infinity  ( d e p e r 

ding  on  the  vilu « 

a = x 

l/*2) 

and  f fhi  1 c ? sc  tit 

it  there  i : this 

n umbei  :J , hat 

lim  fJ.%  a).  = /(£,  u).  (IX. 2.32) 

h’ 


. substituting  this  ^xftossioi. 
d oir  in  art  t-r®  of  the  asymptotic 
fr  obi  eir  of  Cauchy  in  / -*■  L)  (or. 


n ( 1 X . 2 . 3 1 ) , we 
be  ha  v i c i of  the 
that  the  sane,  t 


obt  a i n,  that  the 

solut ion  of  the 

-*■  oo)  takes  the  foie: 


P—p{x,  f)  = /I  (xpy-'M1  "’>/(!,  a),  (IX. 2. 33) 


where  A = Ql*,  that,  also  suggests  to  search  for  the  self-sinilar 

solution  of  the  problem  of  Cauchy  ir.  the  form  (IX.  2.  33),  whereupon 
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the  parameter  £ a u s t he  found  an  the  ccurse  ot  the  solution  of 
problem.  Substituting  (IX.  2.  13)  in  (IX.  *..11),  we  fini  rot  function  : 
c t the  eq ua t.  i on  : 


aW+l1k+{i~ P)/  = 0 <E.<E<°o). 


(IX. 2.34) 


: 

. 

F a g e 2 r>  a . 


Flow  boundary  conditions  and  the  continuity  conditions  of 
pressure  or:  tj,e  wav»  of  discharging,  we  find 
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PM,  h 


%3^ 


= / (So  — 0)  = / (|,  -j-  0),  (yX.2.35) 

whence  ai.l  iron  the  iletfi  .Tii  rat  ior.  oi  Mr  wa  v-*  cl  d incha  rqi  nci 


<t'-f (lo-Q)  __  rf«/7£o+o) 


it  is  obtained  continuity  condition  f'  (f)  cn  the  wav-;  of 
discharging.  From  these  comlit  ions  and  the  condition  of  the  rapid 
decrease  of  tunc*icr  f cn  irtir.ity,  we  find 


HI,  p)=,1e-f/*d)({.4-,^.) 


(0  ^ lo); 


(IX.2.30) 


(where  <I»,  D - the  respectively  degenerate  hyper  Geometric  function  and 
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the  furction  of  hyperbolic  cylinder,  cm.,  [ 127])  n d t he  system  of 
two  t ranscendenta  1 equations,  which  by  ? in  q le  - v d Lued  form  deter  miner 
f0  (j)  an  i i (a).  I t is  natural  that  d = 0 with  a = 1.  The  ob*  air  ed 
self -si  mi  lar  solution  is  interesting  l r.  that  relation,  that  the  ir.^px 
of  the  <iimension.il  lty  of  seli-ritnilar  variable  in  it  is  not 
determine.!  from  a i mens  ion  a 1 considerations,  bu*  it  is  located  from 
the  condition  for  existence  of  the  solution  of  frobl^m  as  a whole. 
Such  self-similar  solutions  are  called  fhe  so  1 f-s i mi la r second-order 
solutions.  The  investigation  of  this  problem  was  carried  out  in  the 
werk  ci  G.  I.  Darenflatt  and  G.  1.  S i va  sh  i n sk  ogc  [23],  in  whom  it  is 
possible  to  find  the  parts  of  calculations  and  the  results  of 
rumenra!  calculations. 
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Chapter  X. 


Xa/ 

SPECIAL  PROBLEMS  THE  UNSTEADY  FILTRATION  OF  INHOMOGENEOUS  LIQUID. 


§1.  Displacement  of  interacting  liquids 
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In  the  present  paragraph  will  be  examined  the  consistent 
tiltration  of  two  completely  mutually  solunle  liquids,  torminj  duri:  j 
action  one  phase.  01  this  type  filtration  currents  are  rea  1 1 z<  i,  r or 
example,  with  the  displacement  of  oil  from  layer  by  solvents,  durir.q 
the  investigation  of  oil-fcearinq  and  aquifers  with  the  aid  of  marr  d 
particles,  and  also  in  some  processes  of  chemical  technology. 


1.  Let  us  examine  the  process  of  the  isothermal  filtration  o: 
single-phase  two-component  mixture.  The  properties  of  this  mixta  > 
(density  and  ductility/toughness/viscosity)  ate  determined  by  two 
parameters  - by  mass  concentration  of  one  of  the  components  c and  iy 
pressure  p.  During  the  displacement  of  the  fceing  mixed  liquids  ty  t ne 
chief  characteristic  of  the  filtration  cf  single-phase  two-component 
mixture  is  the  complex  mec'  .nism  of  the  transfer  of  mass,  connected 
with  the  mixing  of  particles  of  both  cciponentr  as  a result  of  i 
difference  of  the  velocities  at  different  points  porous  medium.  Tie. 
effect  of  mixing  on  heat  transfer  in  the  porous  medium  was  noted 
already  in  §5  chapter  IX.  Due  to  the  chaotic  location  of  pore 
channels,  the  motion  of  liquid  during  filtration  occurs  alcr.j  compl*  x 
trajectories  and  at  the  distances  cf  the  order  cf  the  size/d imensions 
cf  pores  the  speed  of  each  single  particle  of  liquid  can  considerably 
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differ  in  value  and  direction  from  the  average  speed,  equal  to  u/m 
(Khaie  u is  rate  of  filtration,  m - porosity).  Therefore  d unrig 
notion  in  the  porous  medium  of  two-component  mixture,  the  particl-. 
of  each  component,  are  scattered  relative  to  the  initial  position,  in 
spite  of  the  equality  cf  the  average  speed  for  all  particl  es,  lr.  t hi. 
case,  initial  sharp  boundary  of  two  completely  teing  mixed  ii  juris 
turns  out  to  be  "that  which  was  washed  away".  Erosion  of  boundary 
cccurs,  of  course,  and  under  the  effect  of  molecular  diffusion,  i u t 
experiments  show  [ 153]  that  in  the  porous  medium  during  filtration 
the  mass  transfer  as  a result  of  the  deviation  cf  speeds  from  the 
average  values  can  occur  many  times  (sometimes  cn  several  orders)  is 
taster  than  the  transfer,  caused  by  molecular  diffusion. 


Page  256. 


In  order  to  consider  the  effect  of  mixing  cn  the  transfer  of  tin 
component#  which  has  concentration  c,  cne  should  to  the  vector  of 
convective  transfer  <‘eu  add  the  additive  term,  connected  wit.l 
concentration  change  froe  one  point  to  the  next.  The  su  ppl  <-  men  t a r y 
vector  of  the  transfer  of  7d  can  be  written  in  the  form 
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Qm  = 


dc 

dxj 


(X.1.1) 


\ 

I 


. The  possibility  of  using  a vector  ot  the  transfer  in  the 

indicated  form  is  confirmed  by  processing  data  experiments  in  mixir  i 
in  the  porous  medium.  The  tensor  of  y1//  usually  is  called  th> 
tensor  of  dispersion,  sometimes  also  by  the  tensor  ot  convective 
diffusion.  From  symmetry,  conditions  it  follows  that  in  isotropic 
medium  one  of  the  principal  axes  of  the  tensor  ct  Alt  coinciJ-. 
with  the  direction  ct  rate  of  filtration,  and  two  others  can  i 
selected  arbitrarily  in  the  plane,  perpendicular  to  vector  u.  Th«> 
components  of  the  tensor  Alt  in  the  principal  axes  Kj  * A,,  an!  K? 
= A22  = A]}  are  called  respectively  the  coefficients  of  th“ 
longitudinal  and  transverse  dispersion. 


The  coefficients  K,  and  K2  are  determined  ty  the  mechanism  of 
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mixing  described  above  and  therefore  they  ate  the  functions  of  t • 
average  speed  of  motion  (rate  of  filtration  u)  and  of  the  pro;.' < : * i<  .. 
of  the  porous  medium  ( , m,  ...)  and  of  the  liquid  (p,  p,  D)  : 

AW,  («,  />,  n,  p,  /,  m),  (i=l,  2),  (X.J.2) 

where  D is  a coefficient  of  molecular  diffusion. 

The  dimensionality  of  the  coefficients  of  dispersion  Kj  an;  h 2 

is  L*/T.  Therefore 

A'.^uhp^Pe,  N,  a„  a.,,  . . .),  (X.1.3) 

where  Pe  = ujf/D  (Peclet’s  number);  N = E p/p;  a,,  ar2,  ...  they  are  the 
dimensionless  parameters  of  the  structure  of  pete  space;  <p,  are  a 
dimensionless  function. 


From  formula  (X.1.3)  it  follows  that  the  dependence  of  the 
coefficients  of  dispersion  cn  rate  of  filtration  is  exhibited  through 
their  dependence  on  Peclet*s  number.  Figure  x.1  gives  the  dependence 
of  the  dimensionless  coefficient  of  the  longitudinal  dispersion  K/D 
cn  pe.  This  curve/graph  is  obtained  as  a result  of  processing  the 
large  number  of  experiments  in  the  study  of  the  distribution  of  the 
concentration  of  neutral  impur ity/a dmix ture  in  homogeneous  lijuid 
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during  filtration  in  uncemented  sands  [58].  As  significant  dimen  i cr 
, was  accepted  the  mean  grain  diameter. 

let  us  note  that  the  experiments  were  carried  out  at  the 
different  values  of  parameter  N,  but  of  the  noticeable  effect  thi:-. 
parameter  on  K,  reveal/detected. 
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In  t he  region  of  the  smallest  rates  of  filtration  when  u <<  , 
mechanical  agitation  is  unessential  in  comparison  with  molecular 
diffusion  and 

Kl  — all,  (X.1A) 

where  a is  constant,  which  depends  on  the  structure  of  pore  s;  no-  . Ir 
the  range  1 < Pe  < 100  is  artange/located  the  transition  region,  ir 

which  are  significant  both  processes  - molecular  diffusion  ani 
mechanical  agitation. 


Finally,  in  region  Pe  > 100  effect,  of  molecular  diffusion 
coefficients  of  dispersion  is  insignif icant  and  <*>j  = const. 


At  numbers  Pe  > 10*  value  Kt/u  begins  tc  decrease  with  an 
increase  Pe.  In  this  range  already  pronounces  the  effect  of  inertial 
forces  on  the  distribution  of  the  rates  in  pores. 


The  dependence  of  the  coefficient  cf  the  transverse  dispersion 
K 2 on  Pec let 1 s number  in  principle  is  analogous  to  dependence  K, 

(Pe)  . However,  the  effect  of  rate  on  K*  begins  to  be  exhibited  wit-! 
Peclet's  considerably  large  numbers,  than  ter  K,.  Therefore  with 
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Feclet's  large  numbers  K,  >>  K2  as  this  is  evident  from  Fig.  X.^, 
borrowed  from  the  work  of  Marl  and  Potier  [1U7j.  The  detailed 

analysis  of  the  dependence  of  the  tenser  of  dispersion  on  ta*-  is 
brought  in  chapter  II  book  A.  Ban  et  al.  [ 3 ],  written  by  V-  N . 

Nikolaevskiy,  and  also  in  Collins*  book  [58],  There  there  i:  a 

detailed  bibliography. 


Let  us  write  now  the  equations  of  the  consistent  isothermal 
filtration  of  two  mutually  soluble  inccir  pressib  le  fluids.  Th^ 
equations  of  the  continuity  of  each  component  are  der ive/concl  u 
accuracy  just  as  equation  (VI. 2. 4),  and  they  take  the  form: 

IT  (ff,Pci)  + div(p7X)==0  (X»i,  2),  (X.J.5) 

where  the  V*  the  flow  of  this  component,  which  can  be  ex  pr  esse 
the  form: 


Qu  = cKut  — 


dc\ 

dx/ 


— t jOL.  _ A d£x_ 

H ‘i  Ox/ 


(X.1.6) 
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. page  253. 


The  substitution  of  expressions  (X.1.6)  in  (X.  1.5)  reduces  to 
the  system  of  nonlinear  equations  for  c = c,  and  p: 


m4f+ air(P“<)  = 0; 

*+«.£-£(4,£)-o. 


(X.1.7) 

(X.1.8) 
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. With  the  study  of  fluid  flows  in  the  poicus  medium  with  ’•he 

did  of  marked  particles  the  displacing  liquid  (containing  neutral 
im pur  it y/ad mi xt ure ) it  has  the  same  physical  properties,  as 
displaced-  Therefore  system  (X.1.7)  - (X.  1-8)  is  divide/marked  o:f 

intc  twc  independent  equations  one  of  which  determines  velocity 
field,  and  the  second  serves  tor  determining  concentration.  In  this 
case,  the  second  equation  will  be  linear,  in  the  majority  oL  the 
problems,  connected  with  the  motion  of  marked  particles,  filtration 
can  be  considered  establish/installed.  Then  equation  (X.1.7) 
transfer/converts  to  the  equation  of  Laplace. 


a. 
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During  the  investigation  strictly  cf  the  displacement  of  ♦ i> 
being  mixed  liquids,  for  example  the  displacement  of  oil  by  solvents, 
the  problem  is  simplified  in  connection  with  the  fact  that  the  rat-s 
ct  filtration  in  layer  far  from  holes  are  small  and  change 
insignificantly.  Thus,  for  instance,  with  u = 350  m/yr^jj  1 0 * 3 cm/ 
and  / = 0.01  cm.  (which  corresponds  to  permeability  about 

1 d)  Fe  1 (since  D usually  of  order  - 1C  5 cm?/s)  . Therefore  v.- 
coefficients  of  dispersion  can  be  considered  not  velocity- de  per  1 * , 
tut  at  sufficiently  low  speeds  (with  Pe  < 1C)  and  equal  between 
themselves  (approximately  egual  to  the  coefficient  of  molecular 
diffusion).  Near  holes  current  can  be  considered  one-dimensional 
(radial) ; however,  concentration  distribution  can  and  not  be 
one-dimensional. 

2.  Let  us  examine  some  one-dimensicna 1 problems  of  the 
displacement  of  the  being  mixed  liquids. 

In  the  case  of  the  one-dimensional  rectilinear  displacement  of 
the  incompressible  fluids  in  the  incompressible  porous  medium, 
equation  (X.  1.7)  gives  u = u0  = const,  if  we  do  not  consider  the 
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possible  dependence  of  coefficient  K t cn  the  relation  of 
d uc 1 1 1 it y/t ouy  n ne  ss/ vi  scosi  t y , equation  (X.1.8)  will  take  the 


dr 

m — 4-  u„ 
dl  ' 0 


de 


(X.I.'J) 


. Since  u0  = const,  also  Kt  (u0)  = const. 

Let  liquid  1 be  forced  into  the  se iti- i nf  i n it e layer,  init 
filled  by  liquid  2.  Then  we  have  the  following  boundary  and  in 
conditions:  c (0,  t)  = 1,  c (-,  t)  = 0,  c (x,  0)  = 0. 


Eage  259. 


Applying  the  Laplace  transform  to  equation  (X.  1.9)  , we  have  fo 

<**  =■  Jf  (x,  t)  t°‘  ,lt 
0 


rally 

itial 


ac*  -f-  V —■  — K = 0,  (X. J .10) 


where  V = u0/m;  K = Kt/m. 


Boundary  conditions  fcr  c * will  be  written  in  the  for®: 


c*(°)  = 7t  c*(o o)  = 0. 


The  corresponding  solution  to  equation  ( X.  1.10)  takes  the 


forn : 


**”oexpj  — y^riVa*  <T-a)], 


(X.I.Jj) 
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where  the 


u 


iv 

2 VK  ' 


For  the  search  of  original  on  image  (X.1.11)  we  utilize  i 
formula  (see  Chapter  III) 


(X.1.12) 


Furthermore,  it  is  known  that  if  the  Laplace  transform 


k n o w n 


function  * (t)  is  F (w),  then  the  transf  or  nation  of  function  exp 
(-a*t)  * (t)  will  be  F (a2  ♦ a).  By  utilizing  these 


(• 
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relat ionship/ratios  , and  also  product  rule  tor  the  Laplace  trail, 
let  us  find  after  some  transformations 


c(x,  0-Terfc(f^)  + Yexp(^-)orfc( 


Vi 

v 2 V 'Ti 


(X.  1.13) 


. To  the  front  of  displacement,  obviously,  corresponds  the 
vicinity  cf  point  x = Vt.  With  x,  close  to  Vt,  and  with  large  t 
second  term  in  formula  (X.  1.13)  is  negligibly  snail  and 


\ 

I 

\ 


A ' j r , 


Pormula  (X.  1.14)  represents  the  solution  to  equation  (X.1.4), 
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that  satisfies  the  following  initial  conditions:  c (x,  0)  = 1 «it,i  y 

< 0 and  c (x,  0)  = 0 with  x > 0. 


From  formula  (X.  1.14)  it  follows  that  through  sufficiently  long 
time  the  transition  zone,  in  which  the  concentration  is  changed  from 
certain  low  value  of  e to  1 — f,  is  expanded  in  the  course  u 
time  proportionally  \r Kl.  I f we  accept  e = 0,005,  then  the  half  ol 

the  width  of  transition  zone  is  equal  \\fKt. 


Page  260. 


For  the  case  of  radial  displacement,  equation  (X.1.7)  gives  u = 
q0/r,  where  q0  = const.  From  equation  (X.  1.6)  we  will  obtain 


ac  i Vo  ac  i a / „ , ac  \ 


(X.  J .15) 


. If  molecular  diffusion  can  be  disregarded,  then  K,  = Xu  or  K,  = 
Xg 0.  Then  instead  of  (X.  1.  15)  we  have 
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m — 4- _iy»  dlc  _n 
dt  ' r Or  r Or- 


(X.1.16) 


. Equations  (X.1.15)  or  (X.1.16)  can  be  solved  only  n urner  ionl  1 y . 

For  the  approximate  estimate  of  an  increase  in  the  transition 
let  us  replace  in  equation  (X.  1.  15)  the  variables  t2  - 2q0  r = v ' 
t.  Dependence  K,  (u)  approximately  let  us  accept  in  the  form  K0 

♦ Xu.  Then  equation  (X.  1.  15)  is  written  as 


£“4  £ { [A'o  (C+2  q0t)  4-  V : 4-  2 q0t  ] . (X.1.17) 
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. If  into  tha  layer,  which  contains  the  only  displicing  Lipn 

(c  = 0),  is  pumped  into  liquid  with  concentration  c = 1,  : - n l . t: 

front  of  displacemert  (not  allowing  for  dispersion)  is  iiovcd 
according  to  the  law  r = y'lq0t.  To  evaluate  concentration 
distribution  near  front  during  large  t than  r,  i.  e.  , |£j  <<  2q0t. 

Then  expression  in  the  brackets  of  signs  the  fcrm;  2K010t  ♦ y ? 
(q0t)  3 can  be  removed  as  the  sign  of  derivative  in  terms  of  £ . 

set/a  ssuming 


T = + 


8 V 2 


A7^  l(9o0*/*  — {Qoto)‘,‘ 


(where  t0  is  certain  constant),  let  us  give  equation  (X.1.17) 
form: 


dc 


t h 


(X.1.18) 


DCC  = 7b  2 2 1 8b0 
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. In  order  to  rate/est iraate  the  rate  cf  growth  of  transit 
zone,  let  us  examine  the  self-similar  solution  to  equation  (<. 
that  has  the  form,  analogous  (X.1.14): 


c 


(X.1.19) 


. This  solution  describes  in  variables  £,  t the  propagati 

the  initially  "stepped”  distribution  of  concentration  (i.e.  so 


Loi. 

1.18), 


n of 
tn  a t 


EOC 
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with  r=0c=  1,  it  5 < 0,  and  c = 0,  if  E > 0 ) . In 
alternating/variable  r,  t,  these  conditions  will  be  expressed  a. 
follows:  with  t - t0  c = 1,  if  r2  - 2q0t0  < 0,  and  c = 0,  i f i e - 

2q0t0  ^ ^ • 

Page  26 1 . 

In  this  case,,  it  goes  without  saying,  remains  valid  the  assumption 
that  fr*  - 2g0t 0j  <<  2g0t0.  By  substituting  in  (X.1.19)  insteal  ot 
and  r their  expression  through  r and  t,  we  will  obtain 


r*  — 27q t 

2 \ „ (f«  - /$ ) + - — ((,„/„)'/  > - (9y0)'  / ■!  7 * 

l O 


(X.  1 .20) 


. To  evaluate  the  width  ot  transition  tone,  we  utilize  a 

condition  of  e =*=  0.005,  whence  a « — ^=-  < 2,  or 

n 1/  ar  Z * 
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2 4q0K0  (/*-/$)  + 


8 V2X 


V/, 


(X.1.21) 


. With  the  comparatively  small  times  vihen  the  seconl  t<  rm  by 

brackets  considerably  exceeds  the  tirst  (i.e.  dispersion  predonira* 
above  molecular  diffusion),  from  condition  (X.1.21),  using  also  th- 
fact  that  j r2  - wg0t  / <<  2q0t,  is  easy  to  est  a t lish/ins  ta  1 1 lot  t h»- 
width  of  transition  zone  the  asymptotic  expression 

r—V~tIot  4 j/"--  \(2q0t)'/*  «=>  \ ]/" Xr. 


(X.1.22) 
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For  the  long  tines  when  values  r are  such,  that  K0  >>  i0A/' * 


r-V2q*t  **  2 V2K0t  **  2 ]f  — °-r.  (X.1.23) 

' <7o 


. As  shows  experimental  check  (Bentsen,  Nielsen,  f 1 J 1 1 , * h 

formula,  analogous  (X.  1.20),  relatively  describes  well  concent  cat ioi 
distribution  during  radial  displacement. 


§2.  Stability  of  the  displacement  of  the  ncnmiscible  and  being  mix<  i 
liquids  from  the  porous  medium. 


During  the  study  of  the  displacement  of  liquids  in  the  porcus 
medium,  the  basic  problems  cf  the  stability  of  the  obtained 
solutions.  Physically  the  possibility  of  the  emergence  of  instability 
is  connected  with  the  fact  that  during  the  penetration  (because  of 
random  disturbances)  of  the  particle  of  more  labile  liquid  into  the 
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region,  occupied  with  less  labile  liquid,  it  proves  to  be  uni-  : in- 
action of  hiqh  pressure  gradients,  than  acted  cn  it  in  the 
undisturbed  state,  and  particle  motion  is  accelerated.  If  th®  more 
labile  liquid  is  displacing,  this  leads  to  the  growth  of 
disturbance/perturbations.  As  a result  of  this  elementary  approach 
(see  I.  A.  Charnyy  [119])  are  obtained  the  same  stability  conditions 
as  when  using  a stricter  theory. 


The  common/general/total  method  of  the  analysis  of  the  stabilit 
of  any  system  consists  of  the  studies  of  its  behavior  after 
imposition  on  the  ground  state  of  slight  disturbances. 


Page  262. 


1.  Let  us  examine  at  first  the  simplest  case  - vertical  picuon 
at  the  constant  velocity  of  the  plane  interface  of  two  liquids,  whic 
have  different  densities  and  duct ili ty/ toug hness/v i scosi ti es.  This 
diagram  is  maximum  both  for  the  displacement  by  the  being  mixed  and 
nonmiscible  agents,  if  we  disregard  the  width  cf  transition  zones. 
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The  filtration  of  each  of  the  liquids  is  described  by  t- he 
following  equations  (X-axis  is  directed  vertically  upwdrd) : 


kf  dp  dp  _ 

|ly  dy  < 1 (1/  dz  ’ 


riuj  dr  i dwj 

Ox  dy  dz 


0 


(/-l.  2). 


(X.2.1) 


. The  values,  which  relate  to  each  of  the  phases,  are  nere  dos  iqr  i - • i 
in  index  j = 1,  2;  the  permeability  of  are  accepted  differ-  lit  or 

toth  sides  of  interface  in  order  to  consider  tbe  possible 
incompleteness  of  the  displacement  of  the  ncnmiscible  liquids;  in  t i. 
latter  case  on  both  sides  of  boundary  are  different  saturation  and, 
therefore,  are  different  relative  permeability. 


On  interface,  they  must  be  fulfilled  condition  (see  Chapter  VI, 
§2)  (VI. 2. 19)  and  (VI. 2. 21): 

Pi  = Pi< 

(X.2.2) 


•«i 
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where  the 
interface;  Vn 
it. 


the  projection  cf  rate  of  filtration  on  stan  lard  to 
the  speed  of  boundary  migration  alonj  the  normal  *o 


System  (X.2.  1)  with  conditions  (X.2.2)  has  the  following 
solution,  which  corresponds  to  the  uniform  disp  lacement/mo  ve  me  t1"  >f 
plane  interface: 


u,  =u,  = u„;  vl  — v1  — 0\  wl=wi  — 0; 


Pt  Ma)  Po~  + (*  — ^0  (*-Vf<0); 

P.=-Pi#,  = /»o-(-^u0  + Pt/?)(j:-VO  (x-Vt>0).  (X.2.3) 
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In  this  case,  V.  = V = m.  The  equation  of  the  undisturoeJ 

m 

interface  takes  for*  x * Tt. 

Let  us  examine  the  solution  of  system  (X.2.1),  that  differs  f toji 
(X.2.  3)  in  terms  of  slight  disturbances.  For  this,  let  us  place 


«/=-«.  -feu*; 


W/  = eu>*;  p,  = p|°>  + epj;  p,  = Pi">  + epj, 

(X.2.4) 
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where  the  e * low  value. 


The  equation  of  interface  takes  the  form: 


z-  (y,  z,  t)  = Vt  ex*  ( y , z,  t). 


(X.2.5) 


. Page  263, 


For  the  disturbed  motion  we  have  a system  cf  equation: 


*/  ap*  • _ k±  _ tL 

(*/  a*  * 1 H/  ay  > — iiy  dz 

0u*  0i»* 

— LH --4 = 0 

fir  tit.  I , I , 
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. By  using  the  smallness  of  the  distortion  of  boundary,  cu 

attributed  conditions  (X.2. 2)  to  the  undisturbed  interface  x = 
Then  with  an  accuracy  to  small  the  order  of  the  aaaa  of  bounder 
conditions  takes  the  form  himself: 


u.,  — m 


dx* 

IT 


ft) 


npH  x = V t\ 
pt  — Ps  = ) “o  + (f’i  — P*)  K~\  x*  ■ 


(X.2.7) 


(!) 


wit  h 
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. To  conditions  (X.2.7)  one  should  connect  also  the  conditions 

cf  fading  all  disturba  nce/pert  urbations  with  since  it  is 

assumed  that  the  d ist u c fca nce/pe rt utba ti cn  appears  near  interface. 

Random  disturbance  can  be  decomposed  into  Fourier  integral  in 
terms  of  y and  z.  Therefore  for  stability  analysis,  it  suffices  to 
examine  the  development  of  elementary  sinusoidal  disturbance.  For 
this,  let  us  present  x * and  P * in  the  form  ct  products 

x*  = X (/)  exp  (iy,y  + iyti)  (f  ]/“). 

P'i=Pl(*,  0 exp (/y,y+  iy.z)  (/  = !,  2),  (X.2.8) 
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where  X (t)  and  P j(x>  0 - the  aaplitude  cf 

dist u t ba nce/per tur bati ons  x * and  p*. 


I 


Ey  substituting  expressions  (X- 2- 8)  in  equation 
obtain  that  the  iunction  of  Pt(x,  t)  nust  take  the 


(X.2.  t>)  , 
form: 


vi  • will 


1 


''/(*.  0 Py>(t)exp(yx')-i  /**•(/)  exp  (-y*')  (y  V’): 

(x’=x-Vt). 

(X  2.0) 


The  conditions  of  fading  disturbance/perturbations  at 


l nf  nit 


y 


give: 
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/',  /,M ' (/)  ex  f»  (v-r');  Pt  = /J,l,(/)exp(-yx').  (X.2.10) 

. Substituting  these  expressions  in  conditions  (X.2.7)  and 

e li  ir  i eating  /-»“>  and  ^ . •/***»,  . tie  obtain  the  following  equation: 


dt 


"o  : (Pi  -Pt)g- 


(X.2.11) 


. Fro*  equation  (X. 2. 11)  it  follows  that  the 

j.  where  X0  is  the  initial  amplitude  of 
disturbance/perturbation.  Therefore,  if 


.V  = X0  ex,,  I - 


N=(^r“‘S’)u#+(p‘-p*)?>0- 


(X.2.J2) 
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that  the  initial  disturbances  attenuate  in  the  course  of  tins-,  ir  » ; 
contrary  case  - yrc-w/rise. 
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Since  in  condition  (X.2.12)  docs  not  enter  the  parameter  t hn 
disturbance/per tur bati ons  y,  this  condition  are  correct  for  tn- 
d ist u tba nee/ pe r t ur bat i ons  ot  arbitrary  fort,  is  concealed  by  fern, 
the  boundary  migration  of  section  stable,  when  is  satisfied  cor.  li*-io; 
(X.2.  12).  If  condition  (X.2.12)  is  not  satisfied,  interface  become:, 
unstable  and  is  di vide/marked  off  into  the  separate  "languages"  or 
complex  and  random  form  (Fig.  X.  3)  . When  the  action  ot  the  for c i 
unessential,  inequality  (X.2.12)  means  that  the  interface  is  s sable 
when  the  displacing  liquid  possesses  larger  viscosity  than  displac-  •, 
and  is  unstable  otherwise.  The  action  of  the  fcrce  contributes  to  th* 
stability  of  boundary,  if  displacement  goes  frem  bottom  to  to; 
displacing  liquid  it  possesses  larger  density. 


In  the  case  of  the  nonmiscible  liquids,  the  examined  interfac*- 
is  actually  the  end  position  of  the  jump  ot  the  saturation  when 
saturation  on  both  sides  of  jump  are  different,  but  are  constant,  in 
the  general  case  the  saturation  of  the  displacing  phase  in  fron*  or 
frent  and  the  saturation  of  the  displaced  phase  behind  fron*  ar*  not 
equal  to  zero.  From  each  side  cf  boundary  ate  different  not  only  tn< 
viscosity,  but  also  permeability  ot  each  of  the  phases.  Therefore  in 
the  case  of  the  nonmiscible  liquids,  the  stability  is  determined  not 
by  the  relationship/ratio  of  viscosity,  but  by  the  re  la  ti  onslii  p/r  a t io 
of  mobilities,  i.e.,  the  values  of  fc,/n/.  The  relation  of 
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mobilities  can  be  designed  cn  the  curves  ct  relative  pormeab il  i r , , a: 
the  strength  of  saturation  on  both  sides  of  jump,  which  in  turn,  c 
determined  from  formulas  (VI. 2. 29)  and  depend  on  the  relation 
viscosity.  With  an  increase  of  the  relation  of  viscosity  M p2/Hl 
the  relation  of  mobilities  PI  * = k,p2/k2p,  also  increases,  but  v * 
becomes  more  than  unity,  i.e. , stability  is  disrupted  only  when  K 
considerably  it  exceeds  unity.  With  the  usual  term  of  the  curves  of  a 
relative  permeability  of  the  type  of  these  depicted  on  Fig.  VI. r,  t 
relation  of  viscosity  by  which  begins  the  instability,  it  is 
approximately  10-15.  The  Typical  dependence  of  f * on  K is  shown  ii 
\ Fig.  X.4. 

The  experiments  in  the  displacement  of  oil  by  water,  carried  out 
B.  Ye.  Kisilenko  [55]  on  the  transparent  models  of  layer  wiMi  the 
tilled  porous  medium,  they  showed  that  the  instability  begins  ip  the 
relation  of  the  viscosity  of  phases  of  approximately  12-13. 


T 


W 


I 
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If  plane  interface  is  unstable,  then  in  the  course  of  time  i t i ^ 
divide/marked  off  into  the  large  number  of  separate  "languages"  ,f 
irregular  form  (see  Fig.  X.3). 


If  because  of  the  heterogeneity  of  flow  saturation  a*-  certain 
point  changes  by  low  value,  then  this  disturbar.ee/perturbation  i. 
spread,  without  attenuating  and  without  growing.  Actually,  ta 
equation  of  continuity  during  plane  two-phase  flow  they  tar.*  +■ 

(see  Chapter  VI)  : 


Out  dv 
<tx  •*  dy 


' ' lit  ’ dx  ' dy 


u — u.  4-  u. 


V ~V. 


(X.2.13) 


| 

. Furthermore,  on  the  strength  of  the  generalized  law  of  Darcy 

(VI. 2.  I),  it  is  possible  tc  write 


DOC 


76221 S60 


P AGfc 


"i  - uF  (s);  y,  =-  vF  (.v); 


A'(.v) 


/i  (») 

/i  (»)  -f  /,  («) 

(X.2.14) 


. Then  instead  ot  the  first  of  the  equations  (X.2.11)  we  have 


ds 

UF 


m — + uf  (.*)  + vF'  (») -^-=0. 


i9i 


(X  .2.15) 


. For  undisturbed  flow  u = u0#  s - s0f  whereupon  the  velocity 
propagation  of  jump,  according  to  the  condition  ot  Bakley- Lever et t 
(VI.  2. 30)  , is  different  V = u0/tn  F’  (s0)  . Ey  introducing  the  value 
of  the  velocity  disturbance  and  saturation,  we  will  obtain  f roc 
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(X.  2.  15) 


(!) 


or 


()** 


v""  (••)-*-+ 


* (/) 


Ot 


- H.'IH 


/it* 

V 

Ot 


d.v* 


= 0. 


(X.2.10) 


From  this  equation  it  is  evident  that  the 
disturbance/perturbations  o£  saturation  near  jump  are  spread,  wi*r 
attenuating,  at  a velocity,  equal  to  the  velocity  of  jump.  Thus,  t 
account  of  the  disturbance/perturbations  of  saturation  does  not  1 
to  a change  in  the  stability  condition. 


2.  Above  vas  examined  stability  sharp  the  phase  boundary,  cr 
which  act  the  only  forces  cf  gravity  and  liquid  resistance,  iiowev 
during  the  displacement  of  the  nonmiscitle  liquids  to  stability,  < 
affect  surface  forces,  and  in  the  case  cf  the  being  mixed 
displacement  - dispersion  and  molecular  diffusion.  The  leveling 
action  of  capillary  forces  on  the  porous  medium  in  the  general  ca. 
connected  with  the  processes  of  the  redistribution  of  saturation, 
for  stability  analysis  it  is  necessary  to  examine  the 
disturbance/perturbations  of  current  in  transition  zone. 


. DU*. 

: h< 

M »i 


: a n 

;e 

and 
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I*o  will  t •>  i entries  -'d  to  cond  it  ions,  wh*  n the  wavelenjth  of 
dist  ui  i ance/pertur  bat  loii  is  yreat  ui  comparison  with  tue  width  of 
transition  zone  in  u i 'i  that  the  action  of  capillary  forces  it  was 
possiLl-  tc  consider  only  ur.dei  boundary  conditions.  In  this  casp  for 
tn<  study  of  outsii-*  narrow  n arsition  zone  it  is  possible  to  utilize 
equat  ions  (X.z.  1)  . Tti  l ; approach,  is  we  will  soe  further,  is 
connected  with  sufricijntly  essential  limitations.  For  the  simplicity 
of  1 i ni ny/ca 1 c u la t ions , we  will  bo  restricted  to  the  casa  of 
flat/clar.e  horizontal  filtiatioi.  on  +h?  basis  ct  formulas  (VI.  2.1) 
chapter  VI,  the  equation  of  two-phase  filtration  in  transition  zone, 
let  us  write  in  tnc-  form: 


i.  dpj 

*f: 

0 = 1.  2). 


vl 


i.  [dpi 


v-t 


(X.2.17) 


v>  i — 0. 


Let  us  assume  that  a pressure  difference  in  phases  is  equal  to 
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capillary  pressure  - known  function  of  saturation  (see  Chapter  Vi, 
§3)  : 


Pn-Pi^Pc(s).  (X.L'.J  H) 


The  equations  of  continuity  have  usual  for®  (X.2.11). 


Dy  combining  e {nations  (X.2.17)  and  (X.2.  13),  it  is  possible  to 
obtain  system  for  u = u,  + u?,  v = v,  ♦ v?  and  s: 


m ?,  +"r  w + vF'  (*)  •£  “ ahn  ( 


<r-  d>(s)  . <r-  <!>(*) 


dz* 


if  . du-=0- 

dz  ^ dy  U’ 
dx  \ 9 (i ) / dy  \ if  (s)  1 


IF)-* 


(X.2.J1*) 
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(designation  see  chapter  V],  4,4)  ; (s)  = ft  (s)  ♦ l/1^  fa  (s)  . 

In  order  to  obtain  boundary  conditions  for 
dist  ur  Lance/pertur  bat  l ons , let  us  integrate  equations  (X.2.19)  for  x 
along  transition  zon^,  by  considering  that  the  interface  slightly 
bent  (fig.  X.5).  In  this  case,  let  us  disregard  the  terms  of  the 
order  >f  the  width  of  zone  and  the  squares  of  derivatives  in  terms  of 


y.  Then  instead  of  the  first  equation  (X.2.  19)  we  obtain 
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m (a,  - s2)  ^ + «'•</'  (,f)  _ u'"F  (»,) 


Ik"’/- (*,)-,>*/’(*  a2m  (<1>.  _d»  )i2l 


-0. 


(X.2.2U) 


- Pago  2?>7  . 


Here  index  2 designated  v-ilu^s  to  the  right  transition  zon^,  and  by 
index  1 - *o  the  left  ot  it.  Integration  o!  other  two  equations 
( X . 2 . 19)  gives 


yd) 

IT 


1>(  i) 

9* 


(-1 
V <la 


<’;/  ’ 


(X.2.21) 
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Tra  nsf  er/c-ou  vert  in<j  to  distut  bance/nerturbations,  let  as 


accept,  as  earlier. 


x„  = Vl  4- ex*; 

u,  = u0+tu*;  P/  = et;*- 


Then  for  dist  u r ba  nce/pe  r t ur  ba  ti  cr.s  «e  obtain  from  (X.2.20) 

y _ ai  «li|  - <l»i  tBj» 

»i  — *s  r)yi 


dx • 
Ot 


u» 

«o 


(X.2.22) 
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and  f roir  (X.  2.  2 1) 


u*  = u‘  u*; 

Ti  <fi 


4?-  (X.2.23) 


* The  second  of  the  equations  (X.2.2J) , obviously  equivalent  to 

the  latter  from  equations  (X.2.7)  when  p,  - p2  can  be  rewritten  in 
the  form: 


rt-p; 


*/  = *?/• 


(X.2.24) 
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Cond i t ion 

t s eit  1 i or 
i o + e n ti  al 


(X.z.  22)  replaces  the  second 
, it.  is  assumed  that  on  both 
, ft  and  x * again  can  be  e 


equality 
rides  the 
x pressed 


(X.  2.  7)  . 
bo  unda  nos 
by  formulas 


• H)  - (X.2.  10)  . 


ry 

(t) 


utilizing  conditions  (X.2. 7)  and  (X.2 
and  P * (t)  , we  will  obtain  foi  X (t) 


k ■!  U | 


dX 

ill 


YL 


r t —m* 


1 kt\l» 


(7^V 


M* 


2 2)  and  by  eliminating 
eg u at  ion 

(X.2.2.r>) 


LHK. 


7 ti  2.  Ho  0 
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. Consequently,  the  stability  of  boundary  is  determined  by 

condi tion 


1 - M* 
1 \ V 


V 


a*y>0. 


(X.2.211) 
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. Thui,  tne  interface  of  the  ronmiscible  liquids  in  the  porous 

medium  c.i  n become  stahli  under  the  action  ot  capillary  !orc°s  even  if 
1 - * * < 0,  i.(>.  t conditior  (X.2.12)  is  net  satisfied.  Let  M * > 1 , 

i.c. , rot  allowing  for  capillary  forces  the  boundary  be  unstable. 

,i/*  i \ 

Then  rendition  (X.i.2»>)  all  the  same  is  satisfied,  if  V > jy«7T  af  • 
This  near.s  that  it  t,v  wavelength  of  th<=  d ist  u l fa  nc:e/pe  rt  urhat  ion  of 
boundary  x = in/t  is  shorter  than  the  critical  value  of  ^c,  then 
bouniuiy  teaiains  stable.  The  critical  wavelength  of  is 

determined  by  formula 


2na*  <t>,  — <I>2  At • 4-  I 

~V~~  *,-j.  A/*  — 1 ' 


(X.2.27) 
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1 r:  ‘•ho  work  of 
or  tnc  interface  of 


Chuok,  etc.  [Id**]  was  investigated  the  stability 
liquids  in  the  flat/plane  slotted  model  where  the 


action  of  surface  forces  with  Lending  of  boundary  leads  to  the 
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emerqpnc.'  <>t  a prpssur-.’  difference  on  bet. h sides  of  it.  This  pc^ssure 
dil  to  it- nee-  is  dii-cK  ! is.  concealed  by  form,  which  contributes  to  the 
equalization  of  boundary. 


«•  !’iouos>  to  t;..1  reader  independently  to  investigate  the 
stability  of  interface  in  this  case,  after  using  Laplace's  formula 
for  a j ressurc  difference 


Pc 


u(ih+ih)~a(~ 


(X.2.2H) 


where  a - surface  tension;  h is.  a half  cf  the  width  of  slot. 


in  this  erase  the  critical  wavelength  of  disturbance/perturbation 
takes  t ho  form: 


kc  - 2n 


a 

(M»— Pl)-j— (pi  — p,)* 


(X.2.29) 
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. T experiments  of  Chuck  [1151  and  of  B . Ye.  Kisilenko  f ] 

cent  i nr  that  the  interface  remains  stable  even  with  the  unfavorable 
relationship/ratio  of  mobilities,  it  the  velocity  of  displacement  is 
sufficiently  small  because  of  this  the  width  cf  model  shorter  than 
the  critical  wavelength  of  d is t u rb a nce/pe i t ur ba ti on . 


The  derivation  of  formulas  (X./.26)  and  (X.2.27)  was  made  on 
the  assumption  tnat  the  width  of  transition  zone  is  considerably 
shorter  than  the  wavelength  of  diat ur t ance/per t ur batior. . In 
accordance  with  results  63  chapter  Vi  the  width  of  transition  zone  is 
proportional  a?/V.  Therefore  the  assumption  pointed  out  above  is 
correct  only  with  K *,  close  to  unity,  and  high  value  (M  * - 1 ) — ■>. 
There  is  a considerable  range  or  sizes  M , with  which  M * it  is  close 


\ 


DOC 


U,,>.  n 86  0 


pa<;e 


tc  urity  (r,“e  J-  i j . X.U). 


Nevertheless  formulas  (X.^.26)  and  (X.2.27)  ar«  accurate  only 
foi  a "weak"  instability,  i.e.,  tor  N *,  close  to  unity,  and  they  are 
in  this  sense  asymptotic.  In  order  to  investigate  stability  in  all 
ranee  or  a change  in  the  relation  of  viscosity,  one  should  utilize  a 
ccmpl  et*r  system  of  equations  (X.2.26).  This  problem  thus  far  tc 
en d/1 tad  is  not  solv-d. 


The  critical  wavelength  ol  the  1 i s t u r ba nct/per t urba t i on  of  the 
A.c,  which  divides  the  regions  oi  stable  and  unstable  displacement, 
in  the  general  case  is  the  function  of  parameters  a?,  V and  M = 

From  dimensional  considerations 


M 1 • 


then  it  follows 


cot: 


762  -11  860 


-rr 


. r «i  j 2 h o . 

^»=*  -|r  'I’(M)-  (X.2.:ui) 

I:  v it  i.,  cl)  - * o tnat  value  of  the  which  "*  ♦ 

bee  or  * (ml  t0  unity,  then  *- x [ ression  (X.^.  1C)  must  approacn  a 
depcn  6 nco  ( X . 2 . 2 7)  . 


Let  us  examine  paratoly  the  stability  of  interface  with 
respect  to  the  one-dimensional  disturbance/pertur bations  of 
saturation  upon  conoid  ‘ration  of  capillary  forces,  i.e.,  investigate 
the  stability  of  the  stabilized  zone.  The  distribution  of  saturation 
in  the  stabilized  zone  is  the  solution  to  the  equation  of  rapoport  - 
Lis  (VI.  1.4)  for®  s = t>  q (x  - Vt)  = <t0  (x)  and  is  expressed  by 
formula  (VI.  1.12).  Let  us  pass  in  the  equation  cf  rapoport  - Lis, 
written  in  the  form  (VI. 4. 34),  instead  cf  x and  t to  the  new 
independent  variable  x0  (s)  and  t and  cf  the  new  unknown  function  x - 
Vt  = x;  then  this  equation  will  take  the  form; 


dr„ 


*»'«-£- 
<>in 

dx 

dr„ 


0. 


(X.2.31) 
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us  introduce  now  the  slight  disturbances  of  the  position 
th  saturation  s in  the  stabilized  zone  of  x — T0(s)  + w:*- 


* we  have  equation 


~!sr+[-v+%r. 


oiFt  (x) 


d*z* 

dl* 


= 0, 


(X.2.32) 
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Kheio  F,  (y)  = y<  (.1);  F i(x)  = F'(s)\  F t(x)  = <1>'(s)-^. 

llx 


w 1 ' 


y tjkinj  into  account  the  lormula  (VI. 3.  12),  which  connects  x 
c -juition  (X.2.  ii)  cat.  Lc  wi.it. ter  i n another  form: 


dx*  d* 

<>*  jx 


-4-  a 


2 JL  ( F (7)  rir 

di  \ 


Its 


(\.2.:'.3) 


with  small  t it  is  possible  to  search  tcL  x * (x,  t)  in  the 


form: 


x*  — A"  ( x ) e~kl . 


(X.2.34) 


Then  eolation  (X.2.  33)  comes  to  the  follcwinq: 


■j 
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pm;  e 


x<p,  (x)- 


±\H,  (,)  "UO. 

dx  </j- 


(X.2.35) 


. In  orlpi  to  investigate  stability,  it  is  necessary  thus  to 

solve  the  [roblem  of  eigenvalues  for  equation  (X- 2.  35)  under  the 
bcunlary  conditions  X = 0 with  T = ^A.  It  X < 0,  current  is  unstable, 
if  x > 0,  it  is  stable. 


Faqe  z70. 


From  the  jiven  in  chapter  VI,  5 3 description  of  the  distribution 
cf  saturation  in  tn-*  stabilized  zone,  it  is  not  difficult  to 
ascer  tain  ^ hat 

<p,  (x)  - s;  0 AM.JL  /?t(x)  = (D,(jf)ii>eo. 

dr  di 
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In  a coon  lance  with  common/general/total  theory  to  the  smallest 

I 

eigenvalue  X in  stated  boundary  prcblen  corresponds  the 
eiyenf unct i on,  which  becomes  zero  only  at  the  end/leads  of  the 
interval  i r.  question.  Then,  :;tt  jratiny  equation  (X.2.35)  lor  x from 
A to  *-A,  it  is  easy  to  obtain  that  XU„H  3*  0 _ with  any  A.  This  means 

I 

that  with  respect  to  one- dimer,  cion  a 1 distur tance/pertur bat  ions  in  any 
final  interval  th - stabilized  zone  is  always  stable.  If  we  examine 

I 

infinite  interval,  then  X = 0 also  it  can  be  the  eigenvalue  to  which 

correspond.':  eigenfunction  X = X0  = const.  It  is  obvious,  the  l 

dist u rba nee/ per tur bat i on  or  a similar  form,  i.e.,  shift/shear  along 

the  axis  z,  it  does  not.  disrupt  the  stability  of  the  stabilized  zone  j 

(see  * he  analogous  problem  of  the  stability  of  the  stabilized  zone 

(see  the  analogous  problem  oi  * he  stalility  of  flame  - G.  I. 

Barertlatt  and  Ya.  d.  Zeldovich  [ 1 '»  ])  . 

In  the  process  of  the  displacement  of  tne  being  mixed  Liquids 
stabilizing  correction  on  the  motion  of  interface  exerts  the  mixing 
cf  liquids  in  transition  zone,  i.e.,  the  dispersion  and  molecular  J 

diffusion,  since  the  mixing  leads  to  the  sucothing  of  the  random 
disturbances  of  saturation.  To  consider  the  effect  of  mixing  on  the 


w 
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st  lity  of  intet  t ■!('••  by  a char,  j*  in  t he  boundary  conditions  is 
10  f.oi. ; i b 1 <*  it  least  b«  caus*  the  width  cf  ttinsition  zone  with 
i i : . 1 i ••  :i . • n t or  ta  e r • ing  mixed  liquids  u it  1 io  i redly  <jr°w/r  iaes  in  tho 
con;..  ol  rime  (is  ;r e per t i cna 1 cm.  1).  Thus,  for  sf  ability 

analysis  it  i.»  n*?c“t,.acy  to  examint  complete  system  of  ions  for 

a saturation  ( X . 1 . d ) . 


Completely  this  prcflei  thus  far  is  ret  solved;  however,  were 
obtained  several  a p (to  x ima  t e solutions  [1)0,  14z],  each  of  which  ^s 

connected  with  together  ol  the  sufficiently  substantially  limiting 
a ssu m [Mor.i. 


4.  I ii  order  to  describe  displacement  after  loss  of  stability,  it 
is  possible  *•  o act  hy  two  methods.  The  fiist  of  them  entails  that  in 
order  to  trace  tho  formation  or  tho  balanced  system  of  the  languages, 
which  are  formed  as  a result  of  a small  initial  distortion  of 
boundary  (roc  exirojl^  sinusoidal).  The  description  of  the  development 
cf  language  for  the  case  when  the  viscosity  ot  the  displacing  liquid 
is  negligible,  was  conducted  with  Saffman  and  by  Taylor  [ 1 5*o  ]. 
Subsequently  appeared  another  a series  cf  the  werks  in  which  was 
considered  the  viscosity  of  the  displacing  phase.  However,  in  this 
manner  it  is  possible  tc  examine  the  only  initial  stage  of 
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development  of  languages  both  duo  to  the  mathematical  difficulties 
and  because  the  correct  form  of  Languages  cannot  be  retained 
unlimitedly  lor  long.  The  latter  is  caused  by  the-  fact  that  on  the 
lateral  surface  of  the  expended  languages  appear  th»  secondary 
distortions,  when  t ho  length  of  language  exceeds  the  critical 
wavelengtn  ot  d ist u rba nce/pert ui ba* ion . 


tor  the  simplified  description  of  the  consistent  filtration  of 
two  liquids  during  this  chaotic  motion,  lot  us  examine  the  case  of 
plane  flow,  when  the  extent  or  languages  in  longitudinal  direction  is 
considerably  more  their  width  (see  Fig.  X.3). 


1)01 
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Lot  us  assume  t hat  on  the  avctayp  the  current  is  ono-di mensiona  1 , 

thf  rate  of  filtration  oi  each  of  the  liquids,  averaged  along 
the  section,  which  contains  t hr  largo  number  of  languages,  is 
directed  along  X-axis.  let  us  accept  also,  that  saturation  (or 
concentration)  s,  and  s?  ace  constant  on  both  sides  of  boundary  (i.e. 
in  regions  1 and  2)  . 1 hen,  disregarding  filtration  and  exchange  in 
transverse  direction,  we  can  write 


<«)> 


Al 

in 


<>p 

'tlx 


' n 


(i  - 1 , 2), 


(X.2.3K) 


where  h - the  total  height/altitude  of  section,  occupied  with  the 
first  (displacing)  liquid. 


The  equations  of  continuity  tor  the  averaged  current  take  the 


form: 


// 


a < «i  ) 
dx 


■ ms 


dh 
1 dt 


U d ^ u«  ) 

<>x 

■m(l  — s2)  - 


0h_ 

i TT 


0. 

(X.2.37) 
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average  rate  of  ri 
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with 

that 

dp 
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and 


s,  < ut  > = u0. 


where  u0 


t a k i r.  j 
- the 
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+ ~F'('V 


rtx 


= 0, 


(X.J.iiH) 
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. The  solution  of  equation  (X.2.38)  is  obtained  exactly  as  the 

solutions  to  the  equation  of  La  kit y-Le verett  (VI. 2.  11): 

t 

■r(l)>  f'(y)J  uB(r)dx  ■ r„  (i|)  <;/”(»!)  I (X.2.:i9) 

II 
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. T ti  — impendence  or  the-  ’)  (Q),  which  corresponds  to  formula 

(X.2.19),  is  represented  in  Fig.  X . 6.  Since  the  function  of  F'(t\)  is 
monotonic,  t.  he  jumps  of  the  average  saturation  ct  aaaa  in  this  case 
at-  r.  ct  formed. 


The  solution  of  form  (X.2.39)  was  examined  by  A.  M . Pirverdyan 
f 9 1 ] ard  by  1.  A.  Chai  n f 119]  in  connection  with  the 
for ma t ion/educa t io n of  the  language  of  irrigation  in  inclined  layer 
and  A.  Sheydegger  [ 196]  for  the  general  case  of  unstable  current.  For 
the  displacement  of  the  being  mixed  liquids,  clcse  diagrams  were 
proposed  by  Perrin  [1r>1]  and  Koval  [140]. 
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Applicat  i on/a  ppen  i i x. 


A so*-  to  tin  alas  of  vector  analysis. 


In  tiit  book  dtn  U3°d  some  simplest  formulas  and  the  concepts  of 
vector  analysis.  Are  jiven  lolow  the  deter  it  ina  t ions  of  these  values. 
Bor"  detailed  information  can  L*’  found  in  textbooks. 

1.  To  scalar  (numerical  function)  * (xlr  x2,  Xj)  it  is  placed  in 
conformity  the  vector  ot  the  gradient: 


COC  7»><M1bbO 


2.  Vector  d with  components  a1#  a?,  a3  corresponds  scalar  div 
(d  i vf  r nee  : 


, . dax  , da .»  da9 
div  a « — ^ -i.  _» 

dxi  ' dx*  ~ dx, 


. Let  us  desiijnat-  i,f  l2,  i3  - single  vectors  in  the  direction 

of  axes  x,,  x?  an!  x,  and  introduce  Hamilton's  operator  (del)  ty: 


•w 
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d 

dx. 


+ ij 


d 

dx» 


(a:d 


. Kith  the  operator  of  Hamilton  it  in  possible  to  for 

produce  actions  as  wi^h  vector,  according  tc  the  rules  of 
a 1 gel  ra.  «lr  have  in  this  case 


grad  <p  = 

(A4) 

di  V a — \ra. 

(A5) 

. Finally, 


ma  1 1 y 
vector 


di v (grid  ,,)  =,  v (vv ) = v„(,  _ *1  + 

>>xj  r dx\  ~ dx\ 


(A6) 
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oper at or 


a-  at  B* 

A V1  c-,xj  + dx,  + djj 


(A7) 


is  expressed  Dy  the  operator  of  Laplace.  In  cylindrical  coordinates 
(r,  <* , 2)  its  expression  takes  the  form: 


v.3il(,iUiiL  + A 

r dr  \ dr  )'  r«  d<pt  > dt * * 


(A8) 
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Finally,  frequently  is  utilized  the  formula  of  the 
transformation  of  surface  integral  into  volumetric  (Ost  rog  r ads  k iy  - 
f>a  uss  ' s formula): 

ff  «n  d.S  - I l f div  a dV.  (At)) 

s'  ‘ K 


Here  a is  certain  vector,  assigned  in  volume  by  V,  surrounded  surface  > 

S;  - the  projection  of  vector'd  at  certain  point  of  surface  s on 
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the  direction  of  standard  tc  this  surface. 


R.  Designations  of  some  special  functions. 


Exponential  into jral 


(ni  > 


Function  ot  errors 


trlx 


- y~  j dl;  .rfc * =.  I — rf  , =_^  J .-!•  rfS. 


(B2) 
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Bfr.sel  function  of  the  n order  of  the  first  and  second  kind: 


/„<*);  Yn(x). 
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. the  modified  Bessel  functions  of  the  n crdet  of  the  fits’-  and 

second  kind:  M**.  *„(*),  the  function  cf  Kn(x)  it  is  called  also  the 

function  of  Macdonald. 

Bessel  functions  satisfy  the  differential  equation  of  Bessel: 

x*!l’-V-xtj'  + (i2  — ns)  y — 0,  (B'l) 

a the  modified  Bessel  functions  - to  this  equation,  hut  only  with 
sign  (♦)  before  n? . The  necessary  properties  of  the  enumerated 
special  functions  can  oe  found  in  neck  f 74  ] or  in  handbook  ("26]. 

C some  irfoin.ation  from  operating  calculation. 


In  the  operational  calculus  of  each  function  f (t)  by 
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a 1 1 c ilia  * i n<j  / var  ia  bl «.  ' , det  hi  hi  m ed  with  u ^ *<  °°>  Ls  placed  in 

ccnfoinity  the  imaye- 


F (o)  = J Oh 


(cn 


. Felationshi p/r atio  (Cl)  is  called  of  the-  Laplace  transform; 

variable  a - the  parameter  of  t!  > Laplace  - unsform.  II  we  use  the 
Lajlace  transform  tc  ’he  derivative  f (t)  and  to  fulfill  integration 
in  parts,  then  we  will  obtain 

/.  (/'  «)|-o7  (o) -/(())• 

Specifically,  if  f (t)  = 0 with  t = 0,  then 

(03) 


I.  {/'(O)-trA'(o). 
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. 7)  u.  , to  th“  tunctioiu']  operation  cl  i if  ferentia  tion  tor 

lui.c^iont.  ciurespoinio  the  algebraic  opuaticn  ct  multiplication  by 
t h t para  met  er  a . 


rage  21U. 


There roie r by  applying  the  Laplace  transform  tc  certain  differential 
equation,  which  contains  d i ft  er<-nt  lat  i c n with  respect  to  time,  it  is 
i possibli  tc  arrive  at  the  now  equation  in  which  instead  of  argument  t 

enters  the  argument  a already  as  the  parameter  [comp,  equations 
(111.  1.1)  and  (III.  1 . b ) f.  Solving  this  equation,  we  find  image  F (a). 
Are  at  present  vast  tables  of  Laplace  transforms,  which  make  it 
possible  in  a number  of  cases  to  directly  find  the  necessary  imaqe 
and  the  corresponding  to  it  integral.  It  Miis  dees  not.  succeed  in 
making/  then  it  is  efter.  possiLle  to  bring  together  the  case  in 
question  to  tabular  (receptions  of  such  an  information  also  are  set 
forth  in  handbooks).  For  example  let  it  is  necessary  to  find  the 
original,  wnich  corresponds  image 
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F(o)  = l(o  + «1 


Through  ha  bio  we  find 


[o-f  o)"1  - ■»  e-a(. 


(<’4) 


. Taking  into  account,  further,  that  the  multiplication  of 

cn  a corresponds  to  differentiation  of  original  [ formula  (C2)  ], 


/'  (0  - e-“';  / (/)  = f e‘at  dr  = - [ t - e"*']. 

J CL 

0 


image 

we 


obtain 
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same  result  can  le  obtained  in  another  way.  Let  us  present 
e form: 


_±ri l_i. 

a (o  4-  a)  a L o a -f  a J 


e,  utilizing  a linearity  of  Laplace's  transformation. 


according  to  formula  (CU)  we  obtain  expression  for  f (t). 
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Finally,  in  eh*-  jeneral  case  original  is  found  througn  image 
through  inversion  foLmjla: 


V’ioo 

/(')=2^-  j F (n)  e*‘  ~o~  • <C5> 

V*>  oo 


. here  F («)  is  considertu  as  complex  variable  function  a - F * 

dddd,  anil  integral  it  is  undertaken  alcng  the  d irec t/st t a i ght , 
parallel  imaginary  axis  of  aaaa  and  that  winch  was  arrange/located 
right  it.  The  inversion  formula  (C5)  is  simultaneously  and  the  most 
complex,  and  most  universal  means  for  the  analysis  of  the  solution, 
obtained  by  operational  calculus.  According  to  the  tn»ory  of  complex 
variable'  functions,  the  way  of  complex  integration  can  be  under 
specific  conditions  deformed,  without,  changing  the  value  of  integral. 
This  allows  in  a number  of  cases  either  to  explicitly  calculate 
integral  (Cr>)  , or  to  investigate  its  properties.  Specifically,  is 
estab  lished/insta  1 1 ed  following  co.nmunicati  cn/ccnnection  bet  ween  the 
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fcin  of  th«-  : unction  F (o)  urn  the  asymptotic  behavior  of  function  f 
(t ) w i ♦ h r 


Lot.  11s 

examine  a 1 

1 the  sir.qular  points  of 

function  F («) 

( ® 0 * 

0 1 0 ° p 0 ••• 

) , con s i dei 

lii'j  them  numbered  ay  way 

ct  the 

deer  ease 

of 

real  pai*s 

( He  al j > Re 

0 1 > Re  0 2 > ...).  Then 

cccu rs 

t heorem 

[42]. 

11  linage  F (®)  can  be  decomposed  in  the  vicinity  of  point  a0  in 
power  series 


^(0)=  Vr,(0_0o)A, 


(-‘V<A0<A1<.  . 


(C6) 


with  the  arbitrary  indices  (by  not  necessarily  integral),  then 
original  f (t)  with  t ^ - can  bt  presented  in  the  form  of  the 
asymptotic  expansion: 


IH'C 


}'■?.  MHhO 


? a ; e 


fJ3 


,'n~’"2rfrx 


-1,  i 


<C7) 


in  which  it  is  necessary  to  place  1/r  (— ij  = o,  if  takes  values 


Fage  27r). 

Specifically,  hence  it  follows  that  if  the  expansion  of  degree, 
then  re lutionship/ratio  ( C 7 ) is  ccnverted  into  the  final  asymptotic 
tciirula.  Therefore  difference 


oo 

^ r (-  K)  , K'  ' m 


vanishes  taster  (or  it  grow/rises  more  slowly)  than  the 
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wh~L*  t h«  £,  are  i sufficiently  small  nuroter. 

I*  is  possible  to  snow  that  the  asymptotic  behavior  f,  (t)  with 
t is  hr  trained  oy  nehavioi  F (a)  near  -singular  point  a = al 

thus,  by  wi.ich  the  asymptotic  tehavior  1 (*)  is  determined  by 
behavior  F (o)  near  point  o = o0. 


It  several  singular  image  points  they  have  identical  real  parts, 
the  asymptotic  behavior  of  ctiyinal  it  turns  cut  to  be  more  complex. 

The  corresponding  results  are  giver,  also  in  the  literature  [42]. 

D.  Dimensional  analysis  and  similarity. 

In  liltration,  theory  the  dimensional  analysis  and  similarity 
pla  ys  significant  role.  The  considerations  cf  the  dimensional  A 

analysis  anl  similarity  arc  simple,  but  arc  not  trivial;  they  are 
base  i on  several  de rm inat ions  and  the  facts  which  it  is  advisable 
to  present  here  without  proofs.  > 


■4 


1.  Ml  t he  phy  ;i  il  quantities  irt  expressed  by  t ho  numbers, 
which  .1 1 ■ obtained  by  it  a ns  of  their  comparison  with  the*  unity  ot 
medsui*  m-  nt.  The  unit  ot  measure  me  nt  are  divided  into  *•  he  basic  (for 
examt  le  th*  unit,  of  mas:;  - 1 q,  the  unit  cf  length  - 1 cm . »tc.)  and 
det  ivat  ivt-s,  which  n-  obtained  from  fundamental  units  on  the  basis 
cf  t.h*  deter  m inat  ion  ot  the  corresponding  values  (unit  of  velocity  - 
1 cm/s,  the  uni*  ot  t >rce  is  1 yem/s  2 etc.) - The  system  ot  the 
uni*s  of  measurement  is  called  the  totality  ot  the  units  ot 
measurement,  sufficient  fer  characteristic  measurement  of  the  class 
ct  phenomena  in  question,  lor  example  for  t ne  class  of  mechanical 
phenomena  standard  system  is  the  system  of  £1  along  with  which  are 
applied  eg:  systems  (see  j , s)  , qs  (m,  kgs  (force*),  s)  . The  class  of 
the  systems  ot  the  units  of  me  a sui  e men  t is  called  the  totality  ot  the 
systems  of  the  units  ot  mea sur < ment , whicn  differ  only  in  terms  of 
the  value  of  the  fundamental  units  of  measurement.  For  example  from 
the  system  of  SI  is  obtained  the  class  cf  systems 


(Ot) 


in  which  the  fundamental  units  of  mass,  length  and  time  are  obtained 
respectively  by  decrease  in  M,  by  L,  T once  of  the  arbitrarily 


■A 
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select..  .i  i!  it  3 of  mj..,  1 i:  g t h and  time:  kilogram,  met  e r and  seconds. 
The  c:  lio..  o|  the  systems  ot  + h«  ui.Lt:  of  m.?asu  r pjier.t  is  designated  ly 
the  capital  lottecta  of  the  valuer,  the  units  cf  measurement  of  which 
ate  accept#-  1 as  basic;  simultaneously  Miese  Letters  mean,  in  how 
often  ut-crv  isos  fundamental  unit  upon  transit  icr  from  one  system  to 
anoth-r  within  this  class.  For  example  class  (1)  is  designate!  ,«LT, 
by  the  dimensionality  of  data  are  size  it  is  called  the  expression 
which  it  shows,  in  how  often  changes  the  unit  cf  the  measurement  the 
datun  upon  transition  trom  one  system  tc  another  within  this  class. 

It  is  natural  that  the  dimensionality  depends  substantially  on  the 
class  ot  th~>  systems  of  the  units  of  measurement,  for  example  in 
class  FLT  - the  dimensionality  cf  velocity  LT  1 , ot  force  '!LT  2 etc. 

Page  Zlh. 

If  the  dimensionality  of  value  in  this  class  is  identically  equal  to 
unity,  value  is  called  dimensionless.  The  dimensionality  of  certain 
value  t is  designated  by  symbol  [ t ]• 

1.  In  the  given  examples  the  dimensionality  always  was 
represented  by  exponential  monomial.  It  is  possible  to  show  that  this 


A. 
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- coir  T)oi./q«  ne  rd  1/t  nt  a 1 tact,  since  all  systems  within  this  class  arc 
egual.  Equality  ot  rijhts  m tans  that  the  dimensionality  depends  only 
cn  t h it,  ii.  how  often  change  the  fundamental  units  of  the  systeir  of 
the  unit:  of  measurement  upen  transition  ficm  ere  system  to  another 

wit-lip  *his  class  ot  Mie  systems  of  the  units  of  measurement,  but  it 
does  not  Upend  on  'tidt,  which  precisely  system  of  the  units  of 
measurement  was  initial. 

i.  Values  a,,  a?  ...,  ou ^ have  independent  dimensionality,  if 
tor  on*  of  them  it  is  not  possible  to  present  dimensionality  ir  the 
torn  cf  * he  product  ot  the  degrees  of  the  dimensionality  of  the 
ethers.  For  example  tensity  p,  torce  t and  velocity  v have  the 
independent  dimensionality  ML  3,  MLT  2,  LT  1 . Naprotiv,  the 
dimensionality  of  length  , or  velocity  v and  cf  acceleration  w are 
depended . 

4.  The  physical  law  can  be  presented  in  the  form  of  one  or 
several  dependences; 

• = «*.<»*♦  ««.)  (D2) 
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. Function  £ depends  on  n ot  variatles,  as  which  roust  be 

selected  all  values,  which  determine  the  characteristics  of  the 
phenomenon  in  question.  If  is  known  the  mathematical  formulation  of 
the  ptcblf  m,  then  values  a,,  . . . , a.^  are  the  independent 

variables  and  the  parameters,  which  enter  the  equations  and  the 
supplementary  agree  (initial  and  boundary),  that  determine  the  uniqu 
solution  of  equation.  It  t hr  mathematical  formulation  ot  thr  problem 
is  unknown,  t he  s«  leef  ioii  of  values  at  , ...»  - the  question  of 

researcher's  intuition. 


Let  us  assume  that  values  a1#  ...»  have  independent 

di  ae  nsiona  li  t y , and  dimensionality  cf  the  values  ot 
are  expressed  as  the  dimensionality  of  values  a,,  ...,  into  the 


they 
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!«*.ii  = i-ila'  •••  [«»]"; 


i««!  = lo*]""-*. 


fr>2) 


. The  dimensionality  of  value  a knowingly  is  expressed  as  the 

di  ire  nsi  onu  li  t y of  values  av,  ....  trie 


|«1  = [0,|«  . . [a*]-. 


(D4) 


. Otherwise  this  it  would  mean  that  the  copy  of  values  a,,  ...» 

n , determining  value,  was  incomplete:  changing  the  fundamental  .1 

It 

units  cf  measurement  so,  in  erder  to  value  aj  , and, 

consequently,  also  would  remain  constant/in  variable,  we 

could  change  value  a,  without,  changing  values  at,  ...,  A 
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L<  r ur,  introduce  values 


n n-k=- 


“n 


(05) 


«* 


. It  is  not  difficult  to  check  that  those  values  are 

dimensionless.  It  rs  possible  to  demonstrate  the  following  fact, 
dependence  (D2)  , expressed  as  function  r of  variables,  can  I e 
presented  through  function  r.  - k of  variables: 


n = f(n i,  jtj ««-*)• 


(D«) 


. This  dependence  is  called  of  P-theorem;  P-theorem  reflect 

independence  of  the  physical  laws  from  the  selection  of  the 


Th« 
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fur.  la  m.c.ta  1 unit:;  ot  measur emei.t . Ode  has  fundamental  value,  since  it 
makt  it  possible  to  decrease  t he  number  ct  parameters,  which 
deter  m i m the  unknown  characteristics  cr  problem. 


Page  277. 


r>.  Fund  anental  vdlut  has  also  a concept  of  the  similarity  of 
phono  n<  na . Phenomena  arc  called  similar,  if  •'hey  differ  between 
themselves  only  in  terms  ot  value  of  the  deter mininq  parameters  a,, 
and  besiles  so  that  values  , . ..,  7tn  K for  these 
phenomena  are  identical. 


The  importance  or  the  concept  of  the  similarity  of  phenomena  is 
determined  by  the  fcllcwing  considerations.  Let  us  examine  two 
similar  phenomena,  cne  ot  them  conditionally  let  us  name  model, 
another  - nature;  appropriate  the  magnitude  of  values  we  will 
designate  1 y the  indices  of  (*)  a n d (h): 


* 


or. 

»-K 


the  strenjth  of  P-theorem  and  equality  cf  values 
of  value  «r  tor  those  two  phenomena  are  equal  to: 


i * * 


W 


• • 9 


t he 
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r 

1 


(f).Ht 


/ffj 

so  that  a valuf  of  d,  y n i.arur*-  dutinj  the  provision  f oi  a 
similarity  with  simple  recalculation  it  in  obtained  according  to  the 
results  ot  value  ciet  amiration  of  «■ oi  .uoJ<  1 (in  a number  of 
cases  cheaper,  tnari  simpler  ma  nu  factu  r eti  etc.).  Valuer  n , , ...»  the 
whos<  juality  provides  th<  similarity  < t phet  >mena,  »r » 
called  therefore  the*  parameters  of  similarity,  ci  similarity 
crit  er ia . 
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